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1. Whatisthe value of

3+ ! ?
3+ L
3+ 3
L, B
10
49
B —_
15
33
C R
10
109
D —_
33
15
E P
4
Solution:

. . . 1 10
Simplify from the bottom. The innermost fractionis 3 + 3 = 3
The next layeris 3 + =3+ 5 _ 3

enextiay 10/3 °"10 10

10 109

1
Finally, 3 + ——— = 34+ — = —.
naly. S+ 33710 ~ ° T 33 T 33

Thus, the correct answeris D.



2. Thesum of three numbersis 96. The first numberis 6 times the third number, and the third number
is 40 less than the second number. What is the absolute value of the difference between the first
and second numbers?

A 1

B 2

c 3

D 4

E b
Solution:

Let the third numberbe t. Then the first is 6 and the secondis t + 40. Their sumis
6t+(t+40)+t:8t+40=96,

sot =T.
The first numberis 42 and the secondis 47, so the difference has absolute value 5.

Thus, the correct answerisE.



3. Fiverectangles, A, B,C, D,and E, are arranged in a square as shown below. These rectangles
have dimensions1 x 6,2 x 4,5 X 6,2 X 7,and2 x 3, respectively. (The figure is not drawn to
scale.) Which of the five rectangles is the shaded one inthe middle?

A A
B B
c C
D D
E FE
Solution:

The five areasare 6, 8, 30, 14,and 6, whichsumto 64. Sothe squareis8 x 8.

Placing C (5 x 6)acrossthetop left, D (2 x 7)up therightside, EZ (2 x 3)inthe lowerleft,and A (
1 x 6)alongthe bottomleaves acentral2 x 4 gap, whichis exactly rectangle B.

Thus, the correct answeris B.



4. Theleast common multiple of a positive integern and 18is 180, and the greatest common divisor
of nand 45is 15. What is the sum of the digits of n?

A3

B 6

c 8

D 9

E 12
Solution:

Since 180 = 2% - 32 . 5and 18 = 2 - 32, the conditionlcm(n, 18) = 180 forces n to contribute 22
and b, withits power of 3 at most 2.

Fromgcd(n, 45) = ged(n, 3% - 5) = 15 = 3 - 5, the power of 3 inn is exactly 1 and the power of
Sisatleast1.

Thereforen = 22 - 3 - 5 = 60, whose digits sumto 6.

Thus, the correct answeris B.



5. Letthe taxicab distance between points (z1, y1) and (22, y2) in the coordinate plane be given by
|z1 — @2| + |y1 — y2|. Forhow many points P with integer coordinates is the taxicab distance
between P and the originless than orequal to 20?

A 441
B 761
c 841
D 921
E 924
Solution:

Foreachk > 1,theset |z| + |y| = k contains exactly 4k lattice points, and k = 0 gives the single
origin.

The totalis

20
20 - 21
1+Z4k:1+4-7:1+840:841.
k=1

Thus, the correct answeris C.



6. Adataset consists of 6 (not distinct) positive integers: 1,7, 5,2,5,and X . The average (arithmetic
mean) of the 6 numbers equals a value in the data set. What is the sum of all positive values of X7

A 10
B 26
c 32
D 36
E 40
Solution:

20+ X

The known numbers sumto 20, so the meanis , which must equal an element of the set.

Settingitto b gives X = 10;to 7 gives X = 22;andto X itself gives20 + X = 6X,s0 X = 4.
Values 1 and 2 give negative X .
The positive values are 10, 22, 4, summing to 36.

Thus, the correct answeris D.



7. Arectangleis partitionedinto 5 regions as shown. Eachregionis to be painted a solid color - red,
orange, yellow, blue, or green - so that regions that touch are painted different colors, and colors
can be used more than once. How many different colorings are possible?

A 120
B 270
c 360
D 540
E 720
Solution:

The bottom-middle region shares a border with all four otherregions. Colorit firstin 5 ways.

