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1. Kymbrea's comic book collection currently has 30 comic books init, and she is adding
to her collection at the rate of 2 comic books permonth. LaShawn's collection
currently has 10 comic books init, and he is adding to his collection at the rate of 6
comic books per month. After how many months will LaShawn's collection have twice
as many comic books as Kymbrea's?

A1

B 4

cC 5

D 20

E 25
Solution:

After m months, Kymbrea has 30 4+ 2m comic books and LaShawn has 10 + 6m.
Setting 10 4+ 6m = 2(30 + 2m) gives 10 + 6m = 60 + 4m, so2m = 50andm =
25.

Thus, the correct answerisE.



2. Realnumbersz,y, and z satisfy the inequalities

0<zr<l, -—-1<y<0, and 1<z<2

Which of the following numbers is necessarily positive?

2

A Yyt

B y+xz

C y+y

D y+2y°

E Y+ z
Solution:
Addingy > —landz > 1lgivesy + z > 0,soy + zis always positive. Each of the
otherfour choices canbe made negative: withx = %,y = —i, z = %,every one of

y+ z2,y + xz,y + y?,andy + 2y%is negative.

Thus, the correct answerisE.



3. Suppose that xz andy are nonzero real numbers such that

3x+y 9
z — 3y '
What is the value of
T + 3y?
3z —y
A -3
B —1
C 1
D 2
E 3
Solution:

The equationgives 3z + y = —2(z — 3y) = —2z + 6y, so 5z = by, meaningx =
y.Then
t+3y _ y+3y 4y
3e—y 3y—y 2y

= 2.

Thus, the correct answeris D.



4. Samiaset off onherbicycle to visit her friend, traveling at an average speed of 17
kilometers per hour. When she had gone half the distance to her friend's house, a tire
went flat, and she walked the rest of the way at 5 kilometers per hour. In all it took her
44 minutes toreach her friend's house. In kilometers rounded to the nearest tenth, how
far did Samia walk?

A 2.0
B 2.2
c 28
D 34
E 44
Solution:

Let 2d be the total distance, so she biked d at 17 km/h and walked d at 5 km/h. The
total timeinhoursis

d d 44

1775 60

N , o 22d 11 11 8 17
Combining the left sidegives — = —,sod = — - — = — = 2.833...She
15 15 22 6

walked about 2.8 kilometers.

Thus, the correct answeris C.



5. Thedataset[6,19,33,33,39,41,41,43,51,57] has median Q3 = 40, first quartile
Q1 = 33, and third quartile Q3 = 43. An outlierin a data setis a value that is more than
1.5 times the interquartile range below the first quartile (Q1) or more than 1.5 times
the interquartile range above the third quartile (Q3), where the interquartile range is
definedas (3 — Q1. How many outliers does this data set have?

A0

B 1

c 2

D 3

E 4
Solution:

Theinterquartilerangeis 43 — 33 = 10,so0 1.5timesitis 15. Outliers are valuesless
than33 — 15 = 18 orgreaterthan43 + 15 = 58. Only 6 falls below 18, and nothing
exceeds 58, so thereis exactly 1 outlier.

Thus, the correct answeris B.



6. Thecircle having (0, 0) and (8, 6) as the endpoints of a diameter intersects the z-axis
atasecond point. What is the £-coordinate of this point?

A 442

B 6
c  5V2
D 8

E | 642

Solution:

The centeris the midpoint of the diameter, (4, 3), and the radiusis v 42 + 3% = 5.The
circleis (z — 4)% + (y — 3)? = 25. Settingy = Ogives (z — 4)? = 16,s0z = Oor
= 8.The secondintersectionwiththe z-axisisatx = 8.

Thus, the correct answeris D.



7. Thefunctionssin(x) and cos(x) are periodic with least period 27r. What is the least
period of the function cos(sin(z))?

