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1. Whatisthe value of

(2° —145%40)"* x 57

A —125
B —120
1
C —
5
5 5
24
E 25
Solution:

Inside the parentheses, 2 — 1 +524+0=1—1+25+ 0 = 25.
Then

Thus, the correct answeris C.



2. Two of the three sides of a triangle are 20 and 15. Which of the following numbers is
not a possible perimeter of the triangle?

A | 52
B 57
cC 62
D 67
E 72
Solution:

By the Triangle Inequality, the third side s satisfles 20 — 15 < s < 20 + 15, thatis
5 < s < 35.

The perimeteris 35 + s, soitlies strictly between 40 and 70. Among the choices, only
72 falls outside thisrange.

Thus, the correct answerisE.



3. Mr. Patrick teaches math to 15 students. He was grading tests and found that when he
graded everyone's test except Payton's, the average grade for the class was 80. After
he graded Payton's test, the class average became 81. What was Payton's score on
the test?

A 81
B 85
c 91
D 94
E 95
Solution:

The sum of the 14 otherscoreswas 14 - 80 = 1120. The sumof all 15 scoreswas 15 -
81 = 1215.

Therefore Payton's scorewas 1215 — 1120 = 95.

Thus, the correct answerisE.



4. The sum of two positive numbersis d times their difference. What is the ratio of the
larger number to the smaller number?

5
A —_
4
3
B —_
2
9
C _
5
D 2
5
E —_
2
Solution:

Let x and y be the numberswithz > y > 0.Thenz + y = 5(z — y).
Expanding gives 4+ y = 5z — 5y, so 6y = 4z and

Thus, the correct answeris B.



a
5. Amelia needs to estimate the quantity — — ¢, where a, b, and c are large positive
b

integers. She rounds each of the integers so that the calculation will be easierto do
mentally. In which of these situations will her answer necessarily be greater than the

a
exact value of 5 c?

A She rounds all three numbers up.

B She rounds a and bup, and she rounds c down.
C She rounds a and cup, and she rounds b down.
D She rounds a up, and she rounds b and cdown.

E She rounds cup, and she rounds a and b down.

Solution:

a
To make A larger, round the numerator a up and the denominator b down. To make —c¢

larger, round cdown.

Only choice (D) does all three: it rounds a up while rounding b and ¢ down, so every
change pushes the estimate above the exact value. In the other choices at least one
change works the wrong way, so the estimate is not guaranteed to be larger.

Thus, the correct answeris D.



6. Twoyears ago Pete was three times as old as his cousin Claire. Two years before that,
Pete was four times as old as Claire. Inhow many years will the ratio of theirages be 2 :
1?7

A 2

B 4

cC 5

D 6

E 8
Solution:

Let pand cbe Pete's and Claire's current ages. Thenp — 2 = 3(¢c — 2) andp — 4 =
4(c —4).

Solving these gives p = 20and ¢ = 8§, so Peteis 12 years older than Claire.
Theratiois2 : 1when Claireis 12, whichis 12 — 8 = 4 years from now.

Thus, the correct answeris B.



7. Tworight circular cylinders have the same volume. The radius of the second cylinderis
10% more than the radius of the first. What is the relationship between the heights of
the two cylinders?

A | Thesecondheightis 10% less than the first.
B = Thefirstheightis 10% more than the second.
C  Thesecondheightis 21% less than the first.
D Thefirstheightis 21% more than the second.

E | Thesecond heightis 80% of the first.

Solution:
Letr, hand R, H be the radii and heights of the first and second cylinders. The

volumes are equal, somr’h = TR?2H,and R = 1.1r.
Thennr?h = 7(1.17)2H = 7(1.21r2) H. Dividing by w72 yields h = 1.21H, so the
first height is 21% more than the second.

Thus, the correct answeris D.



8. Theratio of thelength to the width of arectangleis4 : 3. If the rectangle has diagonal
of length d, then the area may be expressed as kd? for some constant k. What is k?

A 2
7
3
B —
7
12
C J—
25
16
D R
25
3
E —
4
Solution:
Let the sides of the rectangle be 4a and 3a. By the Pythagorean Theorem the diagonal
d
isba = d, = -.
isoa soa 5
d\> 12 12
Th isda-3a=12a2=12( =) = —=d?,sok = —.
eareais4a - 3a a <5> oF o) oF

Thus, the correct answeris C.



9. Aboxcontains 2red marbles, 2 green marbles, and 2 yellow marbles. Carol takes 2
marbles from the box at random; then Claudia takes 2 of the remaining marbles at
random; and then Cheryl takes the last 2 marbles. What is the probability that Cheryl
gets 2 marbles of the same color?

