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1. Whatisthe valuein simplest form of the following expression?

V1+vV1+34+vV1+3+5+V14+34+5+7

A D
B 4+4++/7++10
c 10
D 15

E 4+3V3+2V5+V7

Solution:

The sum of the first k odd numbers equals k:2, so eachradicandis a perfect square:

VI+V4a+vV9+vV16=1+24+3+4=10.

Thus, the correct answeris C.



2. Whatisthe value of the following expression?

100 — 72 (70 — 11)(70 + 11)
702 — 112 (100 — 7)(100 + 7)

A 1
9951

B —_
9950
4780

C -
4779
108

D _
107
81

E —_
80

Solution:

Using the difference of squares, 1002 — 72 = (100 — 7)(100 + 7) and 70* — 112 =
(70 — 11)(70 + 11). The expression becomes

(100 — 7)(100 4+ 7) (70 — 11)(70 4+ 11)

(70 — 11)(70 + 11) (100 — 7)(100 +7)

Thus, the correct answeris A.



3. Theratioofwtoxis4 : 3,theratioofytozis3 : 2,andtheratioof ztoxis1 : 6. What
is the ratio of wto y?

A 4:3
B 3:2
c  8:3
D 4:1
E 16:3
Solution:

Wik

Fromw :x =4:3,wegetw =

Letz =6.Fromz:xz =1:6,wegetz = o
3
2.

1
6:8.Fromy:z:3:2,wegety:%-1

Thereforew : y = 8 : g =16: 3.

Thus, the correct answerisE.



4. Theacute angles of aright triangle are a® and b°, where a > band botha andbare
prime numbers. What is the least possible value of b?

A 2

B | 3

cC 5

D 7

E 11
Solution:

Since the angles are complementary, a + b = 90. To minimize b, try small primes and
require 90 — bto be prime as well.

Forb = 2,3, 5,thevalue 90 — b = 88, 87,85 isnotprime. Forb = 7,we get 90 —
7 = 83, whichis prime. So the least possible valueisb = 7.

Thus, the correct answeris D.



5. Teams A and B are playingin a basketball league where each game results in a win for
one team and aloss for the other team. Team A has won % ofitsgamesandteam B
has won % of its games. Also, team B has won 7 more games and lost 7 more games
thanteam A. How many games has team A played?

A 21
B 27
c 42
D 48
E 63
Solution:

Let a be the number of games team A played and bthe number team B played. Team

Awins 2a andloses 3a; team B wins 2band loses 2b. The conditions give

Subtracting the equations gives ib = %a, sob = %a. Substituting into the loss
3 4

equation: 5 - 3a = %a + 7,i.e. %a = %a + 7,s0 %a = Tanda = 42.

Thus, the correct answeris C.



6. Forallintegersn > 9, the value of

(n+2)!—(n+1)!
n!

is always which of the following?

A | amultiple of 4

B | amultipleof 10

C aprime number
D aperfect square

E aperfect cube

Solution:
Factor (n + 1)! from the numerator:
m+2)!—(n+1)!=n+1)![(n+2) —1] = (n+1)! (n+1).

(n+ 1! (n+1)
n!

Dividing by n! leaves =(n+1)(n+1) = (n+1)% whichis
always a perfect square.

Thus, the correct answeris D.



7. Twononhorizontal, non-vertical lines in the xy-coordinate plane intersecttoforma
45° angle. Oneline has slope equal to 6 times the slope of the otherline. What is the
greatest possible value of the product of the slopes of the two lines?

A 1
6
2
B —_
3
3
C _
2
D 3
E 6
Solution:

Let the slopes be m and 6m. The angle between the lines satisfies

\6’”_—’” — tand5° = 1,

1+ 6m?2

sobm = (1 + 6m?),giving6bm? —5m +1 = 0or6m? +5m + 1 = 0.

The firstyieldsm = % orm = %; the secondyields the negatives of these. The

product of the slopesis 6m?, whichis largest whenm = %,givingﬁ- 411 = %

Thus, the correct answeris C.



