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1. Isabella'shouse has 3 bedrooms. Eachbedroomis 12 feetlong, 10 feet wide, and 8
feet high. Isabella must paint the walls of all the bedrooms. Doorways and windows,
which will not be painted, occupy 60 square feet in each bedroom. How many square
feet of walls must be painted?

A | 678
B 768
c 786
D | 867
E 876
Solution:

The perimeter of each bedroom flooris 2(12 + 10) = 44 feet.

Sothewallareainone bedroomis44 - 8 — 60 = 352 — 60 = 292 square feet. Across
allthree bedrooms, Isabella paints 3 - 292 = 876 square feet.

Thus, the correct answerisE.



2. Acollege student drove his compact car 120 miles home for the weekend and
averaged 30 miles per gallon. On the return trip the student drove his parents' SUV and
averaged only 20 miles per gallon. What was the average gas mileage, in miles per
gallon, forthe round trip?

A | 22
B 24
c 25
D 26
E 28
Solution:

The trip home uses 120/30 = 4 gallons, and the return trip uses 120/20 = 6 gallons.

The round trip covers 240 miles on 10 gallons, so the averageis

240

0 - 24 miles per gallon.

Thus, the correct answeris B.



3. Thepoint Oisthe center of the circle circumscribed about AABC, with /. BOC' =
120° and ZAOB = 140°, as shown. What is the degree measure of ZABC?

B

A 35
B 40
c 45
D 50
E 60
Solution:

The angles around O sum to 360°, so
/ZAOC = 360° — 140° — 120° = 100°.

By the inscribed angle theorem, Z A BC' subtends the same arc AC as the central
angle ZAOC, so

/ABC = 1/40C = 50°.

Thus, the correct answeris D.



4. AtFrank's Fruit Market, 3 bananas cost as much as 2 apples, and 6 apples cost as much
as 4 oranges. How many oranges cost as much as 18 bananas?

A 6

B 8

c 9

D | 12

E 18
Solution:

Since 3 bananas cost as much as 2 apples, 18 bananas cost asmuch as 12 apples.

Since 6 apples costas much as 4 oranges, 12 apples cost as much as 8 oranges.
Therefore 18 bananas cost as much as 8 oranges.

Thus, the correct answeris B.



5. The2007 AMC 12 contests will be scored by awarding 6 points foreach correct
response, 0 points for eachincorrect response, and 1.5 points for each problem left
unanswered. After looking over the 25 problems, Sarah has decided to attempt the
first 22 and leave the last 3 unanswered. How many of the first 22 problems must she
solve correctly in order to score at least 100 points?

A 13
B 14
c 15
D 16
E 17
Solution:

The three unanswered problems give 3 - 1.5 = 4.5 points.

So Sarahneeds atleast 100 — 4.5 = 95.5 points from correct answers. Since

95.5
15 < == < 16,

she must solve at least 16 problems correctly, whichwould give her16 - 6 + 4.5 =
100.5 points.

Thus, the correct answeris D.



6. Triangle ABC hassidelengths AB = 5, BC = 6,and AC' = 7.Two bugs start
simultaneously from A and crawl along the sides of the triangle in opposite directions
at the same speed. They meet at point D. Whatis BD?

A 1

B 2

c 3

D 4

E 5
Solution:

The perimeterisb + 6 + 7 = 18, so each bug crawls 9 before they meet.

The buggoing A — B — C'reaches D onside BC, havingtraveled AB + BD = 9.
Since AB = 5,weget BD = 4.

Thus, the correct answeris D.



7. Allsides of the convex pentagon ABC DFE are of equallength,and ZA = /B =
90°. What is the degree measure of ZE?

A 90
B | 108
C 120
D 144
E 150
Solution:

Because AB = BC = EAand ZA = /B = 90°, quadrilateral ABCFE is a square,
so ZAEC = 90° and EC equals the common side length.

ThenCD = DE = EC,so ACDFE isequilateraland ZCED = 60°. Therefore
/E=/AEC + ZCED = 90° + 60° = 150°.

Thus, the correct answerisE.



8. Tom'sageisT years, whichis also the sum of the ages of his three children. Hisage N
years ago was twice the sum of their ages then. Whatis T /N ?

A 2

B | 3

c 4

D 5

E ©
Solution:

Tom'sage N yearsagowasT — N. His three children were each IV years younger, so
theirages thentotaledT' — 31V.

The condition gives
T - N=2(T-3N),

sobN =TandT /N =5.

Thus, the correct answeris D.



9. Afunction f has the property that f(3z — 1) = 22 + z + 1 forallreal numbers z.
Whatis f(5)?

A 7
B 13
C 31
D 111
E 211
Solution:

Setting3x — 1 = 5givesx = 2.
Then

f(5)=22+2+1=7.

Thus, the correct answeris A.



10. Some boys and girls are having a car wash to raise money for a class trip to China.
Initially 40% of the group are girls. Shortly thereafter two girls leave and two boys
arrive, and then 30% of the group are girls. How many girls were initially in the group?

A 4

B 6

c 38

D 10

E 12
Solution:

Since two girls leave while two boys arrive, the total group size is unchanged. The drop
from 40% to 30% girls corresponds to the two girls who left.