7
Al
B L
c 27
D 4w
E It's not periodic.
Solution:

Since cos(sin(z + 7)) = cos(— sin(z)) = cos(sin(z)), the function has period . It
cannot be smaller: cos(sin(z)) = 1 exactlywhensin(z) = 0, which happens only at
integer multiples of 7, so the maxima are spaced 7w apart. The least periodis 7.

Thus, the correct answeris B.



8. Theratio of the short side of a certainrectangle to the long side is equal to the ratio of
the long side to the diagonal. What is the square of the ratio of the short side to the
long side of thisrectangle?

A v3-1
2
1

B —_
2

C V5 -1
2

b | V2
2

E V6 —1
2

Solution:

2

x
Let x and y be the short and long sides, so the diagonalis 4/ z2 + y2 and — =
Yy
v’ Writin 7 theright sideis v ! SO ! ivin
——— . Writingr = — ri idei = r = ——,qgivi
m2+y2 g 2 g .’,U2+y2 T+1, r+17g g
Vb —1

r2 +1r — 1 = 0. The positiverootisr = 5

Thus, the correct answeris C.



9. Acirclehascenter (—10, —4) andradius 13. Another circle has center (3, 9) and
radius 4/65. The line passing through the two points of intersection of the two circles
has equationz + y = c¢. Whatisc?

A 3
B 33
C 42
D 6
. B
2
Solution:

Thecirclesare (z + 10)? + (y + 4)? = 169and (z — 3)2 + (y — 9)? = 65.
Expanding and subtracting the second from the first cancels the 2 and y2 terms and

simplifiesto z 4+ y = 3. Anyintersection point satisfies this, soitis the line through
both,andc = 3.

Thus, the correct answeris A.



10. At Typico High School, 60% of the students like dancing, and the rest dislike it. Of
those who like dancing, 80% say that they like it, and the rest say that they dislike it. Of
those who dislike dancing, 90% say that they dislike it, and the rest say that they like it.
What fraction of students who say they dislike dancing actually like it?

A 10%
B 12%
c  20%
D 25%
E 33:%
Solution:

Students who like dancing but say they dislike it make up 60% - 20% = 12% of all
students. Students who dislike dancing and say so make up 40% - 90% = 36%.
Among everyone who says they dislike dancing, the fraction who actually like itis

12 12 1
R —— 1 3
12+36 48 4 %

Thus, the correct answeris D.



11. Callapositive integer monotonous if itis a one-digit number orits digits, whenread
from left toright, form either a strictly increasing or a strictly decreasing sequence. For
example, 3,23578, and 987620 are monotonous, but 88, 7434, and 23557 are not.

How many monotonous positive integers are there?

A 1024
B 1524
c | 1533
D 1536
E 2048
Solution:

Strictly increasing monotonous numbers correspond to nonempty subsets of
{1,...,9},giving2? — 1 = 511. Strictly decreasing ones correspond to subsets of
{0,1,...,9} otherthan @ and {0} (aleading 0 is not allowed), giving 219 — 2 = 1022.
The nine single-digit numbers are counted inboth, so the totalis 511 + 1022 — 9 =
1524.

Thus, the correct answeris B.



12. What is the sum of the roots of 212 = 64 that have a positive real part?

A2

B 4

cC 2+2V3
D 2vV2+46

E . (1+v3)+ (14 v3)i

Solution:

The roots of 22 = 64 lie on the circle of radius 64/12 = v/2,atangles that are

multiples of 30°. Those with positive real part are at angles 0, +30°, £60°. Their
imaginary parts cancel, sothe sumis

V2 + 2v/2 08 30° + 2v2c0s 60° = v2(1 + V3 + 1) = 2v/2 + V6.

Thus, the correct answeris D.



13. Inthe figure below, 3 of the 6 disks are to be painted blue, 2 are to be paintedred, and
lis to be painted green. Two paintings that can be obtained from one anotherby a
rotation or areflection of the entire figure are considered the same. How many
different paintings are possible?

