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1. The area of a pizza withradius 4 inchesis N percent larger than the area of a pizza with
radius 3 inches. What is the integer closest to N ?

A | 25
B | 33
c 44
D 66
E 78
Solution:

The areas are proportional to the squares of the radii, so the ratio of the largerarea to

1
the smalleris 3

The percentincreaseis
1
(—6 — 1) x 100 = @ ~ T7.8.
9 9

The closestintegeris 78.

Thus, the correct answerisE.



2. Supposeais 150% of b. What percent of ais 3b?

A 50
2
B 66—
3
c 150
D 200
E 450
Solution:

Sincea = 1.5b, we have

As apercentage, 3bis 200% of a.

Thus, the correct answeris D.



3. Aboxcontains 28 red balls, 20 green balls, 19 yellow balls, 13 blue balls, 11 white balls,
and 9 black balls. What is the minimum number of balls that must be drawn from the
boxwithout replacement to guarantee that atleast 15 balls of a single color will be

drawn?
A T5
B 76
c 79
D &4
E 91
Solution:

Inthe worst case, we draw 14 each of red, green, and yellow, plus all of the blue (13),
white (11), and black (9), without reaching 15 of any color.

Thatis
14+14+14+13+114+9=175

balls.
The next ballmust complete a set of 15, so 76 balls are needed.

Thus, the correct answeris B.



4. Whatis the greatest number of consecutive integers whose sumis 457

A9

B 25

c 45

D 90

E 120
Solution:

Negative integers are allowed. The integers from —44 to 44 sumto 0, so the integers
from —44t0 45 sumto45.

Thisrunhas 45 — (—44) + 1 = 90 integers, and no longer run can work.

Thus, the correct answeris D.



1
5. Two lines with slopes 3 and 2intersect at (2, 2). What is the area of the triangle

enclosed by these two linesand thelinexz + y = 107

A 4

B 442

C 6

D 8

E 642
Solution:

Thetwolinesarey = %:c + landy = 2z — 2.Intersectingeachwithz + y = 10
gives the points (6,4) and (4, 6).

The triangle has vertices (2, 2), (6,4), and (4, 6). By the shoelace formula,
T12(4—6)+6(6—2)+4(2—4)|=3]|-4+24—8|=6.

Thus, the correct answeris C.



6. Thefigure below shows line £ with a regular, infinite, recurring pattern of squares and
line segments.

How many of the following four kinds of rigid motion transformations of the planein
which this figure is drawn, other than the identity transformation, will transform this
figureintoitself?

» some rotation around a point of line £
» some translationin the direction parallel to line £
« thereflection acrossline £

» some reflection across aline perpendicularto line £

A0

B 1

c 2

D 3

E 4
Solution:

Atranslation by one full period maps the figure to itself, so translation works.

A 180° rotation about a suitable point on £ sends each square above the line to the
square below it, with the diagonal segments matching, so this rotation works.

Reflection across £ sends the top-right diagonals to top-right diagonals below the
line, but the actual below-line diagonals point to the bottom-left, soit fails. A
reflection across a perpendicular line fails for the same reason. Only 2 of the four
transformations work.



Thus, the correct answeris C.

Melanie computes the mean p, the median M, and the modes of the 365 values that
are the dates in the months of 2019. Thus herdata consistof 121s,122s,...,1228s,
1129s,11 30s,and 7 31s. Let d be the median of the modes. Which of the following

statementsis true?

A p<d< M
B M<d<u
C d=M=yu
D d<M<u

E d<u<M

Solution:
14+15
=

The values 1 through 28 each appear 12 times and are the modes, sod =
14.5.

The 183rd of the 365 ordered values is the median. Values 1 through 15 fill the first 180
positions, so position 183 is 16; thus M = 16.

The total of all valuesis 12(1 + - - - + 28) 4+ 11(29 4+ 30) + 7 - 31 = 5738,sou =

5738
—— ~15.7.
365 5T

Therefored < pu < M.

Thus, the correct answerisE.



8. Forasetof fourdistinctlinesinaplane, there are exactly N distinct points that lie on
two or more of the lines. What is the sum of all possible values of N7

A 14
B 16
C 18
D 19
E 21
Solution:

With fourlines, the number of intersection points ranges over the achievable
configurations. All parallel gives 0; all concurrent gives 1.

Working through the cases (parallel classes and points of concurrency), the
achievable valuesare 0,1, 3, 4, 5, 6; the value 2 isimpossible.