The top-left region bordersit, giving 4 choices. Each of the three remaining regions borders
exactly two already-colored regions, which have different colors, leaving 3 choices apiece.

Thetotalis5 -4 -3 -3 -3 = 540.

Thus, the correct answeris D.



8. Theinfinite product

evaluates to arealnumber. Whatis that number?

A 10

B /100

C /1000

D 10

E  10v10
Solution:

The kth factoris 10 raised to the k-fold cube root, namely 101/3".

The productis 10 raised to

LONR S S 1/3
3 9 2 S 1-1/3

Sothe valueis 10Y/2 = 1/10.

Thus, the correct answeris A.



9. OnHalloween 31 children walked into the principal's office asking for candy. They can be classified
into three types: some always lie; some always tell the truth; and some alternately lie and tell the
truth. The alternaters arbitrarily choose their first response, either a lie or the truth, but each
subsequent statement has the opposite truth value fromits predecessor. The principal asked
everyone the same three questionsin this order.

"Are you a truth-teller?" The principal gave a piece of candy to each of the 22 children who
answeredyes.

"Are you an alternater?" The principal gave a piece of candy to each of the 15 children who
answered yes.

"Are you aliar?" The principal gave a piece of candy to each of the 9 children who answered yes.

How many pieces of candy in all did the principal give to the children who always tell the truth?

AT
B 12
c 21
D 27
E 31
Solution:

To "Areyou a truth-teller?" the truth-tellers and liars both answer yes, and only alternaters who lie
on this question answeryes. To "Are you an alternater?" the liars answeryes, and among alternaters
only those telling the truth on this question answeryes. To "Are you a liar?" only alternaters lying on
this question answeryes.

Split the alternaters by first response. Those starting with alie answer (lie, truth, lie), so they say yes
to all three questions; those starting truthful answer (truth, lie, truth) and say yes to none of the
three. The 9 yeses onthe last question are exactly the lie-first alternaters, so there are 9 of them.

The second question's 15 yeses are the liars plus these 9, so there are 6 liars. The first question's 22
yeses are truth-tellers plus liars plus the 9, so the truth-tellers number22 — 6 — 9 = 7.

Truth-tellers answer yes only to the first question, receiving one candy each, for7 - 1 = 7 pieces.

Thus, the correct answeris A.



10. What is the number of ways the numbers from 1 to 14 can be splitinto 7 pairs such that for each
pair, the greater numberis at least 2 times the smaller number?

A 108
B 120
C 126
D 132
E 144
Solution:

Any number 8 or larger cannot be a smaller element (its double exceeds 14), so 8-14 are all larger
elements and 1-7 are all smaller elements.

Match each smaller stoalargerg > 2s. Processing from the most restrictive: s = 7 forcesg = 14
(1way); thens = 6has {12, 13} left(2); s = bhas 3;s = 4has4;s = 3has3;s = 2has2;s = 1
has 1.

The number of matchingsis1-2-3-4-3-2-1 = 144.

Thus, the correct answerisE.



1. Whatis the product of all real numbers  such that the distance on the numberline between logg =
andlogg 9is twice the distance on the numberline betweenlogg 10and 17

A 10
B 18
c 25
D 36
E 81
Solution:
, . . 5 o 5 25
The right-hand distanceis | logg 10 — 1| = logg 3+50 twiceitis 2 log 3= logg 5"
x 25 . x 25 =« 9 81
Thus ‘log6 5‘ = logg ?,gwmg 9= ?or 9= %,sox =25o0rx = %

81
Their productis 25 - 25 = 81.

Thus, the correct answerisE.



12. Let M be the midpoint of AB inregular tetrahedron ABC' D. What is cos(ZCM D)?

1
A —_
4
1
B —
3
2
C —
5
1
D —_
2
e V3
2
Solution:

Take edge length 1. Since M is the midpoint of AB, segments CM and DM are altitudes of the

3
equilateral faces, each of length %.Also CD =1.

