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1. Whatisthe value of

1234 + 2341 + 3412 + 41237

A 10,000
B 10,010
c 10,110
D 11,000
E 11,110
Solution:

Each of the digits 1, 2, 3, 4 appears exactly once in the thousands, hundreds, tens, and
units columns. So eachcolumnsumstol + 2 + 3 +4 = 10.

The totalistherefore10-1111 = 11110.

Thus, the correct answerisE.



2. Whatisthe area of the shaded figure shown below?

A

4
3
2
1

012345?

A 4

B 6

c 8

D 10

E 12
Solution:

The outer triangle has vertices (1, 0), (3, 5), and (5, 0), giving base 4 and height 5, so
itsareais 3 - 4 -5 = 10.

Removed fromitis the triangle with vertices (1, 0), (3, 2),and (5, 0), which has base 4
andheight2,soareal - 4-2 = 4.

The shaded areais10 — 4 = 6.

Thus, the correct answeris B.



3. Atnoonona certainday, Minneapolisis IV degrees warmer than St. Louis. At 4:00 the
temperature in Minneapolis has fallen by 5 degrees while the temperature in St. Louis
hasrisen by 3 degrees, at which time the temperatures in the two cities differ by 2
degrees. What is the product of all possible values of N7

A 10
B | 30
c 60
D 100
E 120
Solution:

At noonthe gapis V. Minneapolis thenloses b degrees and St. Louis gains 3, so the
gap changes by 8. The new absolute differenceis [N — 8| = 2.

Thisgives N = 10or N = 6, whose productis 60.

Thus, the correct answeris C.



4. Letn = 82°22 Which of the following is equal to

2o
4
B 92022
D 43031
£ 43032
Solution:
Writen = 82022 — 96066 Thop
6066
n_ 277 96064
4 22 '

Since 26064 — 43032, this matches the last option.

Thus, the correct answerisE.



a
5. Callafraction 3 not necessarily in the simplest form, special if a and b are positive

integers whose sumis 15. How many distinct integers can be written as the sum of
two, not necessarily different, special fractions?

A9

B 10

C 11

D 12

E 13
Solution:

The special fractionsinlowest termsincludetheintegersZ = 10 4 = 13—2, 14 = 1—14;

the half-integers 5, 3, 123,the quarter-integers 3 L and 11 ;and others

Two specials add to aninteger only when their fractional parts cancel:

Integerpa|rsg|ve4 6 8 16, 18, 28. Half- mtegerpalrs(%, 505 ) givel,2,3,7,8,13.
The quarter pa|rZ + T gives 3.

The distinctintegersare 1,2, 3,4,6,7,8,13,16, 18,28, atotal of 11.

Thus, the correct answeris C.



6. The greatest prime number that s a divisor of 16,384 is 2 because 16,384 = 2'4. What
is the sum of the digits of the greatest prime number thatis a divisor of 16,3837

A3

B 7

c 10

D 16

E 22
Solution:

Since 16,383 =214 — 1 = (27 — 1)(2" 4+ 1) = 127 - 129.Then 129 = 3 - 43, s0
16,383 = 3 - 43 - 127.

The greatest prime factoris 127, whose digit sumis1 + 2 + 7 = 10.

Thus, the correct answeris C.



7. Which of the following conditions is sufficient to guarantee thatintegers ¢, y,and 2z
satisfy the equation

z(z—y)+yly—2)+z2(z—z) =17

A T>yandy =z

B x=y—landy=2-1
C z=z4+landy=x+1
D x=zandy—1l==z

E ztytz=1

Solution:

The expression satisfies

20z(z —y) +yly—2)+z2(z—2)| = ()’ + (y—2)* + (2 —2)°.

So the equation holds exactly when this sum of squares equals 2.

Since the three differences sum to 0, this requires two of them to be +1 and one to be
0.

OptionDgivesz —x =0,z —y = —1,andy — z = 1,sothesquaresarel + 1 +
0 = 2. Thisworks forall suchintegers.

Thus, the correct answeris D.



8. Theproduct of the lengths of the two congruent sides of an obtuseisosceles triangle
is equal to the product of the base and twice the triangle's height to the base. What is
the measure, in degrees, of the vertex angle of this triangle?

A 105
B 120
c 135
D 150
E 165
Solution:

Let the congruent sides have length s, the base be b, and the height to the base be h.
The given conditionis s> = 2bh.

The area equals %bh andalso %32 sin @, where @ is the vertex angle. Sobh = s sin 6.

Substituting s> = 2bh gives bh = 2bh sin 0, sosinf = % Since the triangle is
obtuse, 8 = 150°.

Thus, the correct answeris D.



. Triangle ABC is equilateral with side length 6. Suppose that O is the center of the
inscribed circle of this triangle. What is the area of the circle passing through A, O,
and C?

