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5
Aliciahad two containers. The first was 6 full of water and the second was empty. She
poured all the water from the first containerinto the second container, at which point
3
the second containerwas 1 full of water. What is the ratio of the volume of the first

container to the volume of the second container?

5
A —
8
5 4
5
el 7
8
9
D -
10
11
E -
12
Solution:
. 5 3
The volume of wateris the same before and after, so 6V1 = ZVQ
Then
i 3/4 3 6 9
V, 5/6 4 5 10

Thus, Dis the correct answer.



2. Considerthe statement, "If nis not prime, thenn — 2is prime." Which of the following
values of nis a counterexample to this statement?

A 11
B 15
c 19
D 21
E 27
Solution:

A counterexample needs n not prime (so the hypothesis holds) and n — 2 not prime
(so the conclusionfails).

Among the choices, 27 isnot prime and 27 — 2 = 25is not prime. The primes 11 and
19 failthe hypothesis,and 15 — 2 = 13,21 — 2 = 19 are prime.

Thus, Eis the correct answer.



3. Whichone of the following rigid transformations (isometries) maps the line segment
AB onto the line segment A’ B’ so that theimage of A(—2,1)is A’(2, —1) and the
image of B(—1,4)is B'(1, —4)?

A reflectionin the y-axis

B | counterclockwise rotationaround the origin by 90°
C | translation by 3 units to the right and 5 units down
D reflectioninthe x-axis

E clockwise rotation about the origin by 180°

Solution:

Each pointmapsby (z,y) — (—x, —y) :indeed (—2,1) — (2,—1)and (—1,4) —
(1,—4).

The map (z,y) — (—z, —y) isa 180° rotation about the origin.

Thus, Eis the correct answer.



4. Apositive integern satisfies the equation (n + 1)! + (n + 2)! = 440 - n!. Whatis the
sum of the digits of n?

A 2

B 5

c 10

D 12

E 15
Solution:

Factorthe left side:
M+ +n+2)!=n+D)1+(n+2)]=(Mn+1)!(n+3).
Dividing both sides by n! and using (n 4+ 1)! = (n + 1) n! gives
(n+1)(n + 3) = 440.

Son? + 4n — 437 = 0,whichfactorsas (n — 19)(n + 23) = 0,givingn = 19.1ts
digitsumis1 4+ 9 = 10.

Thus, Cisthe correct answer.



5. Eachpiece of candyina store costs awhole number of cents. Casperhas exactly
enough money to buy either 12 pieces of red candy, 14 pieces of green candy, 15
pieces of blue candy, orn pieces of purple candy. A piece of purple candy costs 20
cents. What is the smallest possible value of n?

A 18
B 21
c 24
D 25
E 28
Solution:

Let M be Casper's money in cents. Since he can exactly buy 12, 14, or 15 whole-cent

pieces, M is amultiple of lem(12, 14, 15) = 420.
420

M
Purple candy costs 20 cents, son = %.The smallest M is 420, givingn = 20 =
21.

Thus, Bis the correct answer.



6.

In a given plane, points A and B are 10 units apart. How many points C' are there in the
plane such that the perimeter of A ABC'is 50 units and the area of AABC'is 100
square units?

A 0
B 2
c 4
D 8

E infinitely many

Solution:

The perimeter condition givesCA + CB = 50 — 10 = 40, so C'lieson anellipse
with foci A, B and major axis 2a = 40.Thusa = 20and ¢ = 5, so the semi-minor axis
is

— 2 = V375 ~ 19.36.

100
= 20.Butthe

2
Forarea 100 withbase AB = 10, the height from C must be
greatest possible height onthe ellipseisb ~ 19.36 < 20, so no such (' exists.

Thus, Ais the correct answer.



7. Whatis the sum of allreal numbers x for which the median of the numbers 4, 6, 8, 17,
and x is equal to the mean of those five numbers?