A 6

B 8

c 9

D 12

E 15
Solution:

The figure has 3 corner disks and 3 non-corner disks, with the symmetry group of a
triangle. Fixthe green disk's type. If greenis a corner, the two red disks canbe
arranged so that both, one, or neitheris adjacent to green, givingl +3 +2 =6
distinct paintings. If greenis a non-corner, the two reds can have both, one, or neither
inacorner,againl + 3 + 2 = 6 paintings. The blue disks fill the rest, so the total is
6+6=12.

Thus, the correct answeris D.



14. Anice-cream novelty item consists of a cup in the shape of a4-inch-tall frustum of a
right circular cone, with a 2-inch-diameter base at the bottom and a 4-inch-diameter
base at the top, packed solid withice cream, togetherwith a solid cone of ice cream
of height4inches, whose base, at the bottom, is the top base of the frustum. What is
the total volume of the ice cream, in cubic inches?

A 8m
287
B -

3
C 127
D 14w
447
E -

3
Solution:

Extending the frustum's sides to a point, similar triangles show the frustum equals a
cone of radius 2 and height 8 minus a cone of radius 1 and height 4 :

§7(2°)(8) - 5r(1%)(4) = — 3m = F.

3

Ol

The top cone of radius 2 and height 4 adds $7(2%)(4) = 7. The totalis 27 +

16 44
s M= 3.

Thus, the correct answerisE.



15. Let ABC be an equilateral triangle. Extend sideﬁbeyond B toapoint B’ so that
BB' = 3 - AB. Similarly, extend side BC beyond C'toapoint (' sothat CC' = 3 -
BC, and extend side C A beyond A to apoint A’ sothat AA’ = 3 - C A. Whatis the
ratio of the area of AA’ B'C’ to the area of AABC?

A 9:1
B 16:1
cC | 25:1
D 36:1
E 37:1
Solution:

Let X = [AABC|, and draw segments CB’, AC’,and BA'. Triangle BB'C has
base BB’ = 3 - AB andthe same altitude as AABC from C'toline AB, soits areais
3X;likewise ACC'Aand AAA'Beachhavearea3X.Next, AAA'C' has 3 times
the base and the same heightas AACC’, soits areais 9.X ; similarly AC'C’ B" and
ABB' A’ eachhave area9X.Thus

[AA'B'C'] = X + 3(3X) + 3(9X) = 37X,

sotheratiois37 : 1.

Thus, the correct answerisE.



16. The number21! = 51,090,942,171,709,440,000 has over 60,000 positive integer
divisors. One of themis chosen atrandom. What is the probability that it is odd?

1
A —_
21
1
B -
19
1
C —_
18
1
D —_
2
11
E —_
21
Solution:

The exponentof2in21lis [21/2| + [21/4| + [21/8]| + [21/16] =10+ 5+ 2 +
1 = 18. Every divisor has the form 2°bwith 0 < i < 18 and bodd:;itis odd exactly
1 1

18+1 19

when? = 0. So the fraction of odd divisorsis

Thus, the correct answeris B.



2
7. p coinis biasedin such away that on each toss the probability of headsis 3 andthe

1
probability of tailsis § The outcomes of the tosses are independent. A player has the

choice of playing Game A or Game B. In Game A she tosses the coin three times and
wins if allthree outcomes are the same. In Game B she tosses the coin four times and
wins if both the outcomes of the first and second tosses are the same and the
outcomes of the third and fourth tosses are the same. How do the chances of winning
Game Acompare to the chances of winning Game B?

4
The probability of winning Game Ais ﬁ less than the probability of winning
Game B.

2
5 The probability of winning Game Ais 31 less than the probability of winning

Game B.

C The probabilities are the same.

2
The probability of winning Game Ais 31 greater than the probability of winning

D
GameB.
N - 4 N -
£ The probability of winning Game Ais 31 greaterthan the probability of winning
GameB.
Solution:

2
Letp = 3 Game Ais won when all three tosses match: p? + (1 — p)3. Game B needs

the first pairto match and the second pairto match, each with probabili'cyp2 + (1 -

p)?, so the win probability is (p? ) .Withp = 2, Game A gives (%)3 +
(%)3 = & = 1,and GameBgNes (3 + 9)2 (8)2 = 2 The differenceis 2 —
25 __ 2

57 = 51250 GameAls ¢ more likely.

