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1. Theinstructions ona350-grambag of coffee beans say that proper brewing of alarge
mug of pour-over coffee requires 20 grams of coffee beans. What is the greatest
number of properly brewed large mugs of coffee that can be made from the coffee
beansinthat bag?

A 16
B 17
c 18
D 19
E 20
Solution:

350
Each muguses 20 grams, and >0 = 17.5. Only complete mugs can be brewed, so

the greatest numberis 17.

Thus, the correct answeris B.



2. Jerrywrote down the ones digit of each of the first 2025 positive squares:

1,4,9,6,5,6,....Whatis the sum of all the numbers Jerry wrote down?
A 9025
B 9070
c 9090
D 9115
E 9160
Solution:

The ones digits of 12,22, ...,10%are 1,4,9,6,5,6,9,4, 1, 0, which sumto 45. The
2025 terms contain 202 full blocks (2020 terms) plus 5 more with digits 1,4, 9, 6, 5
summing to 25. The totalis 202 - 45 4+ 25 = 9090 + 25 = 9115.

Thus, the correct answeris D.



3. Whatisthevalueofi(i — 1)(¢ — 2)(¢ — 3),wherei = v/—17

A 6—5t

B —102

c 10z

D —10

E 10
Solution:

i(i—1)=i—i=—-1—4,and(i —2)(i — 3) =i* — 5i + 6 = 5 — 5i.Then
(-1 —14)(5—5i) = =5+ 5i — 5i + 5i> = -5 — 5 = —10.

Thus, the correct answeris D.

4. Thevalue of the two-digit number a bin base seven equals the value of the two-digit
numberb ainbase nine. Whatisa + b?

AT

B | 9

c 10

D 11

E 14
Solution:

Setting 7Ta + b = 9b 4 a gives 6a = 8b,so 3a = 4b. The digitsarea = 4,b = 3,
which check out since 437 = 31 = 349.Hencea + b =T7.

Thus, the correct answeris A.



5. Positiveintegers x and y satisfy the equation 57x + 22y = 400. What is the least
possible value of z + y?

A 10
B 11
c 13
D 14
E 15
Solution:

Modulo 22, the equation gives 13z = 4,sox = 2 (mod 22). With57z < 400, the
only optionisx = 2, which gives 22y = 286,soy = 13.Thenx + y = 15.

Thus, the correct answerisE.



6. Emmy says to Max, "l ordered 36 math club sweatshirts today." Max asks, "How much
did each shirt cost?" Emmy responds, "I'll give you a hint. The total cost was

was a good price." Whatis A + B?

AT

B | 8

C 11

D 14

E 15
Solution:

The totalincentsis 100004 + 1110B + A = 10001 A + 1110B, whichmustbe a
multiple of 36. Since 10001 = 29and 1110 = 30 (mod 36), the conditionis 294 +
30B = 0,i.e.7TA+ 6B =0 (mod 36).The only digit solutionwith A # Qis A =
6,B=5(7-6-+6-5="72),giving$655.56 — 36 x $18.21.S0 A + B = 11.

Thus, the correct answeris C.



7. Whatisthe value of

255

Z log, (1 + %) 0

(log, n)(logy(n + 1))

n=2

A 3
4
1
8 log, 255
7
C —
8
15
D -
16
E 1
Solution:
. Qp41 — Aap
Leta,, = log, n.The numeratorequals a,+1 — a,,so eachtermis ——— =
anQn+1
1 1 1 1
— - . Tel ing f = 2102551 — =1—=-=
o o elescoping fromn o eaves log,2  log, 256 3
7

g’
Thus, the correct answeris C.



8. Thereareintegersaand bsuch that the polynomial 3 — 522 + azx + bhas4 + v/bas
aroot. Whatisa + b?

A 13
B 17
c 20
D 30
E 68
Solution:

The conjugate4 — v/Bis also aroot, and these two are the roots of % — 8z + 11. The
third root r satisfies 8 + 7 = 5,sor = —3.Then (z? — 8z + 11)(z + 3) = z°* —
522 — 13z + 33, givinga = —13andb = 33,s0a + b = 20.

Thus, the correct answeris C.