A -5
B O
cC 5
15
D -
4
35
E -
4
Solution:
 4+6+8+17T4+x 35+=x
The meanis = .
5 5
o S+ . _— .
If x < 6,the medianis 6, so = 6 givesx = —5H,whichis consistent.
o 3B+ , _
If6 < x < 8,themedianisx,so = xgivesx = 8.75,notinrange. lfx > 8,
5
the medianis 8, so ;ac = 8givesx = 5,notinrange.
The only solutionisx = —5, so the sumis —5.

Thus, Aiis the correct answer.



8. Let f(z) = x2(1 — z)%. What s the value of the sum

F(am) — f (wr) +F (z) = F(zom) + -+ F (Gors) — £ (o) ?

A 0
5 1
20194
2
c 2018
20194
2
5 2020
20194
E 1
Solution:

. k —k

Since f(1 — z) = (1 — z)%2® = f(z),wehave f(555) = f(Zsr) -

In the sum, the term with index k has sign (—1)**1, while the term withindex 2019 — &
equalsitin value but has sign (—1)29197%1 = (—1)* the opposite.

Every term cancels withits partner, so the total is 0.

Thus, Aiis the correct answer.



9. Forhow manyintegral values of & can a triangle of positive area be formed having side
lengthslog, x,log, x,and 37

A D7
B 59
c o6l
D 62
E 63
Solution:

t t
Lett = logy . Thenlog, x = i,and the sides areft, 2 3.

t t
The triangle inequalities give t + 2 > 3(sot > 2)and 2 + 3 > t(sot < 6); the third
inequality is automatic.
Thus2 < logy, * < 6,i.e.4 < z < 64.Theintegers b, 6,...,63 number59.

Thus, Bis the correct answer.



10. The figure below is a map showing 12 cities and 17 roads connecting certain pairs of
cities. Paula wishes to travel along exactly 13 of those roads, starting at city A and
ending at city L, without traveling along any portion of aroad more than once. (Paulais
allowed to visit a city more than once.) How many different routes can Paula take?

AQ \ 4 \ 4 \

L
A0
B 1
C 2
D 3
E 4
Solution:

Aroute uses 13 roads as an open trail from A to L, so on the used roads exactly A and
L have odd degree and every other city has even degree.

Inthe fullmap the corner cities A and L already have even degree 2, and six edge-
cities have odd degree 3. Removing 4 roads must flip the parity of A, L, and those six
cities, and of no others. This forces the four removed roads to pair up those eight cities
inthe only possible way, so the set of 13 used roads is uniquely determined.

Counting the Eulerian trails from A to L on that graph gives exactly 4 routes.

Thus, Eis the correct answer.



11. How many unordered pairs of edges of a given cube determine a plane?

A 12
B 28
c 36
D 42
E 66
Solution:

Two edges determine a plane exactly when they are coplanar, thatis, parallel or
intersecting.

The 12 edges splitinto 3 directions of 4 parallel edges,givingS(g) = 18 parallel pairs.
Edges sharing a vertex give8(§) = 24 intersecting pairs.

The totalis 18 + 24 = 42.

Thus, Dis the correct answer.



12. Right triangle AC D withright angle at C'is constructed outwards on the hypotenuse
AC of isoscelesright triangle ABC withleglength 1, as shown, so that the two
triangles have equal perimeters. Whatis sin(2£BAD)?

D
C
1
=
B 1 A
1
A —_
3
s V2
2
c 3
4
7
D —_
9
e V3
2
Solution:

Triangle ABC hasperimeterl +1 ++/2 = 2+ +v/2and AC = v/2.InAACD let
CD = d,so AD = /2 + d? and equal perimeters give

V24d+V2+d2=2+2.

1 3
Thenv2 4+ d%2 =2 —d,s02 + d? = 4 — 4d + d?, givingd = §andAD =3



Since ZBAC = 45°,writingd = ZCAD gives2/BAD = 90° + 26, so

in(2/BAD) = cos 26.Witht 0—0 _ ! t

sin = cos 20. Withtan 0 = C—zﬂ,wege
. 2 1_1

00520:1 tan@_ 8:7

1+tan?9 1+1 9

Thus, Dis the correct answer.