By the Law of Cosinesin ACM D,

cos(LCMD) =

Thus, the correct answeris B.



13. Let R be the regionin the complex plane consisting of all complex numbers z that can be written
as the sum of complex numbers z; and z9, where z; lies on the segment with endpoints 3 and 41,
and z has magnitude at most 1. What integeris closest to the area of R?

A 13
B 14
C 15
D 16
E 17
Solution:

Adding a disk of radius 1 to every point of the segment sweeps out all points within distance 1 of it.
The segment from 3 to 44 haslength /32 + 42 = 5.

This "stadium"isa b x 2rectangle plus two half-disks of radius 1, with area
5.2+ 7(1)> =10 + 7 ~ 13.14.

The closestintegeris 13.

Thus, the correct answeris A.



14. What s the value of
(log 5)° + (log 20)* + (log 8)(log 0.25)

where log denotes the base-ten logarithm?

A 3
2
7
B —
4
C 2
5 9
4
E 3
Solution:

Letu = log2.Thenlogb = 1 — u,log 20 = 1 + u,log 8 = 3u,andlog 0.25 = —2u.
Witha =1 —u, b=1+ u,wehavea + b =2andab =1 —u?,so

a®+ b = (a+b)((a+0b)* —3ab) =2(4—3(1 —vu?)) =2+ 6u°.
The last termis (3u)(—2u) = —6u?, sothe totalis 2 + 6u? — 6u? = 2.

Thus, the correct answeris C.



15. The roots of the polynomial 10z — 3922 + 29z — 6 are the height, length, and width of a
rectangular box (right rectangular prism). A new rectangular boxis formed by lengthening each edge
of the original box by 2 units. What is the volume of the new box?

24
A R
5
42
B R
)
81
C —_
5
D 30
E 48
Solution:
_ 39 29 6
Lettherootsber, s,t. By Vieta'sformulas,r +s +t = —,rs +rt + st = —,andrst = — =
10 10 10
3
5
The new volumeis
3 58 156
(r+2)(s+2)(t+2)=rst+2(rs+rt+st)+4(r+s+t)+8= 0t 10 + 8 = 30.

Thus, the correct answeris D.



16. Atriangularnumberis a positive integer that can be expressedinthe formt,, =1+ 2+ 3 +
- -+ 4+ n, forsome positive integern. The three smallest triangular numbers that are also perfect
squaresaret; = 1 = 12,tg = 36 = 62, andty = 1225 = 35%. What s the sum of the digits of
the fourth smallest triangular number thatis also a perfect square?

A 6

B 9

c 12

D 18

E 27
Solution:

Square triangular numbers satisfy the recurrence N, = 34N,_1 — Nji_o + 2. Starting from
Ny = 36 and N3 = 1225, the nexttermis Ny = 34 - 1225 — 36 + 2 = 41616.

288 - 289
Indeed 41616 = 204% = — soitisboth aperfect square and tags.

The sumofits digitsis4 +1+6 +1+ 6 = 18.

Thus, the correct answeris D.



17. Suppose ais arealnumbersuchthatthe equation
a- (sinz + sin(2z)) = sin(3x)

has more than one solutionin the interval (0, 7). The set of all such a can be written in the form
(p,q) U (g, 7),where p, q,and r are real numbers withp < g < r.Whatisp + q + r?

A —4

B —1

c 0

D 1

E 4
Solution:

Sincesinx # 0on (0, ), divide by sin z :

a(l +2cosz) =4cos’xz — 1= (2cosz — 1)(2cosz + 1).

Whencosz = —% (thatis,x = 2?Tr)both sidesvanish, so thisis a solution forevery a. Otherwise we
, a—+1
may cancell 4+ 2cosxtogeta = 2cosx — 1,i.e.cosc = 5
a—+1

This yields a second solutionin (0, 7) exactly when —1 < — < 1,thatisa € (—3,1),anditis

distinctfromz = %’T unlessa = —2.