1
A —_
10
1
B —_
6
c 1
5
5 1
3
1
E —_
2
Solution:

Because the marbles left for Cheryl are determined at random, her two marbles are
equally likely to be any pair. Fixing her first marble, the second is equally likely to be any
of the 5 remaining marbles.

1
Exactly one of those 5 matches the first marble in color, so the probability is 5

Thus, the correct answeris C.



10. Integersx andy withx > y > Osatisfyx + y + zy = 80. Whatisz?

A 8

B 10

c 15

D 18

E 26
Solution:

Adding 1 to both sides and factoring gives
(z+1)(y +1) =81 =3%

Because x and y are distinct positive integers withx > vy, the only possibility is x 4
1 =3%=27andy + 1 = 3.Thereforez = 26.

Thus, the correct answerisE.



11. Onasheet of paper, Isabella draws a circle of radius 2, a circle of radius 3, and all
possible lines simultaneously tangent to both circles. Isabella notices that she has
drawn exactly k > 0lines. How many different values of k are possible?

A 2

B 3

c 4

D 5

E 6
Solution:

The number of common tangent lines depends on the relative position of the two
circles:

If the smaller circle isinside the larger, there are 0 tangents. If itis internally tangent,
thereis 1. If the circles intersect at two points, there are 2. If they are externally
tangent, there are 3. If they are separated, there are 4.

Thus k canbe any of 0, 1, 2, 3, 4, which gives 5 possible values.

Thus, the correct answeris D.



12. The parabolasy = ax? — 2andy = 4 — ba? intersect the coordinate axes in exactly
four points, and these four points are the vertices of a kite of area 12. Whatis a + b?

A 1

B 1.5

C 2

D 2.5

E 3
Solution:

The y-intercepts of the two parabolas are —2 and 4. To intersect the x-axis, the first
parabola opens upward and the second opens downward, so their z-intercepts are
+tforsomet > 0.

The kite has one diagonal of length4 — (—2) = 6 along the y-axis and the other of
1
length 2¢. Its areaiis 3 6-2t =6t =12,s0t = 2.

Thus the z-intercepts are £2. For the first parabola, 0 = a(2)? — 2 givesa = X for
the second,0 = 4 — b(2)? givesb = 1.Thereforea + b = 1.5.

Thus, the correct answeris B.



13. Aleague with 12 teams holds a round-robin tournament, with each team playing every
otherteam exactly once. Games either end with one team victorious orelse endin a
draw. Ateam scores 2 points for every game it wins and 1 point for every game it
draws. Which of the following is not a true statement about the list of 12 scores?

A There must be an even number of odd scores.
B There must be an even number of even scores.
C There cannot be two scores of 0.

D = Thesumof the scores mustbe atleast 100.

E  Thehighestscore mustbe atleast 12.

Solution:
2-11

2
game adds 2 points to the list. The total of all scoresis 66 - 2 = 132.

Each of the 12teams plays 11 games, so = 66 games are played, and each

If every gameis adraw, eachteamscores 11, so the highest score need notreach 12;
thus statement (E) can fail. The other statements always hold: the sum 132 > 100,
the sumbeing even forces an even number of odd scores and hence an even number
of even scores, and two teams cannot both score 0 because their mutual game gives
atleast one of themapoint.

Thus, the correct answerisE.



14. Whatis the value of a for which

1 1 1

=17
log,a logsa log,a

A9

B 12

c 18

D 24

E 36
Solution:

By the change-of-base formula,

= log, b. Therefore
log, a

1 =log, 2 + log, 3 + log, 4 = log, 24.

It follows thata = 24.

Thus, the correct answeris D.



15. What is the minimum number of digits to the right of the decimal point needed to
express the fraction

123456789
226 . 54

asadecimal?

A 4

B | 22

c 26

D 30

E 104
Solution:

The numerator and denominator share no common factors. To write the fractionas a

decimal, rewrite it with a power of 10 in the denominator; the smallest that works is
10%6 .

123456789 123456789 - 522
926 . 54 1026 .

Since the numerator 123456789 - 522 is not divisible by 10, the decimal has exactly 26
places afterthe point.

Thus, the correct answeris C.



16. Tetrahedron ABCDhas AB =5,AC =3,BC =4,BD =4,AD = 3,and
12
CD = g\/i.What is the volume of the tetrahedron?

A 32
B 25
c 24
5
D 33
24
E =2
5
Solution:
Triangles ABC and ABD are 3-4-5 right triangles with area 6 and common
3-4
hypotenuse AB. Let E be the foot of the altitude from C'to AB;thenCE = - =
12 1
5 Likewise the altitude from D meets AB at the same point Ewith DE = 5

12 12 12
Triangle C D E has sides =5 andCD = ?ﬂ’ soitisanisoscelesright triangle

withtherightangleat E.Thus DE | CEand DE | AB,making DFE perpendicular
to the plane of ABC.