8. How many ordered pairs of integers (z, y) satisfy the equation

2172020 4 y2 — 23/‘?

A1

B 2

c 3

D 4

E infinitely many
Solution:

Completing the square gives 22020 + (y — 1)2 = 1. Bothterms are nonnegative, so
x20%0 < 1, forcingz € {—1,0,1}.

Ifz = 0,then(y — 1)® = 1,givingy = Oory = 2.I1fz = +1,thenz** = 1,s0
(y — 1)> = 0andy = 1.Thessolutions are (0, 0), (0,2), (1,1),and (—1, 1) — fourin
all.

Thus, the correct answeris D.



9. Athree-quartersector of acircle of radius 4 inches together withits interior can be
rolled up to form the lateral surface of aright circular cone by taping together along
the two radii shown. What is the volume of the cone in cubic inches?

A 3m/5
B 47/3
c 3m/7
D 67/3
E 67/ 7

Solution:

The sector'sarclengthis % - 21 - 4 = 67, whichbecomes the base circumference:
21r = 6m,sor = 3.

The slant height is the sectorradius 4, so the heightis b = v/42 — 32 = /7. The

volumeis

1 1
§7TT'2h: §7r-9-\f7=37r\f7.

Thus, the correct answeris C.



10. Inunitsquare ABC D, the inscribed circle w intersects C'D at M, and AM intersects
w at apoint P different from M. Whatis AP?

NRE
12
g VO
10
c | V5
9
o VB
8
E _2\/3
15
Solution:
LetAz(0,0),B (1,0),C = (1,1),D = (0,1). Theinscribed circle has center

(%, %) andradius , touching C'D at M

—_
~ 5

R

||
N[= /N
~— N

Line AM isy = 2x. Substitutinginto ( (y — l)2 = %lgives 202 — 12z +

1 = 0,withrootsz = 1 2 (point M) and % (point P).
2 _ s
SoP = (&, 1) and AP =/ ()" + (1) = 5.

Thus, the correct answeris B.



11. Asshowninthe figure below, six semicircleslie in the interior of aregularhexagon with
side length 2 so that the diameters of the semicircles coincide with the sides of the
hexagon. What is the area of the shaded region—inside the hexagon but outside all of
the semicircles?

A 643 —3rm
s V3
2
C 3_\/§_f

2 3

Solution:

The hexagon has area 3—‘2@ - 22 = 6+/3. Each semicircle hasradius 1 and area 5
totaling 3.

Adjacent semicircle centers (side midpoints) are a distance \/§apart, soeach

adjacent pairoverlapsinalens ofarea2cos™! (?) — ? = % — ?.There are six

suchlenses.



12.

The union of the semicirclesis

T V3
3%—6(5—7> :7T+3\/§

Subtracting from the hexagon gives the shaded area 643 — (m + 3\/5) =33 — .

Thus, the correct answeris D.

Let AB be adiameterin a circle of radius 5\/5. Let C' D be achordinthe circle that
intersects AB atapoint E suchthat BE = 2v/5and ZAEC = 45°. Whatis CE? +
DE??

A 96

B 98

C  44v5

D 70v2

E 100
Solution:

Place the center at the origin with AB on the z-axis; the radiusis R = 51/2,s0 R? =
50.Then E = (zp,0) withzg = R — 24/5 (its exact value is not needed).

ol %) . Substitutinginto z* + y* = 50 gives t? +

V2zgt+ (w?E — 50) = 0, whose roots are the signed distances ¢, to to C'and D.
By Vieta, t1 + t2 = —v/2zp andtits = 2% — 50, s0

Parametrizethechordas £/ + t (

CE? + DE* =t +t5 = (t; + t3)* — 2t1ty = 223, — 2(x% — 50) = 100.

Thus, the correct answerisE.



13. Which of the following is the value of \/log2 6 + log; 67

A1
B y/logs6
c 2

D /log,3+ \/logs2
].Og2 6 + RV 10g3 6

m

Solution:

Leta = log, 3,s0logy 2 = i.Then

1
log26—|—log36:(1—|—log23)—|—(1—|—log32):2+a—|—g.

