2012 AMC 12B Solutions

Typeset by: LIVE by Po-Shen Loh
https://live.poshenloh.com/past-contests/amc12/2012B/solutions

Problems © Mathematical Association of America. Reproduced with permission.

1. Eachthird-grade classroom at Pearl Creek Elementary has 18 students and 2 pet
rabbits. How many more students thanrabbits are there in all 4 of the third-grade
classrooms?

A 48
B 56
cC 64
D | 72
E 80
Solution:

Eachclassroomhas 18 — 2 = 16 more students than rabbits.
Across all4 classrooms thereare4 - 16 = 64 more students thanrabbits.

Thus, the correct answeris C.



2. Acircle of radius bisinscribedin arectangle as shown. The ratio of the length of the
rectangle toitswidthis 2 : 1. Whatis the area of the rectangle?

A 50
B 100
c 125
D 150
E 200
Solution:

The circleisinscribed, so the width of the rectangle equals the diameter, 2 - 5 = 10.
Thelengthisthen2 - 10 = 20, sothe areais 10 - 20 = 200.

Thus, the correct answerisE.



3. Forascience project, Sammy observed a chipmunk and a squirrel stashing acornsin
holes. The chipmunk hid 3 acorns in each of the holes it dug. The squirrel hid 4 acornsin
each of the holes it dug. They each hid the same number of acorns, although the
squirrel needed 4 fewer holes. How many acorns did the chipmunk hide?

A 30
B 36
c 42
D 48
E 54
Solution:

Let h be the number of holes the chipmunk dug. The chipmunk hid 3h acorns and the
squirrelhid4(h — 4) acorns,

Since they hid the same number, 3h = 4(h — 4), which gives h = 16.
The chipmunkhid 3 - 16 = 48 acorns.

Thus, the correct answeris D.



4. Suppose that the eurois worth 1.30 dollars. If Diana has 500 dollars and Etienne has
400 euros, by what percent is the value of Etienne's money greater than the value of
Diana's money?

A 2

B 4

c 6.5

D 8

E 13
Solution:

Etienne's money is worth 400 - 1.30 = 520 dollars, while Diana has 500 dollars.

The percent by which Etienne's value exceeds Diana's is

520 — 500

.100% = 4%.
500 % =4%

Thus, the correct answeris B.



5. Twointegershave asum of 26. When two more integers are added to the first two
integers the sumis 41. Finally when two more integers are added to the sum of the
previous fourintegers the sumis 57. What is the minimum number of evenintegers
among the 6 integers?

A 1

B 2

c 3

D 4

E 5
Solution:

The three successive pairs have sums 26,41 — 26 = 15,and 57 — 41 = 16.

A pair sums to an even numberwhenits two integers share parity, and to an odd
numberwhen exactly one is even. Only the middle pair sums to an odd number, so it
must contain at least one eveninteger.

The othertwo pairs can be all odd, so as few as 1 evenintegeris possible, forexample
1,25,1,14,1,15.

Thus, the correct answeris A.



6. Inordertoestimate the value of x — y where x and y are real numberswithz > y > 0,
Xiaolirounded x up by a small amount, rounded y down by the same amount, and then
subtracted herrounded values. Which of the following statements is necessarily
correct?

A Her estimateislargerthanx — y.
B Her estimateis smallerthanz — y.
C Herestimateequalsx — y.

D Her estimateequalsy — .

E Herestimateis 0.

Solution:
Letd > 0be the smallamount. Xiaolicomputes (z + d) — (y — d) = (z — y) + 2d.
Since 2d > 0, her estimate exceeds the true value x — y.

Thus, the correct answeris A.



7. Smalllights are hung on astring 6 inches apart in the orderred, red, green, green,
green, red, red, green, green, green, and so on continuing this pattern of 2 red lights
followed by 3 green lights. How many feet separate the 3rd red light and the 21st red
light?

Note: 1 footisequalto 12inches.

A 18

B 185

c 20

D 20.5

E 225
Solution:

The lights repeatin blocks of 5, so consecutive blocks startb - 6 = 30inches, or2.5
feet, apart.

