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1. Whatis
24+4+6 1+3+ 5?
1+34+5 2+4+6
A -1
5
B PR
36
c 7
12
147
D -
60
43
E R
3
Solution:
_ 12
Thesumsare2 +4+ 6 = 12and1 + 3 + 5 = 9, so the expression equals 9
9 B 4 3
12 3 4
Overacommon denominator thisis
16 9 B 7
12 12 12°

Thus, the correct answeris C.



2. Josanna'stestscoresto date are 90, 80, 70,60, and 85. Her goal is to raise her test
average atleast 3 points with her next test. What is the minimum test score she would
need to accomplish this goal?

A 80
B 82
c 85
D 90
E 95
Solution:

The five scores sumto 90 + 80 + 70 + 60 + 85 = 385, giving an average of 77.The
goalis anew average of at least 80.

Six tests averaging 80 must total 6 - 80 = 480, so the sixth score must be at least
480 — 385 = 95.

Thus, the correct answerisE.



3. LeRoyandBernardo went onaweek-long trip togetherand agreed to share the costs
equally. Over the week, each of them paid for various joint expenses such as gasoline
and carrental. At the end of the trip it turned out that LeRoy had paid A dollars and
Bernardo had paid B dollars, where A < B.How many dollars must LeRoy give to
Bernardo so that they share the costs equally?

A A+ B
2
A—B

B
2
B—A

C
2

D B-A

E A+ B

Solution:

A+ B

The total costis A + B, so each person's fair share is

LeRoy paid A, whichis less than his share, so he must give Bernardo

A+ B B-A
5 — A= 5

Thus, the correct answeris C.



4. Inmultiplying two positive integers a and b, Ron reversed the digits of the two-digit
number a. His erroneous product was 161. What is the correct value of the product of
aandb?

A 116
B 161
C 204
D 214
E 224
Solution:

Since 161 = 7 - 23, the only two-digit factoris 23. This must be the reversed value of
a,sothetruevalue of ais 32,andb = 7.

The correct productis
327 =224,

Thus, the correct answerisE.



5. Let N bethe second smallest positive integer that is divisible by every positive integer
less than 7. What is the sum of the digits of N'?

A 3

B 4

cC 5

D 6

E 9
Solution:

Anumber divisible by every integer from 1 to 6 must be a multiple of
lem(1,2,3,4,5,6) = 60.

The second smallest positive multiple of 60 is 120, whose digit sumis1 + 2 + 0 = 3.

Thus, the correct answeris A.



6. Two tangentsto acircle are drawn from a point A. The points of contact B and C'

divide the circle into arcs withlengthsintheratio 2 : 3. Whatis the degree measure of
ZBAC?

A 24
B | 30
c 36
D | 48
E 60
Solution:

Let O be the center. The arcs measure 2z and 3x with 2x + 3x = 360°,sox = 72°
and the minor arc BC gives centralangle ZBOC = 144°.

The radiito B and C' are perpendicular to the tangents, so ZABO = ZACO = 90°.
In quadrilateral ABOC,

/BAC = 360° — 144° — 90° — 90° = 36°.

Thus, the correct answeris C.



7. Letx andybe two-digit positive integers with mean 60. What is the maximum value of

the ratio =7
Y
A3
33
B J—
7
39
C J—
7
D 9
99
E JR—
10
Solution:
. T+ ..z
Since = 60, we have £ 4 y = 120. To maximize — we make y small.

Because x < 99, it followsthaty = 120 — & > 21.Takingx = 99andy = 21 gives
the maximum

99 33

21 7

Thus, the correct answeris B.



8. Keikowalksonce around atrack at exactly the same constant speed every day. The
sides of the track are straight, and the ends are semicircles. The track has width 6
meters, and it takes her 36 seconds longer to walk around the outside edge of the
track than around the inside edge. What is Keiko's speed in meters per second?

g

m
A3
2
B —_
3
C ™
47
D —_
3
5
E —_
3
Solution:

The straight sides are the same length for both paths, so the differenceinlength
comes only from the two semicircular ends. If the innerradiusis r, those ends
combineinto afull circle, and the extralengthis

2m(r +6) — 27r = 127.

s
If her speed is x meters per second, then the extra time gives 36x = 127, sox = 3

Thus, the correct answeris A.



9. Tworeal numbers are selected independently at random from the interval [—20, 10].
What s the probability that the product of those numbers is greater than zero?

1
A —_
9
1
B —_
3
4
C _
9
5
D —_
9
2
E —_
3
Solution:

The interval has length 30, with 20 of it negative and 10 of it positive. So each numberis

1 2
positive with probability 3 and negative with probability 3

The productis positive when both are positive or both are negative:

(5)+ () =5+

Thus, the correct answeris D.