Somore than one solution occursfora € (—3,—2) U (—2,1),givingp+q+r = -3 -2+
1= —4.

Thus, the correct answeris A.



18. Let T}, be the transformation of the coordinate plane that first rotates the plane k degrees
counterclockwise around the origin and thenreflects the plane across the y-axis. What is the least
positive integer n such that performing the sequence of transformations 11, 15, T3, .. . , 1,
returns the point (1, 0) back toitself?

A 359
B 360
c 719
D 720
E  T21
Solution:

Rotating a point at angle 8 by k° gives 6 + k, and reflecting across the y-axis sends angle ¢ to
180 — ¢.So Ty sendsfto (180 — k) — 6.

Starting from (1, 0) atangle 0, applying 1, T5, . . . gives angles 179, —1, 178, —2, 177, . . . . After
an even number 2m of steps the angle is —m, and afteran odd number2m + 1itis179 — m.

Forthe point to return, the angle must be a multiple of 360°. The even case needs m = 360, i.e.
n = 720.The odd caseneeds 179 — m = 0,i.e.m = 179 andn = 359, where the net reflection
fixes (1, 0).

Theleast suchnis 359.

Thus, the correct answeris A.



19. Suppose that 13 cardsnumbered 1,2, 3,...,13 arearrangedinarow. The taskis to pick them up
in numerically increasing order, working repeatedly from left to right. In the example below, cards
1,2, 3 are picked up on the first pass, 4 and 5 on the second pass, 6 on the third pass, 7, 8,9, 10 on
the fourth pass, and 11, 12, 13 on the fifth pass. For how many of the 13! possible orderings of the
cards will the 13 cards be picked up in exactly two passes?

(118614519 (12({1]13]10]12] 3

A | 4082
B = 4095
c | 4096
D 8178
E 8191
Solution:

Let pos(k) be the position of card k. A fresh passis needed exactly whenpos(k + 1) < pos(k),
so the number of passesis one more than the number of descentsinthe sequence
pos(1),pos(2),...,pos(13).

Exactly two passes means exactly one descent. The number of permutations of 13 elements with
exactly one descentis the Eulerian number

1
< 13> =21 _ 13 -1 =8178.

Thus, the correct answeris D.



20. Isosceles trapezoid ABC D has parallel sides AD and BC,with BC' < ADand AB = CD.
BC
Thereis apoint Pinthe plane suchthat PA = 1, PB = 2, PC = 3,and PD = 4. Whatis —7?

AD’
1
A —_
4
1
B —
3
c 1
2
5 2
3
3
E —
4
Solution:

Place the trapezoid symmetric about the y-axis: A = (—p,0),D = (p,0),B = (—q, h),C =
(g, h),withP = (z,y).

Then PA%2 — PD? = 4px =1 — 16 = —15and PB? — PC? = 4qx = 4 — 9 = —5. Dividing
p

gives — = 3.
BC _
AD p

<

1
Since AD = 2pand BC' = 2q,we get 3

Thus, the correct answeris B.



21. Let P(z) = %922 + 201 4 1. Which of the following polynomials divides P(z)?
A 22241
B xz2+z+1
c  zt+1
D 20 —2341

E 2042341

Solution:
If { isaroot of adivisor, then P(¢) = (2022 4 (10! 4 1 = Qisrequired.

The roots of % + 22 + 1 are the primitive 9th roots of unity, so Cg = 1. Reducing exponents
modulo 9,2022 = 6and 1011 = 3, giving (% + ¢3 + 1. Herew = (3is a primitive cube root of
unity, so this equalsw? + w + 1 = 0.

The other four options fail: substituting theirroots yields nonzero values (forinstance, the primitive
cube roots of unity give P = 3).

Thus, the correct answerisE.