Each block has one odd-numberedred light beginningit. The 3rd red light begins the
2nd block and the 21st red light begins the 11th block.

The distance betweenthemis (11 — 2) - 2.5 = 22.5feet.

Thus, the correct answerisE.



8. Adessertchef prepares the dessert for every day of a week starting with Sunday. The
dessert each day is either cake, pie, ice cream, or pudding. The same dessert may not
be served two daysinarow. There must be cake on Friday because of a birthday. How
many different dessert menus for the week are possible?

A 729
B 972
c | 1024
D 2187
E 2304
Solution:

Friday is fixed as cake. Work outward from Friday.

Each of the other six days (Saturday, then Thursday, Wednesday, Tuesday, Monday,
Sunday) can be any dessert except the one served on the neighboring already-
chosen day, giving 3 choices each.

The number of menusis 3¢ = 729.

Thus, the correct answeris A.



9. Ittakes Clea 60 secondstowalk down anescalator whenitis not operating, and only
24 seconds to walk down the escalator whenitis operating. How many seconds does
it take Clea toride down the operating escalator when she just stands oniit?

A 36
B 40
c 42
D 48
E 52
Solution:

Let x be Clea's walking rate and r the escalator's rate, with the length equal to 60x.

Walking on the moving escalator gives 24(z 4 r) = 60z,sor = %CIZ

Standing takes time t withrt = 60z, so %’xt = 60x andt = 40 seconds.

Thus, the correct answeris B.



10. What is the area of the polygon whose vertices are the points of intersection of the
curvesz? + y* = 25and (z — 4)? + 9y? = 817

A 24

B 27

c 36

D 37.5

E 42
Solution:

Fromz? + 3% = 25 we gety? = 25 — x2. Substitutinginto (z — 4)% + 9y? = 81
givesz? +x —20 = 0,soz = 4orz = —5.

The intersection points are (—5, 0), (4, 3),and (4, —3).

The vertical side from (4, 3) to (4, —3) has length 6, and the horizontal distance to
(—5,0)is9,sotheareais§ - 6 - 9 = 27.

Thus, the correct answeris B.



11.

In the equation below, A and B are consecutive positive integers,and A, B,and A +
B represent number bases:

1324 + 435 = 694, 5.

Whatis A + B?
A9
B 11
c 13
D 15
E 17
Solution:

Writing the numeralsout, 1324 = A? + 34 4+ 2,433 = 4B + 3,and694. 5 =
6(A+ B) + 9.

With B = A + 1,the equationbecomes A2 + 34+ 2+ 4(A+1) + 3 = 6(24 +
1) + 9, which simplifiesto (A — 6)(A + 1) = 0. The positive solutionis A = 6, so
B=T.

(Thecase B = A — 1gives A> — 54 — 2 = 0, which has nointeger solution.)
Therefore A + B = 13.

Thus, the correct answeris C.



12. How many sequences of zeros and/or ones of length 20 have all the zeros
consecutive, orallthe ones consecutive, orboth?

A 190
B 192
c 211
D 380
E 382
Solution:

Let A be the sequences inwhich all zeros are consecutive and B those in which all
ones are consecutive.

For A, there is one all-ones sequence, 20 sequences with exactly one zero, and
(220) = 190 sequences with two or more zeros (choose the first and last zero position).
So|A| =1+ 20+ 190 = 211, and by symmetry | B| = 211.

Asequencein A N Bis ablock of zeros followed by a block of ones, or the reverse;
thereare |A N B| = 40 of these.

Therefore |A U B| = 211 + 211 — 40 = 382.

Thus, the correct answerisE.



13. Two parabolas have equationsy = z2 4+ ax + bandy = z2 4 cx + d, wherea, b, c,
and d are integers (not necessarily different), each chosenindependently by rolling a
fair six-sided die. What is the probability that the parabolas have at least one pointin

common?
A 1
2
25
B _
36
5
C —
6
31
D R
36
E 1
Solution:

The parabolas meetwhere 22 + axz +b = 2% + cx + d,i.e.ax + b = cx + d. This
has no solution exactly when the lines are parallel and distinct:a = cand b # d.

