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1. Leahhas 13 coins, all of which are pennies and nickels. If she had one more nickel than
she has now, then she would have the same number of pennies and nickels. In cents,
how much are Leah's coins worth?

A 33
B 35
c 37
D 39
E 41
Solution:

Let n be the number of nickels, so Leah has 13 — n pennies. One more nickel would
give hern + 1 nickels, and this equals the number of pennies:

n+1=13 —n.
Solving givesn = 6, so there are 6 nickels and 7 pennies.

The totalvalueis6 - 5 + 7 = 37 cents.

Thus, the correct answeris C.



2. Orvinwent to the store with just enough money to buy 30 balloons. When he arrived he
discovered that the store had a special sale on balloons: buy 1 balloon at the regular
price and getasecond at % off theregular price. What is the greatest number of
balloons Orvin could buy?

A 33
B 34
c 36
D 38
E 39
Solution:

Underthe sale, a pair of balloons costs 1 + % =2

= 3 timestheregularprice of one
balloon.

Orvin's money buys 30 balloons at the regular price, so he can afford
.5 _
303 =18

pairs, whichis 36 balloons.

Thus, the correct answeris C.



3. Randydrove the first third of his trip on a gravel road, the next 20 miles on pavement,
and the remaining one-fifth on a dirtroad. In miles, how long was Randy's trip?

A 30
5 400
11

75

C R

2

D 40
c 300
7
Solution:

The fraction of the trip on pavementis

Since this equals 20 miles, the whole trip is
L —_— 300
20 = 1_1 LNy

miles.

Thus, the correct answerisE.



4. Susie pays for4 muffins and 3 bananas. Calvin spends twice as much paying for 2
muffins and 16 bananas. A muffinis how many times as expensive as abanana?

A 3
2
5
B _
3
7
C _
4
D 2
13
E —_
4
Solution:

Let a muffin costm and abanana costb. Then
2(4m + 3b) = 2m + 16b.

Expanding gives 8m + 6b = 2m + 16b,so6m = 10bandm = %b.

Thus, the correct answeris B.



5. Dougconstructs a square window using 8 equal-size panes of glass, as shown. The
ratio of the height to width foreach paneis b : 2, and the borders around and between
the panes are 2inches wide. Ininches, what is the side length of the square window?

A 26
B 28
c 30
D | 32
E 34
Solution:

Let each pane have width 2z and height 5x. The window is 4 panes wide with 5 vertical
borders, soitswidthis4(2z) + 5 - 2 = 8z + 10.

Itis 2 panes tall with 3 horizontal borders, so its heightis 2(5z) 4+ 3 - 2 = 10z + 6.

Setting width equal to height gives 8z 4+ 10 = 10z + 6,sox = 2 and the side length
is10-2 46 = 26.

Thus, the correct answeris A.



6. EdandAnnboth have lemonade with theirlunch. Ed orders the regular size. Ann gets
the large lemonade, which is 50% more than the regular. After both consume % of their
drinks, Ann gives Ed a third of what she has left, and 2 additional ounces. When they
finish theirlemonades they realize that they both drank the same amount. How many
ounces of lemonade did they drink together?

A 30
B 32
c 36
D 40
E 50
Solution:

Letaregularlemonade hold a ounces, so Ann's large holds %a. Aftereachdrinks %,

Annhas ; - 3a = 3aleft,andshegivesEd 5 - 2a + 2 = 1a + 2ounces.

Ed drinks his full a ounces plus that gift, and Ann drinks her %a minus the gift. Setting
these equal,
at (bat2)=da— (fa+2),
which gives 4 = ia, soa = 16.
Then Ed drank 16 ounces and Ann drank 24 ounces, for a total of 40 ounces.

Thus, the correct answeris D.



7. Forhow many positive integersnis also a positive integer?

0—n

A 4

B 5

cC 6

D 7

E 8
Solution:
Write

n 30

= — 1.
30—-n 30—n

For this to be a positive integer, 30 — n must be a positive divisor of 30 with

30
>2.ie.30 —n < 15.
30— 1 = ,ihe.30 —n <15

The divisors of 30 thatare atmost 15 are 1, 2, 3, 5, 6, 10, 15, giving 7 values of n
(namely 15, 20, 24, 25, 27, 28, 29).

Thus, the correct answeris D.



8. Inthe additionshownbelow A, B, C, and D are distinct digits. How many different
values are possible for D?

A B B C B
+ B C A D A
D B D D D

A 2

B 4

c 7

D 8

E 9

Solution:

The leftmost columnshows A + B = D withno carryout,so A + B < 9. Examining
the tens and thousands columns (each of the form C' + digit + carry producing the
same digit) forces C' = 0 and eliminates all carries.