5
-

O =



10. Rectangle ABC'D has AB = 6and BC' = 3. Point M is chosen on side A B so that
LAMD = ZCM D.Whatis the degree measure of ZAM D?

A | 15
B | 30
c 45
D 60
E 75
Solution:

Because AB || CD,wehave ZCDM = ZAMD.Combinedwith ZAMD =
ZCM D, thisgives ZCDM = ZCMD,so ACM D isisosceleswithCM =
CD = 6.

Then AMBC isright-angled at B with hypotenuse CM = 6andleg BC = 3,soitis
a 30-60-90° triangle with ZBMC = 30°.

Finally, ZAMD + Z/CMD + ZBMC = 180°,s02/ZAMD + 30° = 180°, giving
LAMD = 75°.

Thus, the correct answerisE.



1. Afroglocatedat (x,y),withbothx andy integers, makes successive jumps of length
5 and always lands on points withinteger coordinates. Suppose that the frog starts at
(0,0) andends at (1, 0). What is the smallest possible number of jumps the frog

makes?

A 2

B 3

c 4

D b5

E 6
Solution:

One jump cannot work, since (0,0) and (1, 0) are only 1 apart. Two jumps also fail: the
intermediate point would be at distance 5 from both, forcing it onto the perpendicular

1
bisectorxz = 2 which contains no lattice points.
Three jumps suffice, for example
(0,0) — (3,4) — (6,0) — (1,0),

where each step has length 5.

Thus, the correct answeris B.



12. Adartboardis aregularoctagondividedinto regions as shown. Suppose that adart
thrown at the board is equally likely to land anywhere on the board. What is the
probability that the dart lands within the center square?

A
2
1
B —_
4
C 2- 2
2
b V2
4

Solution:

Assume the octagon has edge length 1. The four corner triangles are right isosceles

2 1 2 2
withlegs B and area 1 each. The fourrectangles are 1 by o with area B each,

and the centersquare hasareal.

The total areais

1 2
4-Z+4-§+1=2+2fz.



13.

The probability of hitting the center square is

1 V21
2 +24/2 2

Thus, the correct answeris A.

Brian writes down fourintegersw > & > y > z whose sumis 44. The pairwise
positive differences of these numbersare 1, 3, 4, 5, 6, and 9. What is the sum of the
possible values forw?

A 16
B 31
c 48
D 62
E 93
Solution:

The largest differenceisw — z = 9. Writing9 = (w — z) + (z — z) style splits, the
interior differences pairas 3 + 6 and4 + 5, which forces the smallest difference ¢ —
y=1.

The second largest difference 6is eitherw — yorx — 2. Ifw — y = 6,the numbers
are{w,w — 5, w — 6,w — 9},s04w — 20 = 44andw = 16.Ifx — z = 6, the
numbers are {w,w — 3,w — 4, w — 9},s04w — 16 = 44andw = 15.

The possible values are 16 and 15, which sumto 31.

Thus, the correct answeris B.



14. Asegment through the focus F' of a parabola with vertex V' is perpendicularto F'V
and intersects the parabolain points A and B. Whatis cos(£LAV B)?

A 3V5
7
s | _2V5
5
4
C -
5
3
D - —
5
1
E S
2
Solution:

Letp = F'V andlet the directrix be £. Projecting F' and B onto £, the focus-directrix
property gives F'B = 2p (the distance from B to £), and by the Pythagorean Theorem

VB =+/FV2+ FB? = /p? + 4p = V5.

F 1
Thencos(/FVB) = =¥ = P _ 1 e avB=2/FVB,
VB 5p /5
1
cos(LAVB) = 2cos*(LFVB) —1=2- E 1= —g.

Thus, the correct answeris D.



15. How many positive two-digitintegers are factors of 224 _ 1?7

A 4

B 8

c 10

D 12

E 14
Solution:
Factoring,

24 _1=022 -2 +1) =2 - D+ 12" +1)(2° - 2* + 1),

whichequals63 - 65-17-241 =3%2-5-7-13-17 - 241.

Since 241 is a three-digit prime, the two-digit factors come from32 - 5. 7 - 13 - 17.
They are

13,15,17,21, 35, 39, 45, 51, 63, 65, 85, 91,

foratotal of 12.

Thus, the correct answeris D.



16. Rhombus ABC' D has side length 2 and ZB = 120°. Region R consists of all points
inside the rhombus that are closer to vertex B than any of the other three vertices.
Whatis the area of R?