13. Aredballand a green ball are randomly and independently tossed into bins numbered
with the positive integers so that for each ball, the probability that it is tossed into bin k
is2 % fork = 1,2,3,...Whatisthe probability that the red ball is tossed into a
higher-numbered bin than the green ball?

A 1
4
2
B —_
7
1
C —
3
3
D —_
8
3
E _
7
Solution:

The probability the balls land in the same binis
0.@) o0 1
2” 47F = -,
St =Y et i3
k=1 k=1

By symmetry, the red ball being higher and the green ball being higher are equally
likely, so each has probability

1
-3 1
2

Thus, Cisthe correct answer.



14. Let S be the set of all positive integer divisors of 100,000. How many numbers are the
product of two distinct elements of S7

A 98
B 100
C 117
D 119
E 121
Solution:

Since 100,000 = 2° - 5%, every divisoris 2¢5° with0 < a, b < 5. Aproduct of two
divisorsis 275Y with0 < z,y < 10, and every such pair (z, y) is attainable, giving 11 -
11 = 121 values.

We need two \emph{distinct} divisors. Avalue 2*5Y is forced to be a divisor times itself
only whenboth x and y have a unique split, which happens exactlywhenz,y €
{0,10}. Those 4 cornervalues (1, 219, 510 210510) cannot use two distinct divisors.

Thecountis121 — 4 = 117.

Thus, Cisthe correct answer.



15. As showninthe figure, line segment ADis trisected by points Band C'sothat AB =
BC = CD = 2.Three semicircles ofradius 1, AEB, BFC',and CG D, have their
diameters on AD, and are tangenttoline EG at E, F', and G, respectively. A circle of
radius 2 hasits centeron F'. The area of the region inside the circle but outside the
three semicircles, shadedin the figure, can be expressedin the form

%-w—ﬁ#—d,

where a, b, ¢, and d are positive integers and a and b are relatively prime. Whatis a +
b+c+d?

A 13
B 14
c 15
D 16
E 17
Solution:

PutA = (0,0), B =(2,0), C = (4,0), D = (6,0), sothe semicircles are
centeredat (1,0), (3,0), (5,0) andtheirtopsare E = (1,1), FF = (3,1), G =
(5,1).Thecircle has center F' = (3, 1) andradius 2, so it passes through E and G,
andhas area4m.



The middle semicircle BFC'lies entirely inside the circle, removing area —. By

™
symmetry the outer semicircles each contribute the same overlap R = — — 2 +

7 inside the circle.

The shaded areaiis

4%—%—2R:gﬂ'—\/§—|—4.

Hencea=7,b=3,c=3,d=4,soa+b+c+d=1T7.

Thus, Eis the correct answer.



16. There arelily padsinarow numbered 0to 11, inthat order. There are predators onllily
pads 3 and 6, and a morsel of food on lily pad 10. Fiona the frog starts on pad 0, and

1
from any givenlily pad, has a 5 chance to hop to the next pad, and an equal chance to

jump 2 pads. What s the probability that Fionareaches pad 10 without landing on
eitherpad 3 orpad 67

15
256
1
B —_
16
c 15
128
1
D —_
8
1
E —_
4
Solution:

Let p(n) be the probability of landing on pad n without first landing on pad 3 or 6. Each
1 1
pad sends probability 3 to the next pad and 3 two pads ahead, and pads 3 and 6 pass

nothing on.
1 3 o 3 3
Thenp(0) =1, p(1) = 27 p(2) = Z,and(sk|pp|ng 3)p(4) = 3’ p(b) = E,then
. 3 3 9
Finally
1 1 3 9 15

p(10) = 5?(8) t3

Thus, Ais the correct answer.



17. How many nonzero complex numbers z have the property that 0, z, and 23, when

represented by pointsinthe complex plane, are the three distinct vertices of an
equilateral triangle?

