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1. Findthe sum of the 10th terms of all arithmetic sequences of integers that have first
term equalto4 andinclude both 24 and 34 as terms.

2. The figure below shows a grid of 10 squaresin arow. Each square has a diagonal
connectingits lowerleft vertex to its upperright vertex. Abug moves along the line
segments from vertex to vertex, never traversing the same segment twice and never
moving fromright to left along a horizontal or diagonal segment. Let [NV be the number
of paths the bug can take from the lower left corner (A) to the upperright corner (B).
One such path from A to B is shown by the thick line segments in the figure. Find VN.
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3. Let ABC DE be anonconvex pentagonwithinternalangles /A = /E = 90° and
/B = /D = 45°.Supposethat DE < AB, AE = 20, BC = 14+/2, and points B,
C, and D lie onthe same side of line AE. Suppose further that AB is aninteger with
AB < 2026 and the area of pentagon ABC' D E'is aninteger multiple of 16. Find the
number of possible values of AB.

4. Foreachpositiveintegernlet f(n) be the value of the base-ten numeral n viewed in
base b, where bis the least integer greater than the greatest digit inn. Forexample, if
n = 72,thenb = 8,and 72 asanumeralinbase 8 equals 7 - 8 + 2 = 58; therefore
f(72) = 58. Find the number of positive integers 1 less than 1000 such that f(n) =
n.

5. Anurncontains n marbles. Each marble is eitherred or blue, and there are at least 7
marbles of each color. When 7 marbles are drawn randomly from the urn without
replacement, the probability that exactly 4 of them are red equals the probability that
exactly b of them are red. Find the sum of the five least values of n for which this is
possible.



6. Findthe sum of allrealnumbers r such that there is at least one point where the circle
with radius r centered at (4, 39) is tangent to the parabola with equation 2y = % —

8xr + 12.

7. Astandard fair six-sided dieis rolled repeatedly. Each time the die reads 1 or 2, Alice
getsacoin; eachtimeitreads 3 or4,Bob getsacoin; and eachtimeitreads 5 or 6,
Carol gets a coin. The probability that Alice and Bob eachreceive atleast two coins
before Carolreceives any coins can be written as % , Where m and n arerelatively
prime positive integers. Find 100m + n.

8. Isoscelestriangle AABC has AB = BC. Let I betheincenterof AABC.The
perimeters of AABC and AAIC areintheratio 125 : 6,and all the sides of both
triangles have integer lengths. Find the minimum possible value of AB.

9. Let .S denotethe value of the infinite sum

U
9 ' 99 ' 999 ' 9999

Find the remainder when the greatest integerless than or equal to 101%°S'is divided by
1000.



10. Let AABC be atriangle with D on BC suchthat AD bisects ZBAC. Letw be the
circle that passes through A andis tangent to segment BC at D. Let E # Aand
F # Abetheintersections of w with segmentsﬁand A_C, respectively. Suppose
that AB = 200, AC = 225,andallof AE, AF, BD,and C'D are positive integers.
Find the greatest possible value of BC'.

11. Findthe greatestintegern such that the cubic polynomial
3 N o
z° — =T + (n — 11)z — 400

hasroots a?, 3%, and y%, where i, 3, and «y are complex numbers, and there are
exactly seven different possible values fora + 8 + 7.

12. Consider atetrahedron with two isosceles triangle faces with side lengths 5\/E,
54/10, and 10 and two isosceles triangle faces with side lengths 5v/10,54/10, and 18.
The four vertices of the tetrahedron lie on a sphere with center S, and the four faces of
the tetrahedron are tangent to a sphere with center R. The distance RS can be written
as % , Where m and n arerelatively prime positive integers. Findm + n.



13.

14.

Call finite sets of integers S and T cousins if
o S and T have the same number of elements,
¢ S andT are disjoint, and

« the elements of S can be paired with the elements of T' so that the elementsin each
pair differ by exactly 1.

Forexample, {1, 2,5} and {0, 3,4} are cousins. Suppose that the set .S has exactly
4040 cousins. Find the least number of elements the set S can have.

Forintegersaandb,letaob = a — bifaisoddandbiseven,andaob =a + b
otherwise. Find the number of sequences aq, a9, as, . . ., a, of positive integers such
that

ai+ay+as+---+a,=12 and ajo0asocazo---oa, =0,

where the operations are performed from left toright; thatis, a; o as 0 ag means
(a1 ) a2) o as.



15. Find the number of ordered 7-tuples (a1, az, as, - . . , ay) having the following
properties:

ear € {1,2,3} forallk.
eay + as + a3z + a4 + a5 + ag + arisamultiple of 3.

° 10204 + aoa3as + asaqag + agasar; + asagay + agaras + ayajasisamultiple of
3.
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