Thesumis0+1+4+3+4+5+6=19.

Thus, the correct answeris D.



9. A sequence of numbersis definedrecursivelybya; = 1,a9 = §,and

ap—2 * Ap—1
an =
2a'n—2 — Qnp-1

forallm > 3.Thenayyi9 canbe written as L ,Where pand q are relatively prime positive

integers. Whatisp + q7

A 2020
B = 4039
Cc 6057
D 6061
E 8078
Solution:

Takingreciprocals,

1 . 2an_2 — Qp—1 . 2 1
an N an—-20n—1 an—-1 an—2 .
1
Letb, = —.Thenb,, = 2b,,_1 — b,,_2,s0 b, isarithmeticwithb; = 1,b, = —, and
Qn
common difference 3"
4 8075 3
Thus bggrg = 1 4+ 2018 - 3 = 3 ,S0 Q9019 = 3075 Since these are relatively

prime, p + q = 8078.

Thus, the correct answerisE.



10. The figure below shows 13 circles of radius 1 within alarger circle. All the intersections
occur at points of tangency. What is the area of the region, shaded in the figure, inside
the larger circle but outside all the circles of radius 17

A 4m/3

B Trm

c  7(3v3+2)
D 10m(v/3—1)
e w(v3+6)

Solution:

Place a unit circle at the center, six around it with centers at distance 2 (a hexagon), and
six more with centers at distance 2v/3in the outer gaps.Thatisl +6 +6 = 13
circles.

The outermost circles are tangent to the big circle, whose radius is therefore 2/3 + 1.
Its areais

m(2v3 +1)% = (13 + 4V/3).

Subtracting the 13 unit circles leaves (13 + 4+/3) — 137 = 4m+/3.

Thus, the correct answeris A.



11. Forsome positive integer k, the repeating base-k representation of the (base-ten)

7 __
fraction =1 is0.23;, = 0.232323...;.Whatisk?

A 13
B 14
c 15
D 16
E 17
Solution:

The repeating block gives

2% +3 7

023 =31 = 51

Cross-multiplying, 51(2k + 3) = 7(k% — 1),so0 7k* — 102k — 160 = 0.

102 + /14884 102 + 122
14 =z 1

The quadratic formula gives k =

Thus, the correct answeris D.



12. Positiverealnumbersz # 1andy # 1satisfylog, z = log, 16 and zy = 64. Whatis

2\ 2
(log2 —) ?
Y

25
A J—
2
B 20
45
C J—
2
D 25
E 32
Solution:
4 4
Leta = logy zandb = log, y. Thenlog, 16 = 3280@ = 7,giving ab = 4.

Sincexy = 64,wehavea + b = 6.

Therefore
2
(1og2 5) — (a—b)? = (a+b)? — dab= 36 — 16 = 20.

Thus, the correct answeris B.



13. How many ways are there to paint each of theintegers 2, 3, . . . , 9 eitherred, green, or
blue so that each number has a different color from each of its proper divisors?

A 144
B 216
C 256
D 384
E 432
Solution:

The primes 5 and 7 have no proper divisors here, giving 3 choices each.

Alongthechain2 — 4 — 8,thereare3 - 2 -1 = 6 colorings. Number 9 must differ
from 3, giving 2 choices once 3is set.

Number 6 must differ from both 2 and 3. Summing over the colors of 2and 3 (equalin 3
pairs, unequal in 6 pairs), the combined factorfor4, 8,9,6totals2-2- (3-2+6 -
1) = 48.

Multiplying by the 9 ways forb and 7 gives 48 - 9 = 432.

Thus, the correct answerisE.



14. For a certain complex number ¢, the polynomial

P(z) = (2 — 2z + 2)(2? — cx + 4) (2 — 4z + 8)

has exactly 4 distinct roots. Whatis |c|?

A 2

B 6

c 22

D 3

E /10
Solution:

The factors 2 — 2z + 2and 2? — 4z + 8 haveroots 1 + 3and 2 + 2i, whichare 4
distinct values.

For P to have exactly 4 distinct roots, the roots of > — cz + 4 must lie among these.

Their product must equal 4, and the only such pairis one root from each factor, for
example (1 +4)(2 — 2i) = 4.

Thenc = (1 +1) + (2 — 2i) =3 —4,s0|c| = V3% + 12 = v/10.

Thus, the correct answerisE.