A 9w
B 127
c 18w
D 24w
E 27w
Solution:
Foran equilateral triangle, O is also the circumcenter,so OA = OC = i = 2/3.

V3
The centralangle ZAOC = 120°.

Intriangle AOC, side AC' = 6is opposite the 120° angle, so the circumradius R’ of
this triangle satisfies

6
R=— =43
sin 120° V3,

giving R = 2+/3.
The area of the circle is m(2+/3)? = 12.

Thus, the correct answeris B.



10. Whatis the sum of all possible values of t between 0 and 360 such that the trianglein

the coordinate plane whose vertices are

isisosceles?
A 100
B 150
c 330
D 360
E 380

Solution:

(cos40°,sin40°), (cos60°,sin60°), and (cost’,sint’)

The three points lie on the unit circle at angles 40°, 60°, and t°. Achord's length
depends only on the angular separation of its endpoints.

If the third pointis equidistant from the other two, itlies on the perpendicular bisector:
t =50o0rt = 230.

If its distance to 40° equals the fixed chord (separation 20°), thent = 20 (sincet = 60
is degenerate). If its distance to 60° matches, thent = 80 (sincet = 40is

degenerate).

The valid values are 50, 230, 20, 80, summing to 380.

Thus, the correct answerisE.



11. Unarolls 6 standard 6-sided dice simultaneously and calculates the product of the 6
numbers obtained. What is the probability that the product is divisible by 47

A 3
4
57
B —_
64
59
C —_
64
187
D _
192
63
E —_
64
Solution:

The product fails to be divisible by 4 when it has at most one factor of 2. Each dieiis
odd with probability %, contributes exactly one factor of 2 (a 2 or 6) with probability %,
and two factors (a 4) with probability %.

6 5
All six odd: (%) = 6%1.Exactlyonediea2or6andthe restodd: 6 - % . (%) =16 =
4
a.
The complementis 6%1 + (;14 = G—Z,sothe answeris1 — 6?:’—4 = 2—2.

Thus, the correct answeris C.



12. Forn apositive integer, let f(n) be the quotient obtained when the sum of all positive
divisors of nis divided by n.. Forexample,

12
f4) = (1+2+7+14)+ 14 = .

Whatis f(768) — f(384)?

A 1
768
5 1
192
c 1
5 4
3
8
E —
3
Solution:
Since 768 = 28 - 3, its divisorsumis (2° — 1)(1 + 3) = 511 - 4 = 2044, so
2044 511
F(768) = 768 = 1oz
Since 384 = 27 - 3, itsdivisorsumis (28 — 1)(1 + 3) = 255 - 4 = 1020, so
1020 510
F384) = 57 = o2

511 — 510 B 1
192 192°
Thus, the correct answeris B.

The differenceis



13 27 .
" Letec = E.What is the value of

sin3c¢-sinb6c¢-sin9c - sin12¢ - sin 15c?

sinc-sin2c-sin3c¢-sin4c - sin be

A —1
B _\/11
5
c vii
5
10
D —_
11
E 1
Solution:

2k
Write each angle as kc = 91 Reducing modulo 27, sin 12¢ = sin candsin 15¢ =

sin 4c.

So the numeratoris sin 3¢ - sin 6¢ - sin 9¢ - sin ¢ - sin 4¢. Cancelling the common
sin 6¢ - sin 9¢

factorssin ¢, sin 3¢, sin 4cleaves — - .
sin 2c¢ - sin 5¢

Now sin 9¢ = sin (2 — 2¢) = — sin 2candsin 6¢ = sin (27 — 5¢) = — sin be, so
(— sin 5¢)(— sin 2¢)

=1.
sin 2¢ - sin ¢

theratio equals

Thus, the correct answerisE.



14. Suppose that P(z), Q(z),and R(z) are polynomials with real coefficients, having
degrees 2, 3, and 6, respectively, and constant terms 1, 2, and 3, respectively. Let N
be the number of distinct complex numbers z that satisfy the equation

P(2)- Q(z) = R(2).

What is the minimum possible value of N'?

A0

B 1

c 2

D 3

E 5
Solution:

Let D(z) = P(2)Q(z) — R(z). Since PQ has degree 5and R has degree 6, the
degree of Dis6. Itsconstanttermis1 -2 — 3 = —1 # 0.

Because R is otherwise unconstrained, D can be made equal to any real degree-6
polynomial with constant term —1, forinstance —(z — 1)°.

Such a polynomial has a single distinct root, so the minimumis N = 1.

Thus, the correct answeris B.