. Whatis the tens digit of 657

A1

B 3

cC 5

D 7

E 9
Solution:

Here 6% = 46656. Forn > 2, the last two digits of 67 cycle with period 5 through
36, 16,96, 76, 56. Since 46656 = 1 (mod 5), 61556 endsin 56, so the tens digit is 5.

Thus, the correct answeris C.



10. The altitude to the hypotenuse of a 30-60-90 right triangle is divided into two
segments of lengths x < y by the median to the shortest side of the triangle. What is

the ratio ?
r+vy
3

A —
7

s V3
4
4

C —_
9

5 5
11

e | 43
15

Solution:

Take C = (0,0),4 = (+/3,0), B = (0,1),s0 ABis the hypotenuse and BC'is the
shortest side. The altitude from C'meets ABat H = (\/Tg, ?I) . The median from A to
M = (O 1) crosses the altitude at P = <§, %) . This splits the altitude into CP =

’ 2
3
2—‘/g—%andPH:?’\/g —3*/§and T _

=5 ,SOL = = —-.
14 7 14 :1:+y 7

7

Thus, the correct answeris A.



11.

Nine athletes, no two of whom are the same height, try out for the basketball team.
One at atime, they draw a wristband at random, without replacement, from a bag
containing 3 blue bands, 3 red bands, and 3 green bands. They are divided into a blue
group, ared group, and a green group. The tallest member of each group is named the
group captain. What is the probability that the group captains are the three tallest
athletes?

2
A —_
9
2
B —_
7
9
C —_
28
1
D —
3
3
E —_
8
Solution:

Each group has 3 slots. The three tallest athletes are the captains precisely when they
fallinto three different groups. Placing them one at a time into the 9 slots, the second

must avoid the first's group (6 of the remaining 8 slots) and the third must avoid both

6 9
used groups (3 of the remaining 7 slots). The probability is 3 . - = 23"
Thus, the correct answeris C.



12. The windshield wiper on the driver's side of alarge bus is depicted below.

C

B

D

A

Arm AB pivots back and forth around point A, sweeping out an arc of 60°, symmetric
about the vertical line through A. The wiper blade C'D is attached to B at its midpoint
and stays vertical as the arm moves. The armis 3 feet long, and the wiperblade is 3.5
feet tall. What is the area of the windshield cleaned by the wiper, in square feet, to the
nearest hundredth? (Assume that the windshield is a flat vertical surface.)

A | 9.68
B 10.14
c 10.50
D 11.32
E 12.00
Solution:

Put A at the origin. Then B = (3 sin 6, 3 cos #) for§ € [—30°, 30°], so the horizontal
coordinate of Branges over [—1.5, 1.5], awidth of 3. At each horizontal position
exactly one vertical blade of height 3.5 passes through, so by Cavalieri's principle the
cleaned areais 3.5 x 3 = 10.5 square feet.

Thus, the correct answeris C.



13. Acircle has beendivided into 6 sectors of different sizes. Then 2 of the sectors are
paintedred, 2 painted green, and 2 painted blue so that no two neighboring sectors
are painted the same color. One such coloring is shown below.

How many different colorings are possible?

A 12
B 16
c 18
D 24
E 28
Solution:

The two sectors of each color must be a non-adjacent pair, so a coloringis away to
split the 6 cyclic sectorsinto three non-adjacent pairs together with an assignment of
the three colors. The non-adjacent pairs are the edges of the complement of the 6-
cycle, the triangular prism, which has 4 perfect matchings. Assigning the three colors
in3!ways gives4 x 6 = 24 colorings.

Thus, the correct answeris D.



14. Consider a decreasing sequence of n positiveintegersx; > x93 > - -+ > x,, that
satisfies the following two conditions:

e The average (arithmetic mean) of the first 3 terms in the sequenceis 2025.

e Forall4 < k < n,the average of the first k termsin the sequenceis 1 less than the
average of the first k — 1 termsin the sequence.

What is the greatest possible value of n?