The probabilitythata = cis %, and the probability thatb # dis %, so the probability of
no common pointis(—l3 . % = %.

The probability of atleast one common pointis 1 — = = 3.

Thus, the correct answeris D.



14. Bernardo and Silvia play the following game. Aninteger between 0 and 999, inclusive,
is selected and givento Bernardo. Whenever Bernardo receives a number, he doubles
it and passes the result to Silvia. Whenever Silvia receives a number, she adds 50 to it
and passes theresult to Bernardo. The winneris the last person who produces a
numberless than 1000. Let IV be the smallest initial number that results in a win for

Bernardo. What is the sum of the digits of N ?

A 7

B | 8

c 9

D 10

E 11
Solution:

Bernardo wins after around when his doubled number2n + 50 > 1000 but the
previous numbers stayed below 1000. The smallest n with 2n + 50 > 1000is475.

Working backwards, the smallest starting values that lead to a win after two, three, and
fourrounds are the smallestintegers with 2n 4+ 50 > 475, > 213,and > 82, namely

213,82,and 16. No start wins after more than four rounds.
So N = 16,andthe sumofits digitsis1 + 6 = 7.

Thus, the correct answeris A.



15. Jesse cuts a circular paper disk of radius 12 along two radii to form two sectors, the
smaller having a central angle of 120 degrees. He makes two circular cones, using
each sectorto formthe lateral surface of a cone. What is the ratio of the volume of the
smaller cone to that of the larger?

A 1
8
1
B —_
4
. v 10
10
o V5
6
£ v 10
5
Solution:

Each sector forms a cone with slant height 12. The smaller sector's arclengthis ;28 .

21 - 12 = 8, soits baseradius is 4 and its height is v/122 — 42 = 8+/2.

The larger sector (central angle 240°) has arc length 167, base radius 8, and height
V122 — 82 = 4./5.

Theratio of volumes s

;’TF 42 . 8\/_ V10
Ly g 4y5 10

Thus, the correct answeris C.



16. Amy, Beth, and Jolisten to four different songs and discuss which ones they like. No
songisliked by all three. Furthermore, for each of the three pairs of the girls, there is at
least one song liked by those two girls but disliked by the third. In how many different
ways s this possible?

A | 108
B 132
c 671
D 846
E 1105
Solution:

Each songis liked by exactly one of the three pairs, by a single girl, orby no one. Every
pairmust be represented.

Case 1: every songis liked by a pair. One pair gets two of the four songs ((;1) = 6 ways,
and 3 choices for which pair), and the other two pairs get one song each (2 ways). This
gives3 -6 - 2 = 36.

Case 2: three songs go to the three pairs (one each) and the fourth songis liked by a
single girl or no one. Assigning the four songs to these fourroles gives 4! = 24 ways,
and the leftoverrole has 4 options (Amy, Beth, Jo,ornoone): 24 - 4 = 96.

The totalis 36 + 96 = 132.

Thus, the correct answeris B.



17. Square PQRS liesin the first quadrant. Points (3, 0), (5,0), (7,0),and (13, 0) lie on
lines SP, RQ, PQ,and SR, respectively. What is the sum of the coordinates of the
center of the square PQRS?

A 6

B | 6.2

cC 64

D 6.6

E 6.8
Solution:

Let @ be the acute angle line PQ) makes with the x-axis. Sides SR = P() spanthe
segment from (3, 0) to (5,0) as 2 cos 6, while SP = Q R span the segment from
(7,0)t0(13,0) as 6 sin 6.

Since the square has equal sides, 2 cos @ = 6sinf,sotanf = % Thuslines SP, RQ)
have slope 3 andlines SR, PQ) have slope — %

The center lies on the line through (4, 0) with slope 3 and the line through (10, 0) with

1.
slope —3

(z — 10).

Wi

y=3(z —4), y=—
These meetat (4.6, 1.8).

The sum of the coordinatesis4.6 + 1.8 = 6.4.

Thus, the correct answeris C.