15. Three identical square sheets of paper each with side length 6 are stacked on top of
each other. The middle sheetis rotated clockwise 30° about its center and the top
sheetisrotated clockwise 60° about its center, resulting in the 24-sided polygon
shownin the figure below. The area of this polygon can be expressedinthe forma —
by/c, where a, b, and c are positive integers, and cis not divisible by the square of any
prime. Whatisa + b + ¢?

A T5
B | 93
c 96
D 129
E 147
Solution:

Because the three squares are rotated by 0°, 30°, and 60°, the figure has 12-fold
symmetry. Its 24 vertices alternate every 15°: outer vertices are the square corners at
distance 34/2 from the center, and inner vertices are edge crossings at distance 24/3.



Connecting the center to all 24 vertices splits the polygoninto 24 triangles, each with
sides 34/2 and 24/3 andincluded angle 15°. The total areais

24 - £(3v/2)(2v/3) sin 15° = 726 - M.

This simplifies to 184/6(v/6 — v/2) = 108 — 364/3,s0a + b + ¢ = 108 + 36 +
3 = 147.

Thus, the correct answerisE.



16. Suppose a, b, c are positive integers such that

and

a+b+c=23

gcd(a, b) 4 ged(b, c) + ged(c,a) = 9.

What is the sum of all possible distinct values of a® + b% + ¢2?

A 259
B 438
c ol6
D 625
E 687
Solution:

The gcd sum of 9is large, so the numbers share substantial common factors.
Searching the partitions of 23 that meet the condition gives exactly two solution

types.

Thetriple (7,7,9) hasgedsum7 + 1+ 1 = 9anda® + b% + ¢* = 49 + 49 + 81 =
179.The triple (3,5, 15) hasgedsum1 + 5+ 3 = 9anda® + b2 + 2 =9 + 25 +

225 = 259.

The sum of the distinct valuesis 179 + 259 = 438.

Thus, the correct answeris B.



17. Abug starts at avertex of a grid made of equilateral triangles of side length 1. At each
step the bug moves in one of the 6 possible directions along the grid lines randomly
and independently with equal probability. What is the probability that after 5 moves
the bug never will have been more than 1 unit away from the starting position?

13
A -
108
7
B —
54
c 29
216
5 4
27
1
E —_
16
Solution:

Staying within distance 1 means the bug is always at the origin or one of its 6
neighbors. From the origin, all 6 moves are allowed. From a neighbor, only 3 moves
keepitinrange: backto the origin, or to either of the two adjacent neighbors.

Let a, and by, count valid k-step paths ending at the origin and at a neighbor. Then
ari1 = bpandby 1 = 6ay + 2bg, startingfromag = 1,by = 0.
lterating gives b; = 6, then (ag, by) = (6,12), (a3, b3) = (12,60), (a4, bs) =
(60,192), (a5, bs) = (192, 744). The total number of valid pathsis 192 + 744 = 936.
The probability is 936 = 936 = 13 .

65 7776 108
Thus, the correct answeris A.




1
18. Setug = Z,and fork > Oletuy, 1 be determined by the recurrence
Upr1 = 2Up — 2u2.

This sequence tends to alimit; callit L. What is the least value of k such that

L

up — L| < 21000 *

A 10
B 87
c 123
D 329
E 401
Solution:

The limit satishes L = 2L — 2L?, giving L = % Letvr, = 1 — 2ug. Then

Vg1 =1 — 2upy 1 = 1 — duy + 4ui = (1 — 2uz)? = v}.

k
Sincevg =1—-2-1 =1 wegety, = (%)2 ,soluy — L] = — =272 "1,

Weneed2¥ + 1 > 1000, i.e.2¥ > 999. Theleast such ks 10, since 210 = 1024.

Thus, the correct answeris A.



19. Regular polygonswith 5, 6,7, and 8 sides are inscribed in the same circle. No two of
the polygons share a vertex, and no three of their sides intersect at acommon point. At
how many pointsinside the circle do two of their sidesintersect?

A | 52
B 56
c 60
D 64
E 68
Solution:

For two convex polygonsinscribed in the same circle with no shared vertices, each
side of the smaller polygon crosses the larger polygon's boundary exactly twice, so
they meet at 2 min(m, n) points.

Summing over all pairs: (5, 6), (5, 7), (5, 8) give 10 each; (6, 7), (6, 8) give 12 each;
(7,8) gives 14.

Thetotalis3-10+ 212 + 14 = 68.

Thus, the correct answerisE.



20. A cubeis constructed from 4 white unit cubes and 4 blue unit cubes. How many
different ways are there to construct the 2 x 2 X 2 cube using these smaller cubes?
(Two constructions are considered the same if one can be rotated to match the other.)

A T

B 8

c 9

D 10

E 11
Solution:

By Burnside's lemma, the count is the average number of 4-blue colorings fixed by
each of the 24 rotations acting on the 8 cubies.