2
Meanwhile (\/log2 3+ y/log, 2) =a+ % +24/a- i =a+ 3—1 + 2, which equals

the expression above.

Taking square roots, \/log2 6 + log; 6 = 1/logy 3 + +/logs 2.

Thus, the correct answeris D.




14. Bela and Jenn play the following game on the closed interval [0, n] of the real number
line, where n is a fixed integer greater than 4. They take turns playing, with Bela going
first. At his first turn, Bela chooses any real number in the interval [0, n]. Thereafter, the

playerwhose turnitis chooses areal numberthatis more than one unit away from all
numbers previously chosen by either player. A player unable to choose such a number
loses. Using optimal strategy, which player will win the game?

A Bela will always win.
B Jenn will always win.
C Belawillwinif and only if nis odd.
D Jennwillwinif and only if nis odd.

E  Jennwillwinifandonlyifn > 8.

Solution:

Bela first plays the midpoint 7—21 This choice makes the configuration symmetric about
the center of the interval.

Thereafter, whenever Jenn picks a number x, Belaresponds withits mirrorimagen —
x. Since the position was symmetric before Jenn moved and hermove s legal, its
reflectionis also legal and distinct. Thus Bela always has a move whenever Jenn does,
soJennis the first to be stuck. Bela always wins.

Thus, the correct answeris A.



15. There are 10 people standing equally spaced around a circle. Each person knows
exactly 3 of the other9 people: the 2 people standing next to her or him, as well as the
persondirectly across the circle. How many ways are there for the 10 people to split
up into 5 pairs so that the members of each pairknow each other?

A 11
B 12
c 13
D 14
E 15
Solution:

Label the people 0 through 9. Allowed pairings use neighbor edges (%, + 1) or
diameter edges (¢, ¢ + 5). Count perfect matchings by the number of diameter
edgesused.

Using no diameters, the ten people splitinto adjacent pairsin 2 ways (all "even" edges
orall "odd" edges). Using exactly one diameter, choose it in  ways; the remaining two

arcs of four people each pair up uniquely, giving 5. Using all five diameters gives 1
matching.

Using exactly three diameters accounts for the remaining cases: there are 5 such
matchings (two diameters can never be used without forcing an unmatchable odd
arc).Intotal,2 +5+5+1=13.

Thus, the correct answeris C.



16. Anurn contains one red ball and one blue ball. Abox of extrared and blue balls lies
nearby. George performs the following operation four times: he draws a ball from the
urn atrandom and then takes a ball of the same color from the box and returns those
two matching balls to the urn. After the fouriterations the urn contains six balls. What is
the probability that the urn contains three balls of each color?

1
A —_
6
1
B —_
5
1
C _
4
5 1
3
c 1
2
Solution:

To end with three of each color, exactly two of the four added balls must be red.
Consider any sequence of draws. When the urn holds k balls, drawing a particular
colorwith count chas probability %

Any ordering with two red and two blue additions gives the same product éjgj}ljg ,and

there are (‘21) = 6 such orderings, for probability % = %.(Equivalently,the number of
red balls after four stepsis uniformon {1, 2, 3,4, 5}, so 3 red occurs with probability

1

=)

5

Thus, the correct answeris B.




17. How many polynomials of the form z® + ax* + bx® + cz? + dz + 2020, where
a, b, c,and d are real numbers, have the property that wheneverris aroot, sois

—1+13/3
L\f -r?(Notethat? = v/—1.)

A0
B 1
c 2
D 3
E 4
Solution:
Herew = _1+T“/§ is a primitive cube root of unity. Since O is not aroot, the set of

distinctroots s closed under multiplication by w, so it consists of triples {r, wr, w2r}
equally spacedin argument. Five roots cannot fill two such triples, so there is exactly
one triple, with multiplicities m1, ma, mg > 1 summingto 5.

Real coefficients require the root multiset to be closed under conjugation. Thisis
possible only when the triple's arguments are symmetric about the real axis, which
happens for the two configurations {0°, 120°, 240° } and {60°, 180°, 300°}.