A 0
B 1
c | 2
D 4
E infinitely many
Solution:
The three points form an equilateral triangle iff | z| = 23| = |23 — z|. From|z| =
23| = |z|3we get|z| = 1.
Then |23 — 2| = |2] |22 — 1] = |2® — 1|,s0weneed |2% — 1| = 1. Writing z = €%’

|22 — 1] = 2|sinf| = 1,s0|sinf| = 5

This gives 8 = 30°, 150°, 210°, 330°, four values of z, all yielding distinct vertices.

Thus, Dis the correct answer.

Y



18. Square pyramid ABC' D FE has base ABC D, which measures 3 cm on a side, and
altitude AF perpendicular to the base, which measures 6 cm. Point P lies on ﬁ, one
third of the way from B to E; point Q lies on DE, one third of the way from D to E;
and point Rlies on C_E, two thirds of the way from C' to E. What is the area, in square
centimeters, of APQR?

A _3\@
2

B _3\/5
2

c 22

D 243

E 3v2
Solution:

Place A = (0,0,0), B = (3,0,0), C = (3,3,0), D = (0,3,0), E = (0,0,6).
Then

P=(2,02), Q=(0,22), R=(1,1,4).
So PQ = (—2,2,0)and PR = (-1, 1,2),givingP_Q x PR = (4,4,0).
1 1
The areaiis 51(4,4,0)| =3 - 44/2 = 24/2.

Thus, Cis the correct answer.



19. Raashan, Sylvia, and Ted play the following game. Each starts with $1. A bell rings every
15 seconds, at which time each of the players who currently have money
simultaneously chooses one of the othertwo playersindependently and at random
and gives $1 to that player. What is the probability that after the bell has rung 2019
times, each player will have $17 (For example, Raashan and Ted may each decide to
give $1 to Sylvia, and Sylvia may decide to give her dollar to Ted, at which point
Raashan will have $0, Sylvia will have $2, and Ted will have $1, and that is the end of the
first round of play. Inthe second round Raashan has no money to give, but Sylvia and
Ted might choose each other to give their $1 to, and the holdings will be the same at
the end of the second round.)

A 1
7
5 1
4
1
C —_
3
1
D _
2
2
E —_
3
Solution:

From (1,1, 1), each of the three players gives to one of two others, so there are 8
equally likely outcomes; only the 2 cyclic gift patternsreturnto (1, 1, 1), a probability

2
T4

Froma (2, 1, 0) state the broke player gives nothing, and checking the 4 equally likely

choices of the other two shows exactly one yields (1, 1, 1), again probability 1

1
So afterany ring the probability of (1,1, 1) is 7 including after 2019 rings.

Thus, Bis the correct answer.



20. Points A(6, 13) and B(12, 11) lie on circle win the plane. Suppose that the tangent
lines tow at A and B intersect at a point on the x-axis. What is the area of w?

A 831
8

217

B -
2

857

C -
8

43w

D -
4

8Tm

E -
8

Solution:

Let P = (z,0) be the intersection. Equal tangent lengths give PA = PB,so (z —
6)2 + 13% = (z — 12)% + 112, yieldingz = 5and P = (5, 0).

The center O = (h, k) satisiesOA L PAandOB 1 PB.WithPA = (1,13)and
PB = (7,11),thesegive h + 13k = 175and 7Th + 11k = 205,500 =

37 51
474 )

13\> [/1\° 170 85 85
2 _ 2 _ [ 22 ) =22 - 2% is ——.
Thenr® = OA° = (4) —|—<4) 16 S ,sotheareais 3

Thus, Cisthe correct answer.



21. How many quadratic polynomials with real coefficients are there such that the set of
roots equals the set of coefficients? (For clarification: If the polynomial is az? + br +
¢, a # 0,andtheroots are r and s, then the requirementis that {a, b, c} = {r, s}.)