The identity fixes (i) = 70.The 6 face quarter-turns fix 2 each (12). The 3 face half-
turns fix 6 each (18). The 8 vertex rotations fix4 each (32). The 6 edge half-turns fix 6
each (36).

, 168
Thetotalis 70 + 12 + 18 + 32 + 36 = 168, and CYR 7.

Thus, the correct answeris A.



21. Forrealnumbersz, let
P(x) =1+ cos(z) + isin(z) — cos(2z) — i sin(2z) + cos(3z) + ¢ sin(3x)

where i = 4/—1.Forhow many values of z with0 < x < 27 does

P(x) =07
A 0
B 1
C 2
D 3
E 4
Solution:

Group by Euler's formula: P(z) = 1 + € — 2% + €3 Theimaginary partis
sin z — sin 2z + sin 3z = (sinx + sin 3z) — sin 2z = sin 2z(2cos z — 1).

This vanishes whensin 2z = O(soz = 0, %, 7, ¥f)orcosz = 3 (soz = %, ).
Checkingtherealpart1l 4 cos x — cos 2x + cos 3x at each of these values gives +2

or1,never0. Sono zmakes P(z) = 0.

Thus, the correct answeris A.



22. Right triangle ABC has side lengths BC' = 6, AC = 8,and AB = 10. Acircle
centered at O istangenttoline BC at B and passes through A. Acircle centered at P
istangenttoline AC at A and passes through B. Whatis OP?

23
A I
8
5 29
10
c 35
12
73
D —_
25
E 3
Solution:

PlaceC = (0,0),B = (6,0),and A = (0, 8), so therightangleisat C.

Circle O is tangent to line BC (the z-axis) at B,so O = (6, k). SettingOA = OB
gives 36 + (k — 8)? = k%,sok = 2 and O = (6, 2) .

Circle Pistangenttoline AC (the y-axis)at A,so P = (h, 8). Setting PB = PA
gives (h — 6)2 + 64 = h?,soh = Zand P = (£,38).

35
ThenOP =/ (1)* + (1)* =7,/ 2 = =,

Thus, the correct answeris C.




23. Whatis the average number of pairs of consecutive integersin arandomly selected
subset of 5 distinctintegers chosen fromthe set {1,2,3,...,30}7? (For example the
set{1,17,18,19, 30} has 2 pairs of consecutive integers.)

A 2
3
29
B R
36
5
C —
6
29
D P
30
E 1
Solution:
For each of the 29 adjacent pairs (4,7 + 1), let anindicator be 1if both are in the
4 2
subset. The probability of thisis — - — = —.
P Y 30 29 87
2 2
By linearity of expectation, the expected number of consecutive pairsis 29 - 37 = 3"

Thus, the correct answerisA.



24. Triangle ABC has ssidelengths AB = 11, BC = 24,and C'A = 20. The bisector of
/BAC intersects BC inpoint D, and intersects the circumcircle of A ABC in point
E # A.Thecircumcircle of ABED intersects theline AB inpoints Band F' # B.
Whatis CF'?

A 28

B 20v2

c 30

D 32

E  20V3
Solution:

Points A, D, E are collinear on the bisector,and A, B, F are collinearonline AB.The
power of A withrespecttothe circlethrough B, E, D gives AB - AF = AD - AFE.

Since /BAE = /DAC and ZAEB = ZACB (subtending AB), triangles ABE
and ADC are similar,so AD - AE = AB - AC.Therefore AF = AC = 20.
Place A = (0,0),B = (11,0).FromCA = 20,CB = 24, pointC' = (—g, 12575) .
Point F'liesonray AB with AF' = 20,so0 F' = (20, 0).

Then CF? = (20 + §)° + 1878 = 205 4 1% — 900, s0 CF = 30.

:

Thus, the correct answeris C.



25. Forn a positive integer, let R(n) be the sum of the remainders when n is divided by 2,
3,4,5,6,7,8,9,and 10. Forexample,

R(15)=140+3+04+3+1+7+6+5=26.
How many two-digit positive integers n satisfy

R(n) = R(n+1)?

A0

B 1

C 2

D 3

E 4
Solution:

Going fromnton + 1, eachremaindern mod mincreasesby lunlessm | n + 1,in
which caseitdrops fromm — 1to00. So

Rn+1)-R(n)=9- ) m

2<m<10
m|n+1

We need those divisorsto sumto 9. If n + 1is divisible by 3,4, 5, 6, 8,9, or 10, it picks
up additional small divisors that push the sum past 9, so the only workable caseisn +
1 divisible by 2 and 7 but no othervaluein {2, ...,10},giving2 + 7 = 9.

Among the two-digitn,thismeansn + 1 = 14orn+ 1 = 98,son = 13orn = 97.
Thatis 2 values.

Thus, the correct answeris C.
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