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1. Alargeurncontains 100 balls, of which 36% are red and the rest are blue. How many of
the blue balls must be removed so that the percentage of red ballsin the urn will be
72%7 (Nored balls are to be removed.)

A 28
B 32
c 36
D 50

E 64



2. While exploring a cave, Carl comes across a collection of 5-pound rocks worth $14
each, 4-poundrocks worth $11 each, and 1-pound rocks worth $2 each. There are at
least 20 of each size. He can carry at most 18 pounds. What is the maximum value, in
dollars, of the rocks he can carry out of the cave?

A 48
B 49
c a0
D 51
E 52

3. How many ways can a student schedule 3 mathematics courses—algebra, geometry,
and number theory—in a 6-period day if no two mathematics courses can be takenin
consecutive periods? (What courses the student takes during the other 3 periods is of
no concern here.)

A3
B 6
c 12
D 18



4. Alice,Bob, and Charlie were on a hike and were wondering how far away the nearest
townwas. When Alice said, "We are at least 6 miles away," Bob replied, "We are at most
5 miles away." Charlie thenremarked, "Actually the nearest town is at most 4 miles
away." It turned out that none of the three statements was true. Let d be the distance in

miles to the nearest town. Which of the following intervals is the set of all possible

values of d?
A (0,4)
B (4,5)
c  (4,6)
D (5,6)
e (5,00)

5. Whatis the sum of all possible values of k for which the polynomials 2 — 32 + 2 and
z2 — bz + khave arootin common?

A

3

10



6. Forpositiveintegersmandn suchthatm + 10 < n + 1, boththe meanand the
median of the set{m, m + 4,m 4+ 10,n + 1,n + 2, 2n} are equal ton. Whatis

m +n?
A 20
B 21
c 22
D 23
E 24

7. Forhow many (not necessarily positive) integer values of nis the value of

4000 - (2)"
aninteger?
A3
B 4
c 6
D 8



8. Allof the trianglesin the diagram below are similar to isosceles triangle ABC',inwhich
AB = AC'.Eachofthe 7 smallest triangles has area 1, and A ABC has area 40. What
is the area of trapezoid DBCE?

DR E
B C

A 16
B 18
c 20
D 22



9. Which of the following describes the largest subset of values of y within the closed
interval [0, 7| for which

sin(z + y) < sin(z) + sin(y)

forevery ¢ between 0 and 7, inclusive?
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10. How many ordered pairs of real numbers (z, y) satisfy the following system of

equations?
z+3y=3
[z =yl | =1
A1
B 2
c 3
D 4



1. Apapertriangle with sides of lengths 3,4, and 5inches, as shown, is folded so that
point A falls on point B. What is the lengthininches of the crease?

. B
et
A 4 C

7
C

15
b ¥
E 2

12. Let Sbe asetof Gintegerstakenfrom {1, 2, ..., 12} with the property thatifa and b
are elements of S witha < b, then bis not amultiple of a. What is the least possible
value of anelement of S7

A 2
B 3
c 4
D 5



13. How many nonnegative integers can be writtenin the form

a7-37—|—a6-36—|—a5-35—|—a4-34—|—a3-33—|—a2-32+a1-31-|—a0-30,

wherea; € {—1,0,1}for0 < < 77

A

m

512
729
1094
3281

59,048

14. The solution to the equationlogs, 4 = log,, 8, where x is a positive real number other

1

than % or 5, canbe written as g, where p and q are relatively prime positive integers.

Whatisp + q7
A5
B 13
c 17
D 31
E 35



15. Ascanning code consistsof a7 x 7 grid of squares, with some of its squares colored
black and the rest colored white. There must be atleast one square of each colorin
this grid of 49 squares. A scanning code is called symmetric if its look does not change
when the entire square is rotated by a multiple of 90° counterclockwise aroundits
center, norwhenitisreflected across aline joining opposite corners or a line joining
midpoints of opposite sides. What is the total number of possible symmetric scanning

codes?
A 510
B 1022
c 8190
D 8192
E 65,534

16. Which of the following describes the set of values of a for which the curves 22 + y* =
a® and Y = z? — ainthereal xy-planeintersect at exactly 3 points?

