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1. Findtheleast positive integern such that no matterhow 10" is expressed as the

product of any two positive integers, at least one of these two integers contains the
digit 0.

2. Letuandwvbeintegerssatisfying0 < v < u.Let A = (u,v), let B be the reflection
of A acrosstheliney = x,let C be the reflection of B across the y-axis, let D be the
reflection of C across the z-axis, and let E be the reflection of D across the y-axis.
The area of pentagon ABCDFE'is451. Findu + v.

3. Inthe expansion of (az + b)**%, where a and b are relatively prime positive integers,
the coefficients of 22 and 2> are equal. Find a + b.



4. Thediagram shows arectangle that has been dissected into nine non-overlapping
squares. Given that the width and the height of the rectangle are relatively prime
positive integers, find the perimeter of the rectangle.

5. Each of two boxes contains both black and white marbles, and the total number of
marblesin the two boxesis 25. One marble is taken out of each boxrandomly. The
probability that both marbles are black is %, and the probability that both marbles are
white s % ,Wwhere m and n are relatively prime positive integers. Whatism + n?

6. Forhow many ordered pairs (z, y) of integersisittrue that0 < z < y < 10°and that
the arithmetic mean of & and y is exactly 2 more than the geometric mean of x and y?



7.

8.

9.

Suppose that z,y,and z are three positive numbers that satisfy the equations zyz =
1,z + % = H,andy + % = 29.Thenz + ;j = ™, where m and n are relatively prime
positive integers. Findm + n.

A containerinthe shape of aright circularconeis 12 inches tallandits base has a 5-
inchradius. The liquid that is sealed inside is 9 inches deep when the cone is held with
its point down and its base horizontal. When the cone is held withits point up and its
base horizontal, the liquidis m — n,¥/pinches deep, where m, n, and p are positive
integers and pis not divisible by the cube of any prime number. Findm + n + p.

The system of equations

10g10(2000xy) - (10g10 93)(10810 y) =4
log,(2yz) — (log,,y)(logp 2) =1
log,(2z) — (logq z)(log,y ) = 0

has two solutions (21, y1, 21) and (22, Y2, 22)- Find y1 + ys.



10. Asequence of numbers x1, x2, 23, . . . , L1090 has the property that, for every integer k

11.

12.

13.

between 1 and 100, inclusive, the number x is k less than the sum of the other 99

numbers. Giventhat x5 = &, where m andn are relatively prime positive integers,
n

findm + n.

Let S be the sum of allnumbers of the form %, where a and b are relatively prime

b’
positive divisors of 1000. What is the greatest integer that does not exceed 1—%?

Given a function f for which
f(x) = f(398 —x) = f(2158 — z) = f(3214 — x)

holds for allreal , what is the largest number of different values that can appearin the

list £(0), £(1), £(2), ..., f(999)7

Inthe middle of avast prairie, a firetruck is stationed at the intersection of two
perpendicular straight highways. The truck travels at 50 miles per hour along the
highways and at 14 miles per hour across the prairie. Consider the set of points that
canbereached by the firetruck within six minutes. The area of thisregionis % square
miles, where m and n are relatively prime positive integers. Find m + n.



14. Intriangle ABC, itis given that angles B and C' are congruent. Points P and ) lie on
AC and AB, respectively, sothat AP = PQ = QB = BC.Angle ACBisrtimesas
large as angle AP(Q), where r is a positive real number. Find the greatest integer that
does notexceed 10007.

15. Astack of 2000 cards is labelled with the integers from 1 to 2000, with different
integers on different cards. The cardsin the stack are notin numerical order. The top
cardisremoved from the stack and placed on the table, and the next cardis moved to
the bottom of the stack. The new top cardis removed from the stack and placed on
the table, to the right of the card already there, and the next card in the stack is moved
to the bottom of the stack. The process — placing the top card to the right of the cards
already on the table and moving the next card in the stack to the bottom of the stack —
isrepeated until all cards are on the table. Itis found that, reading from left toright, the
labels on the cards are nowinascendingorder: 1,2, 3, ...,1999, 2000. In the original
stack of cards, how many cards were above the card labelled 19997

Solutions: https://live.poshenloh.com/past-contests/aime/2000l/solutions