A3
B 4
cC 5
D 6
E infinitely many

Solution:

The set {a, b, c} must equal the two-element set {r, s}, so atleast two coefficients
coincide, and theroots are the two distinct coefficient values. By Vieta's formulas r 4

&
§ = ——andrs = —.
a a
Working through the cases of which coefficients are equal yields the polynomials
1 1
2+ —2 -2 —z,2° - 5%~ i,andu:z:2 + —z + uwhere uis the unique real
U

rootofu® +u +1 = 0.
Thatis 4 polynomialsin all.

Thus, Bis the correct answer.



22. Define asequencerecursively by o = 5and

z2 + 5z, + 4
Ty, + 6

Lnt1 =
forallnonnegative integers n. Let m be the least positive integer such that

1
xm§4+?ﬁ

In which of the following intervals does m lie?

A [9,26]

B | [27,80]

c [81,242]

D | [243,728]

E | [729,00)
Solution:

Leta,, = x,, — 4. Ashort computation gives

a — _4_(wn+5)($n—4)_a T, + 5

Starting fromag = 1, the terms stay positive and decrease. Because x,, decreases

ZTn+5 , 9 10
lies strictly between — and —.
T, + 6 10 11

from 5 toward 4, eachratio

m m
10
Hence a,, is squeezed between (1—()) and (ﬁ) .Solvinga,, < 220 putsm

between about 132 and 146, whichliesin [81, 242].

Thus, Cis the correct answer.



23. How many sequences of Os and 1s of length 19 are there that begin with a 0, end with
a0, contain no two consecutive 0s, and contain no three consecutive 1s?

A 55
B 60
cC 65
D 70
E 75
Solution:

No two Os are adjacent, so the Os are separated by blocks of 1s, each of size 1 or 2
(never 3). If there are k zeros, there are k — 1 such blocks summingto 19 — k ones.

The number of size-2 blocksis (19 — k) — (k — 1) = 20 — 2k, which must satisfy
0<20—-2k<k-1,ie7<k<10.

Summing (;g:;k) overk =17,8,9,10gives (g) + (Z) o (g) - (g) =14+35+28+
1 = 65.

Thus, Cis the correct answer.



1 1
24. Letw = D) + 52\/5 Let S denote all pointsin the complex plane of the forma +
bw + cw?,where0 < a <1, 0<b<1,and0 < ¢ < 1.Whatisthe areaof S?

2
B 3 3
4
3
C —v3
2
1
D -3
2
E 7
Solution:

Asa, b, crange over [0, 1], the set S is the Minkowski sum of the three unit segments
1 V3 1 V3
alongv; = 1= (1,0), vy =w = (_5’7) e (‘5"7>'

Thisis azonogonwhose areais the sum of the cross-product magnitudes over pairs.

- V3
Each pair gives |v; X v;| = -

V3  3V3

Thereforetheareaisd - — = ——.
2 2

Thus, Cisthe correct answer.



25. Let ABC' D be a convex quadrilateral with BC = 2and C' D = 6. Suppose that the
centroidsof AABC', ABCD,and AAC D formthe vertices of an equilateral
triangle. What is the maximum possible value of the area of ABC D?

A 27

B 164/3

c 12+103

D 9+12v3

E 30
Solution:

| A+B+C B+C+D A+C+D _
The centroids are , , . Their pairwise
3 3 3

_ A-D B—-—A B-D , S

differences are 3 3 3 , SO an equilateral centroid triangle forces

AB = BD = DAj;thatis, AABD is equilateral withside s = BD.

Splitting along BD,

@82 _|_ 1
4 2

where C = ZBC D. By the Law of Cosines s> = 40 — 24 cos C, so

[ABCD)] = [ABD)] + [BCD)] = -2 6sinC,

[ABCD] = 10v/3 — 6+/3cos C + 6sin C.

The expression 6 sin C' — 64/3 cos C has maximum \/62 + (64/3)2 = 12, sothe
greatestareais 104/3 + 12 = 12 + 10/3.

Thus, Cis the correct answer.
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