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1. Whatisthe value of

21+2+3 . (21 + 22 + 23)‘?

A0

B 50
cC | 952
D b4
E 57

2. Underwhat conditionsis+y/a? + b2 = a + btrue, where a and bare real numbers?

A Itis nevertrue.

B  ltistrueifandonlyifab = 0.

C | ltistrueifandonlyifa + b > 0.

D ltistrueifandonlyifab =0anda + b > 0.

E Itis always true.



3. The sum of two natural numbersis 17,402. One of the two numbers is divisible by 10. If
the units digit of that numberis erased, the othernumberis obtained. What is the
difference of these two numbers?

A 10,272
B 11,700
c 13,362
D 14,238
E 15,426

4. Tomhasacollection of 13 snakes, 4 of which are purple and 5 of which are happy. He
observes that

e all of his happy snakes can add,
e none of his purple snakes can subtract, and
e all of his snakes that can't subtract also can't add.

Which of these conclusions can be drawn about Tom's snakes?

A Purple snakes can add.

B Purple snakes are happy.

C Snakes that canadd are purple.
D | Happysnakesare notpurple.

E Happy snakes can't subtract.



5. When astudent multiplied the number 66 by the repeating decimal
1.ab = 1l.ababab. ..,

where a and b are digits, he did not notice the notation and just multiplied 66 by the
terminating decimal 1.ab. Later he found that his answerwas 0.5 less than the correct
answer.

What is the two-digit integer ab?

A 15
B 30
c 45
D | 60
E 75

6. Adeckof cardshasonlyredcards andblack cards. The probability of arandomly
1
chosencardbeingredis 3" When 4 black cards are added to the deck, the probability

of choosingred becomes 1 How many cards were in the deck originally?

A6
B 9
c 12
D 15



7. Whatisthe least possible value of (zy — 1)? + (z + y)? forreal numbers z and y?

A 0
5 1
4
1
C —
2
D 1
E 2

8. Asequence of numbersisdefinedby Dy = 0,D, =0,Dy = 1,andD,, = D,,_1 +
D,,_sforn > 3. What are the parities (evenness or oddness) of the triple of numbers
(D2021, Dag2g, Daga3), where E denotes even and O denotes odd?

A (O,E,0)
B (E,E,O)
c (F,O,F)
D (0,0,FE)

e (0,0,0)



9. Which of the following is equivalent to
(2 _|_3)(22 + 32)(24 + 34)(28 + 38)(216 + 316)(232 + 332)(264 +364)?
A 3127 4 9127
B | 3127 1 9127 4 9. 363 | 3. 963
c | gl28 _ 9128
D 3128 4 9128



10. Tworight circular cones with vertices facing down as shown in the figure below contain
the same amount of liquid. The radii of the tops of the liquid surfaces are 3cmand 6
cm. Into each coneis dropped a spherical marble of radius 1 cm, which sinks to the
bottom andis completely submerged without spilling any liquid. What is the ratio of
therise of the liquid levelin the narrow cone to the rise of the liquid level in the wide

cone?
I
——
A 1:1
B 47 : 43
C 2:1
D 40 : 13



1. Alaserisplacedat the point (3, 5). The laser beam travels in a straight line. Larry wants
the beam to hit and bounce off the y-axis, then hit and bounce off the x-axis, then hit
the point (7, 5). What is the total distance the beam will travel along this path?

A 24/10

B 512

c | 10V2
D 152
E 10v5

12. Allthe roots of the polynomial 26 — 102% + Az* + B23 + C2% + Dz + 16 are
positive integers, possibly repeated. What is the value of B?

A —88
B —8&0
cC  —64
D —41

E —40



13. Of the following complex numbers z, which one has the property that 2% hasthe
greatestreal part?

A —2

B —V3+i

c —V2++2i
D —1++/3i
E 21

14. What is the value of

20 , 100
k=1

k=1

A 21

B  100logs3
C | 200logs5
D 2,200

E 21,000



15. A choir director must select a group of singers from among his 6 tenors and 8 basses.
The only requirements are that the difference between the number of tenors and
basses must be a multiple of 4, and the group must have at least one singer. Let N be
the number of groups that can be selected. What is the remainder when IV is divided
by 1007

A 47
B 48
c 83
D | 95
E 96

16. Inthe following list of numbers, the integern appears ntimesinthelistforl < n <
200.

1,2,2,3,3,3,4,4,4,4,...,200,200,...,200

What is the median of the numbersin this list?

