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1. Thedigits of a positive integern are four consecutive integers in decreasing order
whenread from left toright. What is the sum of the possible remainders whenn is
divided by 377

2. Set Aconsists of m consecutive integers whose sumis 2m, and set BB consists of 2m
consecutive integers whose sumis m. The absolute value of the difference between
the greatest element of A and the greatest element of Bis 99. Find m.

3. Aconvexpolyhedron P has 26 vertices, 60 edges, and 36 faces, 24 of which are
triangular, and 12 of which are quadrilaterals. A space diagonalis aline segment
connecting two non-adjacent vertices that do not belong to the same face. How
many space diagonals does P have?



4. Asquare hassides of length 2. Set S is the set of all line segments that have length 2
and whose endpoints are on adjacent sides of the square. The midpoints of the line
segmentsinset S enclose aregion whose area to the nearest hundredthis k. Find
100k%.

5. AlphaandBetabothtook partinatwo-day problem-solving competition. At the end
of the second day, each had attempted questions worth a total of 500 points. Alpha
scored 160 points out of 300 points attempted on the first day, and scored 140 points
out of 200 points attempted on the second day. Beta, who did not attempt 300 points
onthe first day, had a positive integer score on each of the two days, and Beta's daily
success ratio (points scored divided by points attempted) on each day was less than
Alpha's on that day. Alpha's two-day success ratio was 300/500 = 3/5. The largest
possible two-day success ratio that Beta could have achievedis m /n, where m and n
are relatively prime positive integers. Whatism + n?

6. Anintegeriscalled snakelike if its decimal representationajasas . . . ag satisfiesa; <
a;.1ifrisoddanda; > a;.1 if 2is even. How many snakelike integers between 1000
and 9999 have four distinct digits?



Let C be the coefficient of 2 in the expansion of the product
(1—2)(1+22)(1 —3z)---(1+ 14z)(1 — 15x).

Find |C|.

Define aregularn-pointed starto be the union of nn line segments
P1P2, P2P3, ceey P, P; suchthat

e the points Py, P, . .., P, are coplanarand no three of them are collinear,

e each of the nline segmentsintersects at least one of the otherline segments ata
point other than an endpoint,

e allof theanglesat P1, P, ..., P, are congruent,
e allof thenlinesegments P, Py, P, P, ..., P, P are congruent, and

ethepath P P, ... P, P; turns counterclockwise at an angle of less than 180° at each
vertex.

There are no regular 3-pointed, 4-pointed, or 6-pointed stars. Allregular 5-pointed
stars are similar, but there are two non-similar regular 7-pointed stars. How many non-
similarregular 1000-pointed stars are there?



9. Let ABC' beatriangle withsides 3,4, and5,and D EFG be a 6-by-7rectangle. A
segment is drawn to divide triangle ABC into a triangle U; and a trapezoid V7, and
another segment is drawn to divide rectangle D EFG into a triangle Uy and a
trapezoid V5 such that Uy is similar to Uy and V; is similar to V5. The minimum value of
the area of U can be writtenin the form m /n, where m and n are relatively prime
positive integers. Findm + n.

10. Acircle of radius 1 israndomly placedin a 15-by-36 rectangle ABC D so that the
circle lies completely within the rectangle. Given that the probability that the circle will
not touch diagonal AC'is m/n,where m andn are relatively prime positive integers,
findm + n.

1. Asolidinthe shape of aright circularconeis 4 inches tall andits base has a 3-inch
radius. The entire surface of the cone, includingits base, is painted. A plane parallel to
the base of the cone divides the cone into two solids, a smaller cone-shaped solid C
and a frustum-shaped solid F, in such a way that the ratio between the areas of the
painted surfaces of C and JF and the ratio between the volumes of C and F are both
equalto k. Giventhat k = m/n, where m andn are relatively prime positive integers,
findm + n.



12.

13.

14.

Let S be the set of ordered pairs (z, y) suchthat0 < z < 1,0 < y < 1,and
Llog2 (%)J and llog5 <;:/)J are both even. Given that the area of the graph of S'is

m/n,where m andn are relatively prime positive integers, find m + n. The notation
| 2] denotes the greatest integer that is less than or equal to z.

The polynomial
P(CE) — (1+$+£B2+°°°+$17)2—ZC17

has 34 complex zeros of the form z;, = ri[cos(2may) + isin(2wag)], k =
1,2,3,...,34,with0 < a3 < as < ag <--- < ag < landrg > 0.Giventhat
a1 +as+a3+ oy +ay = m/n,wheremandnare relatively prime positive
integers, indm + n.

Aunicornis tethered by a 20-foot silver rope to the base of a magician's cylindrical
tower whose radius is 8 feet. The rope is attached to the tower at ground level and to
the unicorn at a height of 4 feet. The unicorn has pulled the rope taut, the end of the
ropeis 4 feet from the nearest point on the tower, and the length of the rope that is

touching the toweris “‘T‘/E feet, where a, b, and c are positive integers, and cis prime.
Finda + b+ c.



156. Forall positive integers x, let

1 ifz =1,
f(z) =< z/10 if z is divisible by 10,

x+ 1 otherwise,

and define asequence asfollows: ¢y = xandx, 1 = f(mn) forall positive integers
n.Letd(z) be the smallestn such that z,, = 1. (Forexample, d(100) = 3 and

d(87) = 7.)Letm be the number of positive integers = such that d(z) = 20. Find the
sum of the distinct prime factors of m.
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