18. Let (a1, as, . . ., a19) be alist of the first 10 positive integers such that foreach 2 <
1 < 10eithera; + 1 ora; — 1 orboth appear somewhere before a; in the list. How
many such lists are there?

A 120

B 512

C 1024

D 181,440

E 362,880
Solution:
Oncea; = kisfixed,thenumbersk, k + 1,...,10 mustappearleft torightin
increasing order, and the numbers 1, ...,k — 1 must appear fromright toleftin

increasing order (so each new small number hasits successor already placed).

Foreach k, the list is determined by choosing which of the 9 positions after the first
hold the numbers below k, giving (kﬁl) lists.

Summing,

i( _1)_]29:()_29—512.

Thus, the correct answeris B.



19. Aunit cube hasvertices Py, Py, Ps, Py, P{, Py, Py, and P,. Vertices Py, P5, and Py are
adjacentto Pj,andforl < ¢ < 4, vertices P, and P/ are opposite to each other. A
regular octahedron has one vertexin each of the segments P, Py, P, P3, P, Py, P| P},
P| P;, and P] P;. What s the octahedron's side length?

A 3V2
4
B _7\/6
16
C V5
2
o 2V3
3
e V6
2
Solution:

Place P; atthe origin with edges along the axes, and let each of the three octahedron
vertices near P be a distance t from Py ; by symmetry the three near P} are also a
distance t from P;.

Two vertices sharing Py, suchas (t,0,0) and (0, ¢, 0), are a distance t1/2 apart. A
vertex near P, say (t,0,0), and the appropriate vertex near P/,say (1,1 — ¢, 1), must
be the same distance apart.



20

Setting the two squared side lengths equal and using the cube's unit edgesyieldst =
3v/2

,Ssothe sidelengthis tv/2 = 1

N [9Y]

Thus, the correct answeris A.

. Atrapezoid has side lengths 3,5, 7,and 11. The sum of all the possible areas of the

trapezoid can be writteninthe form of r1,/n{ + ro/n9 4+ r3, wherery,ro,andrs are
rational numbers and n; and ns are positive integers not divisible by the square of a
prime. What is the greatestintegerless than orequal to

r1+ 1y + 73+ 0+ ne?

A BT
B 59
c 61
D 63
E 65
Solution:

For atrapezoid with parallel sidesa < candlegsb, d, translating aleg forms a triangle
with sides b, d, and ¢ — a. The triangle inequality forces the longer parallel side to be
c=11.

If a = 3, the triangle has sides 5, 7, 8 with area 104/3, and the trapezoid has area
32—5\/§ If & = 5, the triangle has sides 3, 6, 7 with area 44/5, giving trapezoid area
%\/5 If a = 7, the triangle has sides 3, 4, 5, aright triangle, giving trapezoid area 27.

Thetotalis?’2—5\/§—|—% 5+27,s0r1 +1p+7r3+ny+ng=30432 42743+
5 =63+ ;.

The greatestinteger at most this value is 63.

Thus, the correct answeris D.



21. Square AXY Z isinscribed in equiangular hexagon ABC DEF with X on BC,Y on
DE,and Z on EF. Suppose that AB = 40 and EF = 41(y/3 — 1). Whatis the
side-length of the square?

A 2943

21 41
B ?\/54- ?\/g

c  20V/3+16

D 20v2+13vV3

E 216
Solution:

Extend EF' and CB to aline through A perpendicular to both, meeting them at H and
J.Since ZABJ = 60°,we have BJ = 20and AJ = 204/3. Withu = BX, the
Pythagoreantheoremgives s = (20 4 u)? + (20v/3)2.

The equiangular angles make the four corner triangles congruent, and chasing the
equal segments along EF'yields

20 +u
\/3 ?

u+20V3=41(v/3-1) +

sou = 213 — 20.

Since 20 + u = 214/3,we get s> = (214/3)? + (204/3)? = 3(441 + 400) = 3 -
292 giving s = 29+/3.



Thus, the correct answeris A.