22. Letcbe arealnumber, andlet 21, 29 be the two complex numbers satisfying the quadratic 22 —

1

cz + 10 = 0. Points 21, 29, —, and — are the vertices of a (convex) quadrilateral Q in the complex
21 22

plane. When the area of () obtains its maximum value, cis the closest to which of the following?

A 45
B 5
cC 55
D 6
E 6.5
Solution:
0 — o 1 L
If the roots are non-real, then z; = /10 €e" and 2o = 27, since 2129 = 10. Then — = \/—1706 !
21
1 1 .
and — = v,

—e
Zy /10

These four points form a trapezoid with two vertical sides symmetric about the real axis. Its area

works out to

99
2—0 sin 20,

whichis maximized at§ = 45°.
Thenc = z1 + 2z = 2v/10 cos 45° = 2v/5 &~ 4.47, closest to 4.5.

Thus, the correct answeris A.



23. Let h,, and k,, be the unique relatively prime positive integers such that

LS SR
1 2 n k,
Let L,, denote the least common multiple of the numbers 1, 2, 3, .. ., n. Forhow many integersn

withl < n < 22isk, < L,?

A0

B 3

c 7

D 8

E 10
Solution:

Always k, | L,,sok, < L, exactly whensome prime p divides both L,, and the numerator N =

n L . .
Y gy 7= (i.e.aprime cancels).

For a prime p with maximal power p® < n, only the terms with v, (k) = akeep pout of L,, / k; all

others are divisible by p. So p cancelsiiff va(k):a

L, —

2 =0 (mod p).

Checking eachn, cancellation occurs precisely forn = 6,7, 8,18, 19, 20, 21, 22, whichis 8

values.

Thus, the correct answerisD.



24. How many strings of length 5 formed from the digits 0, 1, 2, 3, 4 are there such thatforeach j €
{1,2,3,4}, atleast j of the digits are less than j 7 (For example, 02214 satisfies the condition
because it contains atleast 1 digitless than 1, atleast 2 digits less than 2, at least 3 digits less than
3, and at least 4 digits less than 4. The string 23404 does not satisfy the condition because it does
not contain at least 2 digits less than 2.)

A 500
B 625
c 1089
D 1199
E 1296
Solution:

Sortthe five digitsasd(;y < d(p) < - -+ < d5). Therequirement "at least j digits less than j" is
equivalenttod(j) <j—1forj = 1,2,3,4,i.e.d(1) =0, d(z) <1, d(3) <2, d(4) < 3 (with
d(5) < 4automatic).

Counting the ordered strings of digits from {0, 1, 2, 3, 4} whose sorted values obey these bounds
gives 1296.

Thus, the correct answeris E.



25. Acircle withintegerradius 7 is centered at (7, r). Distinct line segments of length ¢; connect
points (0, a;) to (b;,0) for1 < ¢ < 14 and are tangent to the circle, where a;, b;, and ¢; are all

e . . Ci4 .
positiveintegersandc; < ¢y < - -+ < ¢14. Whatis the ratio — for the least possible value of r?

C1
21
A PR
5
85
B J—
13
c 7
39
D -
5
E 17
Solution:
The circle centered (r, ) with radius 7 is tangent to both axes. A segment from (0, a) to (b, 0) with
a® + b? = c?istangent toit when T equals either the inradius “2=¢ or the semiperimeter 42+€ of

theright triangle withlegs a, b.

The inradius case rearranges to (a — 2r)(b — 2r) = 2r%, so the number of such segments grows
with the number of divisors of 2r2. The least 7 that admits 14 distinct segmentsis = 6 : the
semiperimeter case gives the 3-4-5 triangle (both orientations, ¢ = 5), and the inradius case gives

twelve more, up to 13-84-85 withc = 85.
C14 85

Thenc; = 5andcyy = 85,50 — = —

=17.
(5] 5

Thus, the correct answerisE.
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