15. Positive real numbers a and b have the property that

V1oga + +/logb + log v/a + log vb = 100

and all four terms on the left are positive integers, where log denotes the base 10
logarithm. Whatis ab?

A | 102
B 10100
c 10"
D 10164
E 1020
Solution:

2
Lety/loga = pand+/logb = q,sologa = p? andlog v/a = % Forthistobean

integer, pis even; likewise q.
2 2

Writingp = 2m,q = 2n,the equationp + q + % + 7 _ 100 becomes m(m +

2
1) + n(n + 1) = 50.

The only solutionis {m, n} = {4,5}, givinglog(ab) = p? + ¢* = 4(16 + 25) =
164.

Therefore ab = 10164,

Thus, the correct answeris D.



16. Thenumbers1,2,...,9arerandomly placedinto the 9 squaresofa 3 x 3 grid. Each
square gets one number, and each of the numbersis used once. What is the
probability that the sum of the numbersineachrow and each columnis odd?

1
A —_
21
1
B -
14
5
C —_
63
2
D —_
21
1
E —_
7
Solution:

There are 5 odd and 4 even numbers. Each row and column must contain an odd
number of odd entries.

The only way to place 5 odd entries with every row and column oddis to fill one
complete row and one complete column (aplus shapeof 3 + 3 — 1 = Hcells). There
are 3 - 3 = 9suchpatterns.

Each pattern admits 5! placements of the odd numbers and 4! of the even numbers,
so the probability is

9.50.4! 1

9! 14

Thus, the correct answeris B.



17. Let s, denote the sum of the kth powers of the roots of the polynomial 3 — 5z2 +
8x — 13.Inparticular,sg = 3,81 = 5,and sy = 9. Leta, b, and cbereal numbers such
thatsg 1 = a s, +bsp 1 +csi ofork=2,3,....Whatisa + b+ c?

A —6

B 0

cC 6

D 10

E 26
Solution:

Every rootr satishes r® = 5r2 — 8r + 13, sor*t1 = 5k — 8rk—1 4 13052,

Summing over the three roots gives s 1 = 58 — 8s;_1 + 13s;_9,50a = 5,b =
—8,c=13.

Thereforea +b+c¢c=5—8 + 13 = 10.

Thus, the correct answeris D.



18. Asphere with center O hasradius 6. A triangle with sides of length 15, 15, and 24 is
situatedin space so that each of its sidesis tangent to the sphere. What is the
distance between O and the plane determined by the triangle?

A 243

B 4

c  3V2

D 26

E 5
Solution:

The sphere intersects the triangle's plane in a circle of radius v/ 36 — d?,where dis the
distance from O to the plane. Since each side is tangent to the sphere, this circle is the
triangle'sincircle.

108
The triangle has area % - 24 -9 = 108 and semiperimeter 27, soitsinradius is va =
4.

Thus /36 — d? = 4, givingd? = 20andd = 2+/5.

Thus, the correct answeris D.



19. In AABC withinteger side lengths,

cos A = %, cos B = %’ cosC = —}1.
What is the least possible perimeter for AABC'?
A 9
B 12
c 23
D 27
E 44
Solution:
Eachsineis /1 — cos? :sin A = %{iﬁ,sinB = 21—\/6175,sin0 = %6175

By the Law of Sines the sides areinratio 3 : 2 : 4. The smallestinteger sides are 3, 2, 4,
which satisfy the triangle inequality.

The least perimeteris3 +2 +4 = 9.

Thus, the correct answeris A.



20. Realnumbers between 0 and 1, inclusive, are chosen in the following manner. A fair
coinis flipped. If it lands heads, thenitis flipped again and the chosen numberis 0 if
the secondflipis heads and 1 if the second flip is tails. On the other hand, if the first
coinflipis tails, then the numberis chosen uniformly at random from the closed
interval [0, 1]. Two random numbers  and y are chosen independently in this manner.

1
What is the probability that |z — y| > 5?
1
A —
3
5 7
16
c 1
2
9
D N
16
2
E —
3
Solution:

Eachvariable equals 0 with probability }I, equals 1 with probability %, andis uniformon
[0, 1] with probability 1.
Considering the nine combinations of types: the pairs (0, 1) and (1, 0) each
contribute %. Each of the four point-versus-uniform cases contributes 1—16 .The
uniform-versus-uniform case contributes 1 - 1 = Z.
2+4+1 7

16 16
Thus, the correct answeris B.