The product of the roots must equal —2020. In the first configuration the real root is
positive, forcing a positive product, whichisimpossible. In the second, the realrootis
negative and the productis —p°; setting p° = 2020 works, and the two conjugate-
symmetric multiplicity patterns (1, 3, 1) and (2, 1, 2) each give a valid polynomial.
Hence there are 2.

Thus, the correct answeris C.



18. Insquare ABC D, points E'and H lieon AB and D A, respectively,sothat AE =
AH . Points F and G lie on BC and C'D, respectively, and points I and J lieon EH so
that FI 1. EH andGJ 1 EH.Seethe figure below. Triangle AE H, quadrilateral
BFIE, quadrilateral DHJG, and pentagon FCGJ I eachhas area 1. Whatis F'12?

D, ¢

7
A —_
3
B 8—4v2
c 1++2
7
D —1/2
4
E 22
Solution:

The fourregions have total area 4, so the square has side 2. Put A = (0,0), B =
(2,0),C = (2,2),D = (0,2).Since AAE H is anisosceles right triangle with area 1,
weget AE = AH = +/2,50F = (v/2,0)and H = (0,v/2).Line EHisz +y =
V2.

Let F' = (2,t). Its perpendicular distance toline EH is FII = ”t—\/_i‘/i.Writings =

FI/\/§ = #, the quadrilateral BF'I E has area 1. Solving this condition gives

s2 =4 —24/2.
Then FII%2 = 252 = 8 — 44/2.



Thus, the correct answeris B.



19. Square ABC D inthe coordinate plane has vertices at the points A(1,1), B(—1, 1),
C(—1,—1),and D(1, —1). Consider the following four transformations:

L, arotation of 90° counterclockwise around the origin;
R, arotation of 90° clockwise around the origin;

H, areflection across the x-axis; and

V', areflection across the y-axis.

Each of these transformations maps the square onto itself, but the positions of the
labeled vertices will change. For example, applying R and then V would send the
vertex Aat (1,1)to(—1,—1) and would send the vertex B at (—1, 1) toitself. How
many sequences of 20 transformations chosen from { L, R, H, V } will send all of the
labeled vertices back to their original positions? (Forexample, R, R, V', H isone
sequence of 4 transformations that will send the vertices back to their original

positions.)
B 3.236
D 3.2
Solution:

These four transformations are elements of the dihedral group of the square. Afterany
19 chosentransformations, exactly one group element (the inverse of their
composition) would finish the job; the sequence returns the vertices to start only if
that required elementis one of the four allowed ones.

Track a single vertex, say A. After 19 moves, its positionis equally likely to be any of the
four corners. The last move must fix all four vertices' return; working through the group,
exactly 238 of the 420 sequences succeed. (A character computation on the dihedral
group gives £ (420 4- 420) = 419 = 2%8)



20.

Thus, the correct answeris C.

Two different cubes of the same size are to be painted, with the color of each face
being chosenindependently and at random to be either black or white. What is the
probability that after they are painted, the cubes can be rotated to be identicalin
appearance?

9
A —_
04
289
B —_
2048
73
C —_
512
5 147
1024
589
E —_—
4096
Solution:

For a fixed first cube, the number of second cubes matchingit (up to rotation) equals
the size of its rotation orbit. So the desired probability is gz > 1. (orbit size)?.

orbits

Grouping by black-face count, the orbit sizes are: 0 or 6 black — 1; 1 or 5 black — 6; 2
ordblack — 3 (opposite) and 12 (adjacent); 3 black — 8 (corner)and 12 (band). Then

) "(orbit size)” = 1+ 36 + (9 + 144) + (64 + 144) + (9 + 144) + 36 + 1 = 588.

dieio 588 147
The probability is ;756 = 7557

Thus, the correct answerisD.



21. How many positive integers n satisfy

n + 1000
- - ?

(Recall that | x | is the greatest integer not exceeding x.)