Thus, the correct answeris D.



18. The diameter AB of a circle of radius 2 is extended to a point D outside the circle so
that BD = 3.Point Fischosensothat ED = 5andline £ D is perpendiculartoline
AD. Segment AE intersects the circle at a point C between A and E. What is the
areaof ANABC?

120

A _
37

140

B -
39

o 145
39

5 140
37

120

E —_
31
Solution:

Since ZACBiisinscribedin a semicircle, itisaright angle,so AABC ~ NAED

(both right-angled and sharing angle A). Their areas are inratio AB? : AE?. Here

AB = 4,50 AB? = 16,and AD = AB + BD = 7,s0 AE?* = AD?> + ED? =
49 + 25 = 74.TheareaofAAE'Dis% 75 = %.Thus

16 35 140

NABC|= — - — = —.
[ ¢l 74 2 37

Thus, the correct answeris D.



19. Let N = 123456789101112. .. 4344 be the 79-digit number that is formed by writing
the integers from 1 to 44 in order, one after the other. What is the remainder when N is
divided by 457

A 1

B 4

c 9

D 18

E 44
Solution:

Thelast digitof Nis4,so N =4 (mod 5).Formod 9, sum the digits: the numbers 1-
9 contribute their digits, the tens digits of 10-44 and the units digits together sum to
270, whichis amultiple of 9,s0 N = 0 (mod 9).The number N — 9is then amultiple
of 9, andits last digitis 5, soitis a multiple of 5; hence N — 9is a multiple of 45.

Therefore N = 9 (mod 45).

Thus, the correct answeris C.



20. Realnumbers x and y are chosen independently and uniformly at random from the
interval (0, 1). What is the probability that |log, | = |log, ¥ |, where | | denotes
the greatest integerless than or equal to the real numberr?

1
A —
8
5 1
6
c 1
4
1
D —_
3
1
E —
2
Solution:
1 1
For each positive integern, |logy €| = —n exactly when on = <z < —,aninterval

1
of length on” The event that both floors equal —nis a square of area e Summing

over alln, the probability is
DRI
— 4n 1-— 1/4 3

Thus, the correct answerisD.



21. Lastyearlsabellatook 7 math tests andreceived 7 different scores, each aninteger
between 91 and 100, inclusive. After each test she noticed that the average of her test
scores was aninteger. Her score on the seventh test was 95. What was her score on

the sixth test?

A 92
B 94
c 96
D 98
E 100
Solution:

Let S be the sum of all seven scores. Then S is amultiple of 7with 658 < §' < 679, so
S € {658,665,672,679}. Since the average after six testsis aninteger, S — 95isa
multiple of 6, which forces S = 665. Then the first six scores sum to 570, a multiple of
5; the average after five testsis aninteger, so the first five scores also sum to a multiple
of 5, making the sixth score a multiple of 5. Since all scores differ and the seventhis
95, the sixth must be 100.

Thus, the correct answerisE.



22. Abby, Bernardo, Carl, and Debra play a game in which each of them starts with four
coins. The game consists of fourrounds. In each round, four balls are placedinanurn—
one green, onered, and two white. The players each draw a ball at random without
replacement. Whoever gets the green ball gives one coin to whoever gets the red ball.
What s the probability that, at the end of the fourth round, each of the players has four

coins?
7
A -
576
5
B —_
192
1
C —_
36
5 5
144
= |
48
Solution:

Eachroundhas4 - 3 = 12 equally likely (giver, receiver) pairs, so there are 12*
outcome sequences. Everyone ends with four coins exactly when the four transfers
cancel. The favorable patterns are: a 4-cycle of gifts (24 - 6 = 144 ways), two disjoint
mutual exchanges (24 - 3 = 72), one pair exchanging twice (6 - 6 = 36), and one
player both giving to and receiving from each of two others (4 - 3 - 24 = 288). These

... 540 540 5
total 144 + 72 + 36 + 288 = 540. The probability is 12 = 320736 — 193"

Thus, the correct answeris B.