Every columnthenreducesto A + B = D, with A, B, C' = 0 distinct. Since Aand B
are distinct positive digits, D = A + B canbe anyvaluefrom3upto9, giving 7
possibilities, forexample (4, B,C, D) = (1,2,0,3),(1,3,0,4),...,(2,7,0,9).

Thus, the correct answeris C.



9. Convexquadrilateral ABC'Dhas AB = 3,BC =4,CD = 13,AD = 12,and
LABC = 90°, as shown. What is the area of the quadrilateral?

B A
c&
D

A 30

B 36

c 40

D | 48

E 58.5
Solution:

By the Pythagorean Theoreminright triangle ABC, AC = /32 + 42 = 5.

Since 5% + 122 = 132, the converse of the Pythagorean Theorem shows / DAC =
90°,s0 ADAC isright.

The area of AABC’is% -3 .4 = 6andthe areaof ADACis% +5-12 = 30.The
quadrilateralhasarea6 + 30 = 36.

Thus, the correct answeris B.



10. Danica drove her new car on a trip for a whole number of hours, averaging 55 miles per
hour. At the beginning of the trip, abc miles was displayed on the odometer, where abc
is a 3-digit numberwitha > 1anda + b 4+ ¢ < 7. At the end of the trip, the odometer
showed cba miles. Whatis a® + b2 + ¢2?

A 26
B 27
c 36
D 37
E 41
Solution:

The distance drivenis cba — abc = 99(c — a), a multiple of 9. Driving a whole number
of hours at 55 mph makes it a multiple of 55 too, hence a multiple of 495.

Since the odometer difference is at most a 3-digit numberanda > 1, the distance
mustbe 495,soc — a = 5.

Witha > landa + b + ¢ < 7,theonly choiceisa = 1,¢ = 6,b = 0.Thena? +
b*+c> =140+ 36 =3T7.

Thus, the correct answeris D.



11. Alist of 11 positive integers has amean of 10, a median of 9, and a unigue mode of 8.
What s the largest possible value of anintegerin the list?

A 24
B 30
c 31
D 33
E 35
Solution:

Thelistsumsto 11 - 10 = 110. To maximize one entry, minimize the sum of the other
ten.

Sorted, the sixth number must be 9 (the median), and 8 must appear more often than
any othervalue. Trying 8 three times, the smallest possible ten numbers are

1,1,8,8,8,9,9,10,10, 11,

which sum to 75 and keep 8 the unique mode.
The largest entryisthen110 — 75 = 35.

Thus, the correct answerisE.



12. Aset S consists of triangles whose sides have integer lengths less than 5, and no two
elements of S are congruent or similar. What is the largest number of elements that S

canhave?
A8
B 9
c 10
D 11
E 12
Solution:

Write each triangle by its side lengths in nonincreasing order. Only one equilateral
triangle is allowed (all are similar), and of the similar pair 2, 2, 1 and 4, 4, 2 only one may
appear.

The remaining valid, pairwise non-similar triangles are
443,441, 433, 432,332,331, 322,

sevenin all. Together with one equilateral and one of the similar pair, S has at most 9
elements.

Thus, the correct answeris B.



13. Realnumbersa andbare chosenwith1l < a < bsuchthat no triangle with positive
areahas side lengths 1, a,and bor %, :11, and 1. Whatis the smallest possible value of
b?

3++3

A
2
5
B —_
2
o 3+V5
2
5 3+ 6
2
E 3
Solution:

Since bisthelargest of 1, a, b, no such triangle exists exactlywhenb > a + 1. Since 1

is the largest of Il), %, 1, no such triangle exists exactlywhen1 > % + %,thatisa <

b
b—1°
Both conditions hold withbsmallestwhena + 1 = banda = bTbl meet, givingb —

1= 3,010 —3b+1=0,
3++5

Therootlargerthanlisb = 5

Thus, the correct answeris C.



14. Arectangular box has a total surface area of 94 square inches. The sum of the lengths
of allits edgesis 48 inches. What is the sum of the lengths ininches of all of its interior
diagonals?

A 83

B 10v2
c 163
D 202
E 402

Solution:

Letthe edgesbex,y, z.Thenzy + yz + zx = 47andx + y + 2 = 12. Therefore

2+ + 2= (x+y+2)? — 2y +yz+ 2x) = 144 — 94 = 50.

