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1. Twodifferent points, C'and D, lie on the same side of line AB so that AABC' and
ABAD are congruentwith AB =9, BC = AD = 10,andCA = DB = 17.The
intersection of these two triangularregions has area %,where m andn are relatively
prime positive integers. Find m + n.

2. Llilypads1,2,3,...lieinarowonapond.Afrogmakesasequence of jumps starting
onpad 1. Fromany pad k the frogjumps to eitherpad k + 1 orpad k + 2 chosen
randomly with probability % and independently of otherjumps. The probability that the
frog visits pad 7 is g,wherep and g arerelatively prime positive integers. Findp + q.



3. Findthe number of 7-tuples of positive integers (a, b, ¢, d, e, f, g) that satisfy the
following system of equations:

abc = 70,
cde =71,
efg="T2.

4. Astandard six-sided fairdieisrolled four times. The probability that the product of all
fournumbersrolledis a perfect squareis % ,where m and n are relatively prime
positive integers. Findm + n.

5. Fourambassadors and one advisor foreach of them are to be seated at around table
with 12 chairs numberedinorder 1 to 12. Each ambassador must sitin an even-
numbered chair. Each advisor must sit in a chairadjacent to his orherambassador.
There are N ways for the 8 people to be seated at the table under these conditions.
Find the remainder when NN is divided by 1000.



6. InaMartian civilization, all logarithms whose bases are not specified are assumed to
be base b, forsome fixed b > 2. A Martian student writes down

3log(y/zlogx) = 56
loglogz(x) = 54

and finds that this system of equations has a single real number solutionz > 1. Find b.

7. Triangle ABC hasside lengths AB = 120, BC = 220,and AC = 180. Lines{4,{p,
and /¢ are drawn parallelto BC', AC', and AB, respectively, such that the
intersections of £ 4, £, and £ with the interior of A ABC are segments of lengths 55,
45, and 15, respectively. Find the perimeter of the triangle whose sides lie onlines £ 4,
EB, and fc.

8. Thepolynomial f(z) = az?"8 + b22017 4 22916 has real coefficients not exceeding
2019,and f (HT*@) = 2015 + 2019+/3i. Find the remainder when f(1) is divided
by 1000.



9. Callapositiveintegern k-pretty if n has exactly k positive divisors and n is divisible by
k.Forexample, 18is 6-pretty. Let S be the sum of the positive integers less than 2019
that are 20-pretty. Find %.

10. Thereis aunigue angle 8 between 0° and 90° such that for nonnegative integers n, the
value of tan(2"0) is positive whenn is a multiple of 3, and negative otherwise. The
degree measure of @ is %, where p and q are relatively prime positive integers. Find

pt+q.

1. Triangle ABC hassidelengths AB = 7, BC = 8,and C A = 9. Circle wy passes
through B andis tangent to line AC at A. Circle ws passes through C' andis tangent to
line AB at A. Let K be theintersection of circles wi and w2 notequalto A. Then
AK = 7, wheremandn arerelatively prime positive integers. Find m + n.

12. Forn > 1 call a finite sequence (al, as, ..., an) of positive integers progressive if
a; < a;11anda; dividesa;1forl <1 < n — 1.Findthe number of progressive
sequences such that the sum of the terms in the sequence is equal to 360.



13. Regularoctagon A1 A3 A3 A4 A5 Ag A7 Agisinscribedinacircle of area 1. Point P lies
inside the circle so that the region bounded by P_Al, P—142, and the minor arcA/lA\z of
the circle has area %,while the region bounded byP_Ag, P_A4, and the minorarc A/3A\4
of the circle has area %. There is a positive integern such that the area of the region
bounded byP—Aﬁ, P—A7, and the minorarc A/6A\7 of the circleis equal to % — % Find
n.

14. Find the sum of all positive integers n such that, given an unlimited supply of stamps of
denominations 5, n,andn + 1 cents, 91 centsis the greatest postage that cannot be
formed.

15. Inacute triangle ABC', points P and (Q are the feet of the perpendiculars from C to
AB and from Bto AC, respectively. Line PQ intersects the circumcircle of AABC'in
two distinct points, X and Y. Suppose XP = 10, PQ) = 25,and QY = 15.The
value of AB - AC canbe writtenin the form m+/n, where m and n are positive
integers, and nis not divisible by the square of any prime. Find m + n.
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