A V3
3
s V3
2
C _2\/§
3
3
D 14 Y°
+ 3
E 2
Solution:

Let E¥ and H be the midpoints of AB and BC'. The perpendicular bisector of AB

through E meets diagonal AC at F', and the perpendicular bisector of BC' through H

meets AC at G. Theregion Ris the pentagon BEFGH.

1 1 3
Triangle AFFE is a 30-60-90° triangle with AE = 1,soitsareais 3 l1-— = £

J3 6

Triangles BFE and BG H are congruent toit,and A FBG is equilateral, splitting into
two more copies.

V3 _ 23

Hence R consists of four congruent triangles, giving area 4 - 3 3

Thus, the correct answeris C.



T
7. Let f(@) = 10, 9(x) = logyy (15 ) 111 (2) = g(£(2)), and hu(@) = ha (o1 (2))
forintegersm > 2. What is the sum of the digits of h2o11(1)?

A 16,081
B 16,089
c 18,089
D 18,098
E 18,099

Solution:

First,

1010m
10

hi(z) = logm( ) = log;((10'%*) = 10z — 1.

lterating, h,,(z) = 10"z — (1 + 10 + - - - + 10"~ 1). Therefore h,,(1) is an n-digit
integer whose units digitis 9 and all of whose other digits are 8.

Forn = 2011, the digit sumis
8-2010 + 9 = 16,089.

Thus, the correct answeris B.



18. A pyramid has a square base with sides of length 1 and has lateral faces that are
equilateral triangles. A cube is placed within the pyramid so that one face is on the
base of the pyramid and its opposite face has allits edges on the lateral faces of the
pyramid. What is the volume of this cube?

A 527
B T7—4v3
2v/2

c 2V
27
o V2
9
e | V3
9
Solution:

Let the apex be A and the base be square BCDE.Then AB = AD = 1land BD =
V2,50 ABAD is anisosceles right triangle.

Let the cube have edge length . Its intersection with the plane of ABAD s a
rectangle of height £ and width /2 x, whose top corners lie on AB and AD. Because
thelegs AB and AD meet the base at 45°, each portion of BD outside the rectangle
haslengthzx, so

V2 =BD =2z + 2z,

V2

2+x/§:ﬂ_1'

whichreducestox =

Thevolumeis
(V2 -1 =5v2—7.

Thus, the correct answeris A.



19. Alattice pointin an zy-coordinate systemis any point (z, y) where both z and y are
integers. The graph of y = ma + 2 passes through no lattice point with0 < z < 100

1
forallm such that 2 < m < a.Whatis the maximum possible value of a?

591
A -
101

50

B —_

99

51
C -
100

52
D —_
101

13

E —_

25
Solution:

For0 < x < 100, the nearest lattice point above theliney = %:c + 2is (m, %w + 3) if
zisevenand (w, %w + g) if xis odd.
o1 1 1 1
The slope from (0, 2) to that point is 2 + — forevenz and 3 + % forodd . The
T x
minimum such slope is — foreven x and — forodd x.
100 99

, 50 51 _ , , , 1 50
Since — < ——, theline avoids all these lattice points exactlywhen - < m < —,
99 100 2 99

50
99°
Thus, the correct answeris B.

sothe maximumisa =



20. Triangle ABC'has AB = 13, BC' = 14,and AC = 15.The points D, E/,and F are
the midpoints of AB, BC,and AC respectively. Let X # FE be theintersection of
the circumcirclesof ABDFE and ACEF.Whatis XA + XB + XC?

A 24
B | 144/3
195
C -
8
5 1294/7
14
c 69+/2
4
Solution:

Since DE || AC and EF || AB,weget/BDE = /BAC = ZEFC.Bythe
Inscribed Angle Theorem, /BXFE = /BDFE and /EXC = /EFC,so /BXE =
/EXC.With BE = EC, thisforces XB = XC.

Also /BXC = 2/BAC, sobytheInscribed Angle Theorem X is the circumcenter
of AABC.Hence XA = XB = XC = R.

The area of the 13-14-15 triangle is 84 by Heron's formula, so
13-14-15 @
4-84 8’

195
and XA+ XB+ XC =3R = 3

R =

Thus, the correct answeris C.



21. The arithmetic mean of two distinct positive integers « and y is a two-digitinteger. The
geometric mean of x and y is obtained by reversing the digits of the arithmetic mean.
Whatis | — y|?

A 24
B 48
c 54
D 66
E 70
Solution:

Let the arithmetic mean be 10a + band the geometric meanbe 10b + a.Thenx +
y = 2(10a + b) andzy = (10b + a)?.