Each of the 4 interior diagonals has length \/:1:2 +y2+22=+50= 51/2, so their
totallengthis4 - 5v/2 = 20+/2.

Thus, the correct answeris D.



15. Whenp = 22:1 kIn k,the numbere? is aninteger. What is the largest power of 2 that

is afactorof eP?
A 9l
g 9ol
c 916
D 918
£ 920
Solution:

SincekInk = In(k*), the sumgivesp = In (szl kk> , SO
e =1"-22.3%.4%. 5% 6"

The factors of 2 come from 22 (giving 2), 4* = 28 (giving 8), and 6% = 26 . 3 (giving 6).
In total the exponentof 2is2 + 8 + 6 = 16.

Thus, the correct answeris C.



16. Let P be a cubic polynomial with P(0) = k, P(1) = 2k,and P(—1) = 3k.Whatis
P(2) + P(—-2)?

A0

B  k

c 6k

D Tk

E 14k
Solution:

Since P(0) = k,write P(z) = az® + bz? + cx + k.

ThenP(l)=a+b+c+ k =2kand P(—1) = —a + b — c+ k = 3k.Adding
these gives 2b + 2k = 5k, so 2b = 3k.

The odd-power terms cancelinthe sum:
P(2)+ P(—2) = (8a+4b+2c+ k) + (—8a + 4b — 2¢ + k) = 8b + 2k.

Since 8b = 4(2b) = 12k, thisequals 12k + 2k = 14k.

Thus, the correct answerisE.



17. Let P be the parabolawith equationy = z? andlet Q = (20, 14). There arereal
numbers r and s such that the line through @Q with slope m does notintersect P if and
onlyifr < m < s.Whatisr + s?

A 1

B | 26

c | 40

D 52

E 80
Solution:

Theline through Qisy = m(z — 20) + 14. Substitutingintoy = z* gives
2 — mzx + (20m — 14) = 0.

There is nointersection exactly when this has norealroot, i.e. when the discriminant
m? — 4(20m — 14) = m? — 80m + 56 is negative. That happens between the two
roots r and s of m? — 80m + 56 = 0.

By Vieta's formulas, r + s = 80.

Thus, the correct answerisE.



18. Thenumbers 1, 2, 3,4, 5 are to be arrangedin a circle. An arrangementis bad if itis not
true that foreveryn from1to 15 one can find a subset of the numbers that appear
consecutively on the circle that sumto n. Arrangements that differ only by a rotation
orareflection are considered the same. How many different bad arrangements are

there?

A 1

B 2

c 3

D 4

E 5)
Solution:

Any single number covers sums 1 through 5. If a consecutive block sums ton, the
remaining numbers form a consecutive block summing to 15 — n, so sums 10 through
14 are automatically covered as well. Thus an arrangement is bad only if it fails to
produce 6 or 7.

If 6 cannotbe formed, then1 and 5 are not adjacent, and working through the cases
forces the arrangement 14352. If 7 cannot be formed, then 2 and 5 are not adjacent,
forcing 23154.

These are the only two bad arrangements up to rotation and reflection.

Thus, the correct answeris B.



19. Asphereisinscribedin a truncatedright circular cone as shown. The volume of the
truncated cone is twice that of the sphere. What is the ratio of the radius of the bottom
base of the truncated cone to the radius of the top base of the truncated cone?

= N |
+
E

o

D 2
. 3++5
2
Solution:

Let the topradius be 1, the bottomradius 7, and the sphere radius a. The sphere

touches both bases, so the cone's height is 2a, and applying the Pythagorean

Theorem to the side profile gives r = a2.

The frustumvolumeis sm(r* + 7 + 1)(2a). Setting it equal to twice the sphere
4

volume §7ra3 andusingr = a? yields

a*—3a2+1=0,

thatisr® — 3r +1 = 0.

3++5
>

The positiverootisr =



Thus, the correct answerisE.

20. For how many positive integers z islog;,(z — 40) + log,,(60 — z) < 27

A 10

B 18

c 19

D 20

E infinitely many
Solution:

The logarithms are defined onlywhenz — 40 > 0and 60 — x > 0,s040 < z < 60.

Within this range the inequality becomes (x — 40)(60 — x) < 100, which expands to
z? — 100z + 2500 > 0,i.e. (x — 50)? > 0. Thisholds forevery z # 50.

The integers strictly between 40 and 60 except 50 are 41, ...,49andb1,. .., 59,
whichis 18 values.

Thus, the correct answeris B.