A a=1
B 3<a<;j
C a>3
D a=3
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17. Farmer Pythagoras has a fieldin the shape of aright triangle. The right triangle's legs
have lengths of 3 and 4 units. Inthe corner where those sides meet at aright angle, he
leaves a small unplanted square S so that from the air it looks like the right angle
symbol. The rest of the field is planted. The shortest distance from S to the
hypotenuse is 2 units. What fraction of the field is planted?

3

E H“

75



18. Triangle ABC with AB = 50and AC' = 10 has area120. Let D be the midpoint of
AB, andlet E be the midpoint of AC. The angle bisector of /ZBAC intersects DE
and BC at F and G, respectively. What is the area of quadrilateral F D BG?

A | 60
B 65
c 70
D 75
E 80

19. Let A be the set of positive integers that have no prime factors otherthan 2, 3, or 5.
The infinite sum
1+1+1+1+1+1+1+1+ 1 n 1 n 1 n 1 n 1 n 1 .
1 2 3 4 5 6 8 9 10 12 15 16 18 20
of the reciprocals of all the elements of A canbe expressed as %, wheremandn are
relatively prime positive integers. Whatism + n?

A 16
B 17
c 19
D 23

E 36



20. Triangle ABC'is anisoscelesright triangle with AB = AC = 3.Let M be the
midpoint of hypotenuse BC'. Points I and E lie onsides AC and E, respectively, so
that AI > AFE and AIMFE is a cyclic quadrilateral. Given that triangle EM I has area
2,thelength CI canbe written as ?,where a, b, and care positive integersand bis

not divisible by the square of any prime. What is the value of a + b + ¢?

A9
B 10
c 11
D 12
E 13

21. Which of the following polynomials has the greatestreal root?

A z2!9+201821 +1
B x"+2018z 1 +1
C 219 + 2018218 + 1
D x4+ 2018z13 +1

E 2019z + 2018



22. The solutions to the equations 22 = 4 + 44/1543and 22 = 2 + 24/3 i, where i =

23.

v/—1,formthe vertices of a parallelogramin the complex plane. The area of this
parallelogram can be writteninthe formp, /g — r+/S,where p, q,r,and s are positive
integers and neither g nor sis divisible by the square of any prime number. Whatis p +
q+r+s?

A 20
B 21
c 22
D 23
E 24

InAPAT,/P = 36°,/A = 56°,and PA = 10. Points U and G lie on sides TP and
T A, respectively, sothat PU = AG = 1.Let M and N be the midpoints of

segments PAand ﬁ, respectively. What is the degree measure of the acute angle
formedbylines MN and PA?

A 76
B 77
c 78
D 79

E &80



24. Alice, Bob, and Carol play a game in which each of them chooses areal number

25.

between 0 and 1. The winner of the game is the one whose numberis between the
numbers chosen by the othertwo players. Alice announces that she will choose her
number uniformly at random from all the numbers between 0 and 1, and Bob
announces that he will choose his number uniformly at random from all the numbers
between 3 and 2. Armed with this information, what number should Carol choose to
maximize her chance of winning?

A
>

For a positive integern and nonzero digits a, b, and ¢, let A,, be the n-digitinteger
each of whose digitsis equal to a; let B,, be the n-digitinteger each of whose digitsis
equalto b; andlet C,, be the 2n-digit (not n-digit) integer each of whose digits is
equalto c. What is the greatest possible value of a + b 4+ cforwhich there are at least
two values of nsuchthat C,, — B,, = A2?

A 12
B 14
c 16
D 18

E 20



Solutions: https://live.poshenloh.com/past-contests/amc12/2018A/solutions