Therefore

(x —y)* = (z +y)* — 4oy = 396(a® — b*) = 11-6°- (a + b)(a — b).
Thisis a perfect square exactlywhena + b = 11 anda — bis a perfect square. Among
digit solutions, onlya — b = 1 works, giving (a, b) = (6, 5).
Then (z — y)? = 11- 6% - 11 = 662,s0 |z — y| = 66. (Indeed {z,y} = {32, 98}.)

Thus, the correct answeris D.



22. LetT) be atriangle with sides 2011, 2012, and 2013. Forn > 1,ifT,, = AABC and
D, E,and F are the points of tangency of the incircle of A ABC'to the sides AB,
BC,and AC, respectively, thenT,, ;1 is a triangle with side lengths AD, BE, and
CF,if it exists. What is the perimeter of the last triangle in the sequence (T3,)?

1509
A -
8
1509
B -
32
c 1509
64
5 1509
128
1509
256
Solution:

Foratriangle with sides a, b, ¢, the tangentlengths are AD = %(b +c—a),BE =
s(a+c—1b),andCF = 1(a+b—c).If T, hassides (y — 1,y,y + 1),then Ty,
hassides (4 —1,%,%+1).

Starting from 77 with middle side 2012, the middle side halves each step and the
perimeterof T, 1 is % the perimeter of T},. Atriangle of this form exists only while its
middle side exceeds 2.

, _ - 2012
The middle side of T}, is

T This firstdropsto 2 orbelowatn = 11, so the last valid

triangle is T, whose middle side is and whose perimeteris

29

5 2012 6036 1509
29 512 128 °

Thus, the correct answeris D.



23. Abugtravelsin the coordinate plane, moving only along the lines that are parallel to
the x-axis ory-axis. Let A = (—3,2) and B = (3, —2). Consider all possible paths of
the bug from A to B of length at most 20. How many points with integer coordinates
lie on at least one of these paths?

A 161
B 185
c 195
D 227
E 255
Solution:

Alattice point X = (z, y) lies on some path exactly when
d=|z—3|+|z+ 3|+ |y — 2|+ |y + 2| < 20.

This expressionisunchangedwhenx — —x ory — —vy, sowe count points with
x > 0,y > 0, multiply by 4, and correct for the axes.

Splittinginto the fourregions determined by whetherz < 3andy < 2gives12 +
20 + 15 4+ 10 = 57 pointsin the first quadrant (including axis points). By symmetry
the totalis

4.57—-2-15—-3=195.

Thus, the correct answeris C.



24. Let P(z) = 28 + (4v/3 + 6)2* — (44/3 + 7). What s the minimum perimeter among
all the 8-sided polygons in the complex plane whose vertices are precisely the zeros
of P(z)?

A 4V3+4

B 82

C  3v2+3/6

D 4v2+443

E | 4v3+6
Solution:

|
Factoringin 2%,

P(z) = (2" —1)(z" + (4V3 + 7).

The first factor gives the roots 1, —1, i, —i. Since 4v/3 + 7 = (\/g +2)%and
2(v3+2) = (v3+ 1), writingw = 3(+/3 + 1) the other fourroots are w(+1 +
The eight roots are symmetric about the origin with 4-fold symmetry, and every
segmentjoining two of them has length at least v/2.Thus any such polygon has
perimeter atleast 84/2, and the polygon with vertices 1, w(1 + 7), i, w(—1 +
i),—1,w(—1—1), —i,w(1l — i) achievesit.

Thus, the correct answeris B.



. : m , m
25. For every m and k integers with k odd, denote by {?} the integer closest to - For
every oddinteger k, let P(k) be the probability that

[Q} n 100 —n| (100

k k |k

foranintegernrandomly chosen fromtheinterval 1 < n < 99!. What is the minimum
possible value of P(k) over the oddintegers kintheinterval1 < k < 997

1
A —
2
3 50
99
c 44
87
34
D P
67
7
E N
13
Solution:
n + mk n , . :
Because 2 = [E} + m,whethern satisfies the identity depends only on

n mod k. Since k | 99!forl < k < 99, every residue classis equally likely.

kE—1
Write 100 = gk + 7 with [r| < T.Analyzing the carryin [ (100 — n)/k ] shows
the identity holds precisely for the residuesin aninterval of the appropriate length,
giving
7|

P(k) =1- 0.

k-1
To minimize P (k) we maximize %.Taking r= gives 201 = k(2q + 1),and the

largest odd k < 99 dividing201 = 3 - 67isk = 67.Then



1 34

1
P(67)_§+2-67_ﬁ’

whichis smaller than the values from all other cases.

Thus, the correct answeris D.
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