22. Abugtravels from A to B along the segments in the hexagonal lattice pictured below.
The segments marked with an arrow can be traveled only in the direction of the arrow,
and the bug never travels the same segment more than once. How many different

paths are there?
A B
A 2112
B 2304
C 2368
D 2384
E 2400
Solution:

Label the seven columns of forward (rightward) segments; a path with no back
segment simply chooses one forward segment in each column. The numbers of
choicesare 2,2, 4,4,4,2,2,giving 2!% paths.

Let s1, S2, s3 be the three left-pointing back segments (in columns 2, 4, 6). Analyzing
which columns become forced once aback segment s traversed gives 28 paths for
eachof {s1} and {s3},2% for{sy, s3},2% for{ss}, 27 foreach of {51, s} and

{82, 83}, and 25 fOF{Sl, S9, 83}.

Adding,
210 1 9. 98 4 96 4 99 1 9.97 1 25 — 2400.

Thus, the correct answerisE.



23. Consider all polynomials of acomplexvariable, P(z) = 42* + az® + b2% + cz + d,
wherea, b, c,andd areintegers,0 < d < ¢ < b < a < 4, andthe polynomialhas a
zero zg with |zg| = 1. What is the sum of all values P (1) over all the polynomials with
these properties?

A &4
B 92
C 100
D 108
E 120
Solution:

Because | 29| = 1, applying the triangle inequality to the identity 425 — (2o —
1)P(20) = 25(4 — a) + 23(a — b) + 22(b — ¢) + 2zo(c — d) + dforces equality
throughout, so all but one of the coefficient differences vanish.

Working through the cases (including zp = —1 and 2y = -y a primitive cube root of
unity), the polynomials are exactly 4z* + 423 4+ 422 + 4z + 4,42* + 42° + 422, and
4z + 423 + b2% + bzfor0 < b < 4.

Theirvalues at 1 are 20,12, and 8 + 2b; summing gives 20 4+ 12 + 3", (8 + 2b) =
32 + 40 + 20 = 92.

Thus, the correct answeris B.



24. Define the function f; onthe positive integers by setting f1(1) = landifn =
pI'p5 - - - pitis the prime factorization of n > 1, then

filn) = (o1 + D Hpa + 1) - (o + 1)

Foreverym > 2/let fi,(n) = fi(fm—1(n)).Forhowmany N intherangel < N <
400is the sequence (f1(IN), f2(IV), f3(IN), ...) unbounded? Note: a sequence of
positive numbersis unbounded if for every integer B, there is a member of the
sequence greaterthan B.

A 15
B 16
c 17
D 18
E 19
Solution:

If N1 | Nythen f1(IV1) | f1(IV2),soif Sy, isunbounded sois Sy, . Call N essential if it
is unbounded but no proper divisoris. An essential N must have all exponents at least
2,and (p; - - - pr)? < 400 forces at most two primes.

Checking prime powers and prime pairs, the essential values are 2° = 32, 3% = 81,
73 = 343,and 2% - 5% = 400.

Their multiples up to 400 number |400/32] = 12, |400/81] = 4, |400/343] =1,
and [400/400] = 1,withno overlaps,foratotalof12+4 +1+ 1 = 18.

Thus, the correct answerisD.



25. LletS ={(z,y) : ¢ €{0,1,2,3,4},y € {0,1,2,3,4,5},and (z,y) # (0,0)}. Let
T be the set of all right triangles whose vertices are in S. For every right triangle t =
ANABC withvertices A, B, and C in counter-clockwise order and right angle at A, let
f(t) = tan(LCBA). Whatis

[T7®)?

teT

A 1
625
B -
144
125
C I
24
D 6
625
E -
24
Solution:

Isosceles right triangles contribute f(t) = 1. Fora scaleneright triangle, reflecting
across a suitable line pairs it with a triangle ¢ so that f(¢) f(t1) =
tan(£ZCBA) tan(£LACB) = 1.

Successive reflections (acrossx = 2,thenz = y,theny = g) reduce the product to
the reciprocal of the product overjust six triangles of the form OY Z with Y on the top
row.

Those six give

1 2 3 4 3v2 4/2 1 144

5 5 5 5 /2 2 2 625
, o _ 625
sotherequired productisitsreciprocal, 144

Thus, the correct answeris B.
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