A | 1013
B 1014
c 1016
D 2016
E 2025
Solution:

The average of the first k termsis Ay, = 2028 — kfork > 3, so the partial sumis

Sk = k(2028 — k).Fork > 4,z = Sk, — Sk_1 = 2029 — 2k, whichis positive
exactlywhenk < 1014. Avalid start suchas x, €2, x3 = 2030, 2023, 2022 keeps the
whole sequence strictly decreasing, so the greatest possible nis 1014.

Thus, the correct answeris B.



15. Acontainerhasal x 1squarebottom,ad X 3 opensquare top, and four congruent
trapezoidal sides, as shown. Starting when the containeris empty, a hose that runs
water at a constant rate takes 35 minutes to fill the container up to the midline of the
trapezoids.

How many more minutes will it take to fill the remainder of the container?

A 70

B 85

c 90

D 95

E 105
Solution:
At height fraction t the square cross-section has side 1 + 2t, so the volume filled up to
heighttis [ (1 + 2u)? du. Up to the midline (t = 1) thisis Z, and the full volume is 2.
The remaining volume is % — % = %,which is % times the first part. So the remainder

takes 35 - £ = 95 more minutes.
7

Thus, the correct answeris D.



16. Ananalog clock starts at midnight and runs for 2025 minutes before stopping. What is
the tangent of the acute angle between the hour hand and the minute hand when the
clock stops?

A0

B v2-1

c 2-2
V2

p Y=
2

E 3-2

Solution:

2025 minutesis 33 hours 45 minutes, which modulo 12 hours reads 9:45. The minute
hand points at 270° and the hourhand at 9.75 x 30° = 292.5°, so the acute angle
betweenthemis 22.5°. Using the half-angle value, tan 22.5° = /2 — 1.

Thus, the correct answeris B.



17. Eachofthe9squaresinad x 3 gridistobe coloredred, blue, oryellowin such away
that eachred square shares an edge with at least one blue square, each blue square
shares an edge with atleast one yellow square, and each yellow square shares an
edge with atleast one red square. Colorings that can be obtained from one another by
rotations and/orreflections are to be considered the same. How many different
colorings are possible?

A3

B 9

c 12

D 18

E 27
Solution:

Eachred square needs a blue neighbor, each blue a yellow, and each yellow ared,
forcing all three colors to appearin aninterlocking pattern. A systematic check gives
84 valid colorings of the labeled grid. Under the 8 symmetries of the square, only two
diagonal reflections fix any colorings — 6 each — so Burnside's lemma gives % (84 +
6 + 6) = 12distinct colorings.

Thus, the correct answeris C.



1
18. Awnik repeatedly plays a game that has a probability of winning of 3 The outcomes of

the games are independent. What is the expected value of the number of games he
will play until he has bothwon and lost at least once?

5
A —_
2
B 3
16
C —_
5
7
D —_
2
15
E —_
4
Solution:

The first game produces one outcome. If it was a win (probability %), the expected wait
foralossis ﬁ = %; ifitwas aloss (probability %), the expected wait forawinis % =

3.Sotheexpectedtotalisl + 5 -2 +2.3=1+1+2=1.

Thus, the correct answeris D.



19. Arectangular grid of squares has 141 rows and 91 columns. Each square has room for
two numbers. Horace and Vera each fillin the grid by putting the numbers from 1
through 141 x 91 = 12,831 into the squares. Horace fills the grid horizontally: he puts
1 through 91 in order fromlefttorightintorow 1, puts 92 through 182 intorow 2in
order fromleft to right, and continues similarly through row 141. Vera fills the grid
vertically: she puts 1 through 141 in order from top to bottominto column 1, then 142
through 282 into column 2 in order from top to bottom, and continues similarly through
column91. How many squares get two copies of the same number?

AT

B 10

c 11

D | 12

E 19
Solution:

Inrow 7, column ¢, Horace writes (r — 1) - 91 + cand Verawrites (¢ — 1) - 141 + 7.
Setting these equal gives 90r — 140c = —50,i.e.9r = 14c — 5. Thisrequiresc = 1
(mod 9),soc =1,10,19,...,91 —thatis 11 values, and eachyields a valid r
between1land141.So 11 squares match.

Thus, the correct answeris C.



20. Afrog hops along the numberline according to the following rules.

o It startsat0.