1 1
The tetrahedron's volume is 3 [ABC] - DE = 3 6 — = —.

Thus, the correct answeris C.



17. Eight people are sitting around a circular table, each holding a fair coin. All eight
people flip their coins and those who flip heads stand while those who flip tails remain
seated. What is the probability that no two adjacent people will stand?

a7
256
3
B —_
16
49
C —_
256
5 25
128
c 51
256
Solution:

There are 28 = 256 equally likely outcomes. Count the arrangements of standers
(heads) with no two adjacent around the circle of 8 seats, grouped by how many
people stand.

The number of ways to choose k non-adjacent seats from a circle of nis

n n—k Forn = 8this gives
— i .Forn = is giv

1, 8, 20, 16, 2
fork = 0,1, 2, 3,4, and more than 4 standers isimpossible without an adjacency.
47
Thetotalis1 + 8 + 20 + 16 + 2 = 47, so the probability is 256"

Thus, the correct answeris A.



18. The zeros of the function f(z) = ? — ax + 2a areintegers. What is the sum of the
possible values of a?

AT

B | 8

c 16

D 17

E 18
Solution:

Let the integer zeros be pand q. By Vieta's formulasp + ¢ = aandpq = 2a,sopq =
2(p + q). Rearranging gives

(P—2)(¢g-2) =4

The integer factor pairs of 4 are (1, 4), (2, 2), (4,1), (-1, —4), (-2, —2), (—4, —1),
whichyield (p, ) pairs summingtoa = 9,8, —1,and 0.
The distinct possible values of aare 9, 8,0, —1, whose sumis 16.

Thus, the correct answeris C.



19. Forsome positive integers p, there is a quadrilateral ABC' D with positive integer side
lengths, perimeter p, right anglesat Band C', AB = 2,andCD = AD.How many
different values of p < 2015 are possible?

A 30
B 31
c 61
D 62
E 63
Solution:

In every such quadrilateral CD > AB. Let E be the foot of the perpendicular from A
toCD;thenCE = 2and AF = BC.Letx = AFandy = DE,so AD = 2 + y.

By the Pythagorean Theorem z? + 4% = (2 + y)?,soz? = 4 + 4y and zis even.
Writing z = 2z givesy = 22 — 1, and the perimeteris

T+ 2y+6 =222+ 22+4.

Increasingvalues z = 1, 2, 3, . . . give the required quadrilaterals with increasing
perimeter. For z = 31 the perimeteris 1988, and for z = 32itis 2116. Therefore there
are 31 possible values of p < 2015.

Thus, the correct answeris B.



20. Isosceles triangles T'and T" are not congruent but have the same area and the same
perimeter. The sides of T have lengths 5, 5, and 8, while those of T” have lengths a, a,
and b. Which of the following numbers is closest to b?

A 3

B 4

cC | 5

D 6

E 8
Solution:

1
The altitude of T'to its base of length 8 is v/52 — 42 = 3,so T has area 3 8-3=12

and perimeter 18.

1 18 —b
ForT'weneed2a + b = 18 and area Zb\/4a2 — b2 = 12. Substitutinga = —5

and squaringleads to
(b—8)(b> —b—8) =0.
1+ /33

Since T and T" are not congruent, b # 8,s0b?> — b — 8 = 0andb = 5
Because 25 < 33 < 36, thisisbetween 3 and 3.5, so the closestintegeris 3.

Thus, the correct answeris A.



21. Acircle of radius r passes through both foci of, and exactly four points on, the ellipse
with equation 22 + 16y* = 16. The set of all possible values of r is aninterval [a, b].
Whatisa + b7

A 5V2+4
B V1747
C  6v2+3
D +15+8
E 12
Solution:

2
The ellipse :Zf_6 + 9% = 1hassemi-axes4and1,soc? = 16 — 1 = 15and the fociare

(++/15,0).

A circle through both focihas its center on the y-axis, say (0, k), with radius

v k2 + 15. Its top point always lies outside the ellipse. For four intersection points, its
bottom point (0, k — v/ k2 4+ 15) must be belowy = —1, which happens exactly
when0 < k < 7.

As kranges over [0, 7), theradius v/k? + 15 ranges over [v/15,8),s0a + b =
v 15 + 8.