The totalis



21. Let

What is

111 1
(z12+z22+z32+---+z122)-(7+7+?+---+ 122)?
z z z

A 18
B 72— 36v2
c 36
D 72
E 72+ 362
Solution:
Since z = ™4, we have 2% = e™'/4, depending only on k2 mod 8.

Fork = 1to 12, theresidue k% mod 8is 1 (giving 2) six times, 4 (giving —1) three
times, and 0 (giving 1) three times. So the first sumis6z — 3 + 3 = 6z.
6 6 6
The second sumislikewise — — 3 + 3 = —.Theirproductis6z - — = 36.
z z z
Thus, the correct answeris C.



22. Circles w andy, both centered at O, have radii 20 and 17, respectively. Equilateral
triangle ABC,whose interior lies in the interior of w but in the exterior of 7y, has vertex
A onw,andtheline containing side BC'is tangent to 7. Segments AO and BC

B
intersect at P,and —— = 3.Then AB canbe writtenin the form — — for

positive integers m, n, p, g withged(m, n) = ged(p, q) = 1. What ism + n—+p-+
q?

A 42
B 86
c 92
D 114
E 130
Solution:
Lets = AB.Since B8P _ = 3,wehave BP = 38 andCP = -. PutPatthe origin

CcP 4 4

with BC onthe z-axis, B = (—3s 0) C = (4,0) andapex A = (—%,%)

Points P, O, A are collinear,so O =t - A forsome scalart. Two conditions pin it

sV 3
down: Ois atdistance 17 fromline BC giving |t| - T\f = 17,and Aisonw, giving

13 V1
it —1|- # = 20since |A| = i 1 3.

34
= — and |t — 1|s = ——. Thevalid configuration gives
V3 | | V13

Thenm +n+p+q =80 + 13 + 34 + 3 = 130.

Thus, the correct answerisE.



23. Define binary operations ) and ¢V by
ad>b = a°%® and aVb= am

forallreal numbers a and b for which these expressions are defined. The sequence
(ay)is defined recursively by a3 = 302 and

a, = (nO(n —1))dan—1

forallintegersn > 4.To the nearestinteger, what is log- (as019)?

A8
B 9
c 10
D 11
E 12
Solution:
L(a)
Let L(x) = log, x.Then L(a<{»)b) = L(a)L(b) and L(a©Ob) = o)
_LB) _ L) .
SoL(a3) = 7)) and L(a,) = =1 L(a,_1)-The product telescopes:

_ L) LN) _ LIN)

L = = .
=16 IE) T 1)
log- 201
Hence L(azp19) = log; 2019 _ log, 2019 ~ 10.98, whichroundsto 11.
log; 2 2

Thus, the correct answerisD.



24. Forhow many integers n between 1 and 50, inclusive, is

(n? —1)!
(nl)"

aninteger? (Recallthat0! = 1.)

A 31
B 32
c 33
D 34
E 35
Solution:

For aprime p, the condition to be anintegerreduces (viaLegendre's formula)ton -
sp(n) > s,(n? — 1) + 1, where s, is the base-p digit sum. This can fail only when
sp(n) = 1,i.e.n = p“isaprime power.

Forn = p%, the requirementbecomesp® — 1 > 2a(p — 1). Checking prime powers
up to 50, this fails exactly for every prime n and forn = 4.

There are 15 primes at most 50, plusn = 4, giving 16 failures. Hence 50 — 16 = 34
values of n work.

Thus, the correct answeris D.



25. Let A Ay B,C\ be atriangle whose angle measures are exactly 59.999°, 60°, and
60.001°. For each positive integern define A,, to be the foot of the altitude from
A, _qtoline B,,_1C,,_1.Likewise, define B,, to be the foot of the altitude from B,,_;
toline A,,_1C,_1,and C,, to be the foot of the altitude from C,,_1 toline 4,,_1 B,,_1.
What is the least positive integer n forwhich A A,, B,,C,, is obtuse?

A 10
B 11
c 13
D 14
E 15
Solution:

Foran acute triangle, the orthic triangle (feet of the altitudes) has angles 180° — 2«
foreach original angle a.

Writing an angle as 60° + x, the new angleis 60° — 2z, so each deviation from 60° is
multiplied by —2. The initial deviations are +=0.001°.

After n steps a deviation has magnitude 0.001 - 2" degrees. The triangle first
becomes obtuse when this exceeds 30°,i.e. 2" > 30000. Since 24 = 16384 and
21° — 32768, the least suchnis 15.

Thus, the correct answerisE.
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