1 1
e Ifitisat 0, thenit moves to 1 with probability 3 and it disappears with probability 2

1
eForn =1,2,0r3,ifitisatn,thenitmoveston + 1 with probability 1 itmovesto

1
n — 1 with probability 1 and it disappears with probability 3

What is the probability that the frog reaches 47

1
A —_—
101
1
B -
100
1
C I
99
5 1
98
c 1
97
Solution:

Let f(n) be the probability of reaching 4 fromn. Then f(0) = 1 f(1),andforn =
1,2,3,f(n) = 1 f(n+ 1) + 1 f(n — 1),with f(4) = 1. Solving upward gives
f(2) = §f(1)and f(3) = 13f(1);then4 - 13f(1) = 1 + § f(1)yields f(1) = &,

so f(0) = .

Thus, the correct answerisE.



21. Two non-congruent triangles have the same area. Each triangle has sides of length 8
and 9, and the third side of each triangle has integerlength. What is the sum of the
lengths of the third sides?

A 20
B 22
c 24
D 26
E 28
Solution:

The areawithincluded angle #is 36 sin 6, so two triangles of equal area use angles 0
and 180° — @, with cosines = cos 6. By the law of cosines the third sides satisfy t> =
145 F 144 cos 0, hence t? + t2 = 290. The only integer values in the valid range
(1,17)are11and 13 (121 + 169 = 290), so the sumiis 24.

Thus, the correct answeris C.



22. Whatis the greatest possible area of the triangle in the complex plane with vertices
22,(1 +1)z,and (1 — i)z, where zis acomplex number satisfying |4z — 2| = 17

1
A —_
4
1
B —_
2
9
C N
16
3
D —
4
E 1
Solution:

Theverticesare z - 2, z(1 + i), and z(1 — 7), so the triangle is the fixed triangle with

vertices 2,1 + 4,1 — i —whichhas area 1 — scaled by ||, giving area | z|%. The

condition |4z — 2| = listhecircle |z — 3| = I, onwhich |z|isatmost 3 4+ ; = 3.
32 _ 9

Sothe greatest areais (Z) = 16°

Thus, the correct answeris C.



23. Let S bethe setof allintegers z > 1 such that for all pairs of nonnegative integers
(z,y)withz < y < z,the remainder when 2025z is divided by z is less than the
remainder when 2025y is divided by z. What is the sum of the elements of §7

A 3041

B 3542

c 3750

D 4044

E 4319
Solution:
The conditionrequires k — 2025k mod z to be strictlyincreasingon {0, 1, ...,z —
1}. Astrictly increasing list of z distinctvaluesin [0, z — 1] mustbe 0,1, ...,z — 1,s0

2025 =1 (mod 2),i.e.z | 2024.Since 2024 = 23 - 11 - 23, the sum of allits divisors
is(1+2+4+8)(1+11)(1+23) =15-12 24 = 4320. Excluding z = 1leaves
4319.

Thus, the correct answerisE.



24. How many real numbers satisfy the equation sin(207z) = log,(x)?

A 199
B 200
c 398
D 399
E 400
Solution:

L
| 20°
curve sin(207z) has period 15, and on every full monotonic branch inside this interval

Since | sin | < 1, solutionsneedz € [, 20| ,wherelog,, zrises from —1to1.The
it crosses the slowly increasing log exactly once. There are 398 such full branches; the
partialbranchnearxz = 2—10 adds one crossing, while the partial branchnearx = 20
adds none (the sine cannotrise to the log's near-1 value there). This gives 399
solutions.

Thus, the correct answeris D.



25. Three concentric circles haveradii 1, 2, 3. An equilateral triangle with side length s has
one vertex on each circle. What is §2?

A 6
25
B —_
4
c 13
2
5 27
4
E 7
Solution:

Forthe common center at distances 1, 2, 3 from the vertices of an equilateral triangle
of side s, theidentity 3(1 + 16 + 81 + s?) = (1 + 4 + 9 + s?)% holds. This simplifies
to2s? — 2852+ 98 = 0,i.e. (82 —7)2 = 0,082 = 7.

Thus, the correct answerisE.
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