23. The graphofy = f(x),where f(z)is a polynomial of degree 3, contains points
A(2,4),B(3,9),and C(4,16).Lines AB, AC, and BC intersect the graph again at
points D, E/, and F', respectively, and the sum of the x-coordinates of D, E/, and F'is
24. Whatis f(0)?

A -2
B 0
C 2
24
D —_
5
E 8
Solution:

The points A, B, C'lieony = z?,sog(x) = f(z) — z?hasroots 2, 3,4 : g(z) =
a(z — 2)(z — 3)(xz — 4) forsomea # 0. The coefficients of z* and 2% in f are a and
1 — 9a, so by Vieta the threeroots of f(z) — L(z) (forany linear L) sumto 9 — 1. The
lines AB, AC', BC meetthe cubicintriples{2,3,zp},{2,4,xg},{3,4,xr},so

tp+ap+op=3(9—-1)-22+3+4)=9-2=24

givinga = —3.Then f(z) = 22 — ¢ (z — 2)(z — 3)(z — 4),s0 f(0) = 0 —
H2)(-3)(4)= 2.

Thus, the correct answerisD.



24. Quadrilateral ABC D hasrightanglesat BandC, AABC ~ ABCD,and AB >
BC'.Thereisapoint E intheinteriorof ABC' D suchthat AABC ~ ACEB andthe

A
arecaof ANAEDis 17 timesthe areaof ACEB. Whatis —B?

BC
A 1+42
B 2442
c V17
D 2445
E 1+23
Solution:

Set BC = 1and AB = r > 1.Thesimilarity AABC ~ ABC D with theright angles
placesthe figureatC = (0,0),B = (0,1),A = (r,1),D = (%,O).LetE = (z,y)
withz,y > 0. From AABC ~ ACEB we get T tan(Z/ECB) =

Yy

r 2

1 2 | .2 r
tan(£/BAC) = ;andx + 1y = = Y= T

ACEBis %x, and computing [A AE D] by the shoelace formula and setting
[ANAED)] = 17[ACEB] simplifiestor? — 1872 + 1 = 0.Thenr? = 9 + 44/5 =
(2++/5)%,s0r = 2 + /5.

Thus, the correct answeris D.

The area of




25. Aset of npeople participate inan online video basketball tournament. Each person
may be a member of any number of 5-player teams, but no two teams may have
exactly the same 5 members. The site statistics show a curious fact: The average, over
all subsets of size 9 of the set of n participants, of the number of complete teams
whose members are among those 9 people is equal to the reciprocal of the average,
over all subsets of size 8 of the set of n participants, of the number of complete teams
whose members are among those 8 people. How many valuesn,9 < n < 2017, can
be the number of participants?

A ATT
B 482
C 487
D 557
E 562
Solution:
Let T be the number of teams. Summing over size-9 subsets counts each team (nf)
n—>5 n—>5y
)T ()T

and

times and over size-8 subsets (”gs’) times. The averages are (n)
9
setting the first equal to the reciprocal of the second and simplifying gives
n(n —1)(n —2)(n — 3)(n — 4)
2°.32.5.7 '

(s)

T —

We need this to be a positive integerwithn > 9.Let N = n(n — 1)(n — 2)(n —
3)(n — 4); as aproduct of five consecutive integers, N is always divisible by 5.
Checkingresidues, 7 | N,9 | N,and32 | N eachhold for afixed set of residues,
givingb - 7 - 8 = 280 solutions modulo 1008. So there are 560 valuesinl < n <
2016;removingn = 1, 2, 3, 4 (which are below 9) and addingn = 2017 (since
2017 =1 (mod 1008))gives 560 — 4 + 1 = 557 valid values.

Thus, the correct answerisD.
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