21. Inthe figure, ABC D is a square of side length 1. Therectangles JKHG and EBCF
are congruent. Whatis BE'?

C _F H D

G
K
B E J A
A S(VE-2)
1
B —_
4
cC 2—4/3
o | V3
6
V2
E 1_7
Solution:

letx = BE =GH = CFandf = /DHG = /AGJ = /ZFKH,withAD =
GJ = HK = l.Inrighttriangle GDH,xsinf® = DG =1 — cosf,sox =
1—cosf

sin 6



Alongside C'D,
1=CF+FH+ HD = z +sinf + x cos 6.
Substituting for x gives

.2
(1 — cos 0)(1 + cos6) +sing = S0 6
sin 6 sin 6

1=

4+ sin@ = 2sin6.

Hencesinf = %,so@ = 30° and

Thus, the correct answeris C.



22. Inasmall pond there are elevenlily pads in arow labeled 0 through 10. A frog is sitting
onpadl.Whenthefrogisonpad N,0 < N < 10,itwilljumptopad N — 1with

N N
probability 10 andtopad N + 1 with probability 1 — 10 Eachjumpisindependent

of the previous jumps. If the frog reaches pad 0 it will be eaten by a patiently waiting
snake. If the frog reaches pad 10 it will exit the pond, never to return. What is the
probability that the frog will escape being eaten by the snake?

A 32
79

. 161
384
63

C -
146
7

D —_
16
1

E —
2

Solution:

Let p; be the probability of eventually reaching pad 10 starting from pad j. By the

symmetry of the jump rule at the center, p5 = %

Eachinterior pad satisfiesp; = %aj Dj+1 + 1% pj—1,whichgives
Dy = %P3 + %P5, D3 = 13—0172 + %m,
P2 = §p1+ 5P3, D1 = 1pP2.
Substituting downward from p5 = %and solvingyieldsp; = 116"
Thus, the correct answeris C.



23. The number2017is prime.Let.S = 22220 (20134) . Whatis the remainder when S'is
divided by 20177

A 32

B 684

c 1024

D 1576

E 2016
Solution:

Working modulo 2017, the identity n - k! - (2014 — k)! = 2014! together with 2016 -
2015 --- (2015 — k) = (—1)¥(k + 2)!leads to

2 (2014> = (-1)*(k+2)(k+1) (mod 2017),

k
o () = (-1 (57).
Then
s:i(1)k<k;2) _ 1+§; [<2k;2> _ (2k;1)] _ 1—|—§(2k+1).

The remainingsumis3 + 5+ - -+ + 63 = 1023,s05 =1 + 1023 = 1024
(mod 2017).

Thus, the correct answeris C.



24. Let ABC DE be apentagoninscribedinacirclesuchthat AB = CD = 3, BC =
DE = 10,and AE = 14.The sum of the lengths of all diagonals of ABC D FE is equal

m
to —, where m andn are relatively prime positive integers. Whatism + n?
n

A 129
B 247
c 353
D 391
E 421
Solution:

Because arcs AB, C'D are equal and arcs BC, DFE are equal, the chords
AC,BD,CFE areallequal;letx = AC = BD = CE,y = AD,andz = BE.

Ptolemy's theoremon ABCD, BCDE,and ABDEFE gives
10y +9=2% 100+3z=2z2 30+ l4z = yz.
Solving the first two fory and z and substituting into the third yields
z® — 1092 — 420 = 0 = (z — 12)(z + 5)(z + 7).

Sox =12,y = 11—?65 = 237 andz = %.Theﬁve diagonals are

AC,BD,CE,AD, BE,summingto
33:—|—y—|—z=36—|—2—27—|—% = %.

Thusm +n = 385 4+ 6 = 391, and the correct answeris D.



25. Whatis the sum of all positive real solutions x to the equation

2 cos(2z) (cos(2x) ~ cos (2014”2» — cos(4z) — 17

Z

A T
B 8107
c 1008w
D 1080w
E 18007

Solution:

Letz = 2. Dividing by 2 and using 3 (1 — cos(2my)) = sin”(my), the equation

simplifies to
4028
cos(my) cos ( y 7r) = 1.

Both cosines must equal 1 orboth equal —1, so y and 40—;8 are integers of the same

parity. Since 4028 = 2% - 19 - 53is even, both mustbe even, soy = 2awithaa
positive odd divisorof 2014 = 2 - 19 - 53, givinga € {1,19,53,19 - 53}.

Eachsuchagivesz = X = 7a, so the sum of solutionsis
2 )

m(1+ 19+ 53 + 19 - 53) = (19 + 1)(53 + 1) = 1080

Thus, the correct answerisD.
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