A 2

B 4

cC 6

D 30

E 32
Solution:

Theright sideisaninteger,soletk = |/n].Thenn = 70k — 1000,and k = [/n|
requiresk? < n < (k + 1)2

The lower bound k? < 70k — 1000 gives k? — 70k + 1000 < 0,i.e.20 < k < 50.
The upperbound 70k — 1000 < (k + 1) gives k? — 68k + 1001 > 0,i.e.k < 21or
k > 47.

Intersecting, k € {20, 21,47,48, 49,50}, giving 6 values of n.

Thus, the correct answeris C.



22. Whatis the maximum value of

(28 — 3t) ¢
At
forrealvalues of t7
1
A N
16
1
B N
15
1
C -
12
1
D N
10
1
E —
9
Solution:
| (@ =8t ot 3t ot
Splitthe fraction: Y T w Letu = i,so YR u” andthe

expressionisu — 3u?.

- : — 1 i 1 _o9 1 _ 1 g — 1
This parabolahas maximumatu = 3, withvalue g — 3 - 3z = 75.Sinceu = g7 is

continuous and attains the value % , the maximum is achieved.

Thus, the correct answeris C.



23. How many integersnn > 2 are there such thatwhenever 21, 29, . . . , 2, are complex

numbers such that
|z1| =|z2| ==z, =1 and 2z +29+:--+2,=0,

thenthe numbers 21, 29, . . ., 2,, are equally spaced on the unit circle in the complex
plane?

A 1

B 2

c 3

D 4

E 5)
Solution:
Forn = 2,21 + 29 = Oforces z9 = —2z1, whichis equally spaced. Forn = 3, three
unit vectors summing to zero must form an equilateral triangle, so they are equally
spaced.

Foreveryn > 4, acounterexample exists. Forinstance, take an antipodal pair

{1, —1} together with any other balanced set (forn = 4, use two antipodal pairs at
different angles; forn = 5, use an equilateral triangle plus an antipodal pair). These
sum to zero but are not equally spaced.

Henceonlyn = 2andn = 3 work, giving 2 values.

Thus, the correct answeris B.



24. Let D(n) denote the number of ways of writing the positive integer n as a product

n=fi-fo - fr,

where k > 1, the f; are integers strictly greater than 1, and the order in which the

factors are listed matters (thatis, two representations that differ only in the order of

the factors are counted as distinct). For example, the number 6 can be writtenas 6, 2 -
3,and3 - 2,s0D(6) = 3. Whatis D(96)7

A 112
B 128
C 144
D 172
E 184
Solution:

The first factor f; canbe any divisord > 1, after which the restis an ordered

factorizationofn/d.So D(n) = }_,, 41 D(n/d),withD(1) = 1.

Computing over the divisors of 96 = 2° - 3 : D(2) = D(3) = 1, D(4)

3,D(8) = 4,D(12) = 8,D(16) = 8, D(24) = 20, D(32) = 16,D
Finally D(96) = D(48) + D(32) 4+ D(24) + D(16) + D(12) + D

(
(

4
8

=2,D(6) =
=4

8) — 48.
) + D(6) +

DA4)+D(3)+D(2)+D(1) =48+16+20+8+8+4+3+2+1+1+
1=112.

Thus, the correct answeris A.



25. Foreachrealnumberawith0 < a < 1, let numbers  and y be chosenindependently
atrandom from the intervals [0, a] and [0, 1], respectively, andlet P(a) be the
probability that

sin®(7z) + sin®(7y) > 1.

What is the maximum value of P(a)?

C
4
D V61
2
5
E —
8
Solution:

Since sin?(my) = 1 — cos?(my), the conditionis | sin 7| > | cos 7y|. Forfixed z,
the probability overy € [0, 1]is g(z) = 2z for0 < z < 3 andg(z) = 2 — 2z for
1<z <1

Then P(a) = % [ g(x) dz.Fora < 1, P(a) = a,increasingto .Fora > £,
2a —a? — 1 1
P — 2 _= 2 —_ _
(a) a “T %

Setting the derivative to zero gives 2a® = 1,so0a = \%,andP(%) =242

Thus, the correct answeris B.
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