Thus, the correct answeris D.



22. For each positive integern, let S(n) be the number of sequences of lengthn
consisting solely of the letters A and B, with no more than three Asinarow andno
more than three Bsin arow. What is the remainder when §(2015) is divided by 127

A0

B 4

cC 6

D &8

E 10
Solution:

Note S(1) = 2,5(2) = 4, 5(3) = 8. Every valid sequence ends in a run of one, two,
orthree equal letters; removing that run leaves a valid sequence of lengthn — 1,n —
2,orn — 3.Thus

S(n)=Sn—-1)+S(n—-2)+ S(n—3).

Modulo 3, the sequence S(n) is periodic with period 13. Since 2015 = 13 - 155,
S(2015) = S(13) = 2 (mod 3).Modulo 4, itis periodic with period 4,and 2015 =
4-503 + 3,50.5(2015) = S(3) =0 (mod 4).

Writing S(2015) = 4k, the condition4k = 2 (mod 3) givesk = 2 (mod 3),so
S(2015) = 8 (mod 12).

Thus, the correct answerisD.



23. Let S be asquare of side length 1. Two points are chosen independently at random on
the sides of S. The probability that the straight-line distance between the points s at

least % is a _wa , where a, b, and c are positive integers and gcd(a, b, ¢) = 1. Whatis
a-+b+c?

A 59

B 60

c 61

D 62

E 63
Solution:

1
The second pointis on the same side as the first with probability —, onthe opposite

1
side with probability 7 and on an adjacent side with probability 3
1
Opposite sides: the distanceisatleast1 > 5 always, probability 1.
1 1
Same side: for points (a, 0) and (b, 0), the condition|a — b| > 3 has probability e

1
Adjacent sides: for points (a, 0) and (0, b), the condition v a? + b* > 5 is the region

2

1 1 1 T

outside a quarter-circle of radius —, with probability 1 — — — =1-—.
. g P YR yT (2) 16

The total probability is

Lapll g my 2-r
4 4 4 2 16/ 32
Thusa +b+c=26+1+ 32 = 59.

Thus, the correct answeris A.



24. Rational numbers a and b are chosen at random among all rational numbers in the

n
interval [0, 2) that can be written as fractions — where n and d are integers with 1 <

d
d < 5. Whatis the probability that
(cos(am) + i sin(br))*

isarealnumber?

A 3
50
4
B I
25
41
C -
200
6
D -
25
13
E -
50
Solution:

There are 20 possible values for each of a and b, namely the reduced fractionsin [0, 2)
with denominator dividinginto 1 < d < 5.

Writing z = cos(am) andy = sin(bmr), the fourth power (z + iy)*isreal if and only if
z=0,y=0,orx = %y.

1 3
22
b € {0,1}, giving another 40 pairs, of which 4 were already counted. The remaining
condition cos(am) = =+ sin(bm) with neither zero contributes 20 more pairs.

Thecasex = Omeansa € { } ,giving 2 - 20 = 40 pairs; the case y = O means

Inall there are 40 + 40 — 4 4+ 20 = 96 valid pairs out of 400, so the probability is
96 6

400 25
Thus, the correct answeris D.



25. Acollection of circlesin the upper half-plane, all tangent to the x-axis, is constructed
in layers as follows. Layer L consists of two circles of radii 70 and 732 that are
externally tangent. Fork > 1, the circlesin U?;S L ; are ordered according to their
points of tangency with the x-axis. For every pair of consecutive circlesinthis order, a
new circle is constructed externally tangent to each of the two circles in the pair. Layer
L;, consists of the 2571 circles constructed in this way. Let S = U?:o L;,andfor
every circle C denote by r(C) its radius. What is

286
A —_
35
5 583
70
715
C —_—
73
143
D —_
14
1573
146
Solution:

If a circle of radius 7 is tangent to the x-axis and nestled in the crevice between two
circles of radii 71 and 79 that are also tangent to the axis and to each other, then



1 1 1

S T —
VNN
1 1 1

1
+ = — + —,whichisthe sumover Lg. The single circle of L
JT02 | V732 70 ' 73 0 9 !
also contributes . Fork > 2, each new circle contributes the sum of its two

neighbors, and every earlier circle is counted twice except the two circles of Lg; this

Letx =

yields asum of 3*~ 12 over L.

Therefore
6
1 36—-1 30 +1
=x+ 3kla:=w(1+ )za:- = 365x.
27 T z z
, 1 1 143 143 , 143 143
Sincex = — + — = = , the sumis 365 - = .
70 73 70-73 5110 5110 14

Thus, the correct answerisD.
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