A 100.5
B 134
c 142
D 150.5

E 167



17. Trapezoid ABCDhas AB | CD,BC = CD = 43,and AD 1 BD.LetObethe

18.

intersection of the diagonals AC' and BD, andlet P be the midpoint of BD. Given
that OP = 11, thelength AD can be writtenin the form m./n, where m and n are
positive integers and n is not divisible by the square of any prime. Whatism + n?

A 65

B 132
c 157
D 194
E 215

Let f be afunction defined on the set of positive rational numbers with the property
that f(a - b) = f(a) + f(b) forall positive rational numbers a and b. Suppose that f
also has the property that f(p) = pfor every prime number p. For which of the
following numbers zis f(z) < 07

17
A J—
32
11
B JR—
16
T
9
b | !
6
25
E J—



19. How many solutions does the equation
. ™ ™ .
sin (— cos CL‘) = COoS (— sin m)
2 2

have inthe closed interval [0, 7] ?

A0
B 1
C 2
D 3
E 4

20. Suppose that on a parabola with vertex V and a focus F' there exists a point A such
that AF' = 20and AV = 21. Whatis the sum of all possible values of the length F'V'?

A 13
5 40
3
c 41
3
D 14
43
E R



21. The five solutions to the equation
(z—1)(2* +22+4)(2* +42+6)=0

may be writteninthe formxy 4+ yiiforl < k < 5, where x; andy; arereal. Let E be
the unique ellipse that passes through the points (1, y1), (22, ¥2), (€3, Y3), (T4, Ya),
and (x5, Y5 ). The eccentricity of E can be writtenin the form \/%, where m andn are
relatively prime positive integers. Whatism + n?

(Recall that the eccentricity of an ellipse F is the ratio g ,where 2a is the length of the
major axis of E and 2cis the distance betweenits two foci.)

AT
B 9
C 11
D 13
E 15
22. Suppose that the roots of the polynomial P(z) = z® + az? + bz + care cos &,
COS 47”, and cos 67” ,Where angles are inradians. What is abc?
3
A =
49
1
B _
28
3
c VI
64
1
D -
32
1
E -



23. Frieda the frog begins a sequence of hopsona 3 x 3 grid of squares, moving one
square on eachhop and choosing atrandom the direction of each hop: up, down, left,
orright. She does not hop diagonally. When the direction of a hop would take Frieda
off the grid, she "wraps around" and jumps to the opposite edge. For example, if
Frieda beginsin the center square and makes two hops "up," the first hop places herin
the top row middle square, and the second hop causes herto jump to the opposite
edge, landing inthe bottom row middle square. Suppose Frieda starts from the center
square, makes at most four hops at random, and stops hopping if she landson a
corner square. What is the probability that she reaches a corner square on one of the

fourhops?
9
A R
16
5)
B —
8
3
C —
4
25
D P
32
13
E P



24. Semicircle I" has diameter AB of length 14. Circle (2 lies tangent to AB at apoint P

25.

andintersectsI"at points Q and R. If QR = 3v/3and ZQ PR = 60°, then the area of

a
APQRis ——,where a and care relatively prime positive integers and bis a positive
c

integer not divisible by the square of any prime. Whatisa + b 4 ¢?

A 110
B 114
c 118
D 122
E 126

Let d(n) denote the number of positive integers that divide n, including 1 and n. For
example,d(1) = 1,d(2) = 2,and d(12) = 6. (This function is known as the divisor
function.) Let

d(n)

vn

fn) =

Thereis a unique positive integer N suchthat f(N) > f(n) forall positive integers
n #% N.Whatis the sum of the digits of N7

A b
B 6
c 7
D 8



Solutions: https://live.poshenloh.com/past-contests/amc12/2021A/solutions