So those two girls are 10% of the group, meaning the group has 20 people. The initial
number of girls was 40% of 20, or 8.

Thus, the correct answeris C.



1. The angles of quadrilateral ABC D satisfy /A = 2/B = 3ZC = 4/D.Whatis the
degree measure of Z A, rounded to the nearest whole number?

A 125
B 144
c 153
D 173
E 180
Solution:

letz = LA.Then/B = 2,/C = §,and ZD = %.
The angle sum gives

T T T 25x
— 4+ -+ - = — =360,
Tttt I T 1
12 - 360
25

Thus, the correct answeris D.

soxr = =172.8 ~ 173.



12. Ateacher gave atest to aclassin which 10% of the students are juniors and 90% are
seniors. The average score on the test was 84. The juniors all received the same score,
and the average score of the seniors was 83. What score did each of the juniors
receive on the test?

A 85
B 88
c 93
D 94
E 98
Solution:

Take a class of 10 students, so thereis 1 juniorand 9 seniors.

The total of all scoresis 10 - 84 = 840, and the seniors contribute 9 - 83 = 747. So
the junior scored

840 — 747 = 93.

Thus, the correct answeris C.



13. Atraffic light runs repeatedly through the following cycle: green for 30 seconds, then
yellow for 3 seconds, and thenred for 30 seconds. Leah picks arandom three-second
time interval to watch the light. What is the probability that the color changes while she

is watching?
A 1
63
1
B P
21
1
C R
10
1
D —
7
1
E —
3
Solution:

The cyclelengthis 30 + 3 + 30 = 63 seconds, with three color changes percycle.

Leah sees a change exactly when her three-second interval starts within the 3 seconds
before a switch. That gives 3 - 3 = 9 favorable seconds out of 63, a probability of

9 1

63 7

Thus, the correct answeris D.



14. Point Pisinside equilateral AABC. Points Q, R, and S are the feet of the
perpendiculars from Pto AB, BC,and C A, respectively. Giventhat PQQ = 1, PR =
2,and PS = 3,whatis AB?

A 4

B 33

cC 6

D 443

E 9
Solution:

Lets = AB. Joining P to the vertices splits the triangle into APAB, APBC', and
APCA,withareas 3, s,and 3—2‘9

Their totalis 3s, which must equal the area \/T§sz of the equilateral triangle. So
3
35 = %32,
12
givings = — = 4+/3.

V3

Thus, the correct answeris D.



15. The geometric series a + ar + ar? + - - - has a sum of 7, and the terms involving odd
powers of r have asum of 3. Whatisa + r?

A 4
3
12
B J—
7
3
C —
2
7
D —
3
)
E —
2
Solution:
The odd-powertermsarear + ar + - -+ = r(a + ar? + - - - ), thatis, r times the

even-power terms. The even-powertermssumto 7 — 3 = 4.

So3 = 4r,givingr = 3.Thena = 7(1 —r) = %,and

Thus, the correct answerisE.



16. Each face of aregular tetrahedronis painted eitherred, white, or blue. Two colorings
are considered indistinguishable if two congruent tetrahedra with those colorings can
be rotated so that theirappearances are identical. How many distinguishable
colorings are possible?

A 15
B 18
c 27
D &4
E 81
Solution:

The rotation group of the tetrahedron has 12 elements: the identity, 8 rotations of
order 3 about a vertex-face axis, and 3 rotations of order 2 about an edge-midpoint
axis.

The identity fixes all 3* = 81 colorings. Each vertex rotation fixes one face and cycles
the otherthree, so it fixes 32 = 9 colorings; likewise each edge rotation swaps two
pairs of faces and fixes 3% = 9.

By Burnside's lemma the number of distinguishable colorings is

81+8-9+3-9 180

= 15.
12 12 >

Thus, the correct answeris A.



17. If ais anonzerointeger and bis a positive number such that ab? = log;, b, what is the
median of theset{0,1,a,b,1/b}?

A0
B 1
C a
D b
1
E —
b
Solution:
b . ].Oglo b
Because b < 10°forallb > 0, it follows thatlog;y b < b.1fb > 1,then(0 < B2 <

1,soa couldnot be anonzerointeger.

| b 1
9810° 0 Thusa <0 <b<1< -,

HenceO < b < 1,s0log;, b < 0anda = B2 b

and the middle value of the sorted setis b.

Thus, the correct answeris D.



18. Leta, b, and cbe digits with a #~ 0. The three-digit integer% lies one third of the way
from the square of a positive integer to the square of the next largerinteger. The
integer acb lies two thirds of the way between the same two squares. Whatisa + b +

c?
A 10
B 13
c 16
D 18
E 21
Solution:

Let the smaller square be N2, so the largeris (N + 1)?andthe gapis 2N + 1.Then

— 2N +1 — 2(2N +1
abc = N? + + , acb=N2+g.
3 3
- 2N +1
Subtracting, acb — abc = 9(c — b) = 3+ ,5027(c—b) =2N 4+ 1.Ifc—b=0

or2,then Nisnotaninteger;ifc — b > 3,then N > 40 and the numbers are not three
digits.

Soc — b =1, giving N = 13.The points one third and two thirds of the way from

132 = 169t0 142 = 196 are 178and 187,s0a + b+c =1+ 7+ 8 = 16.

Thus, the correct answeris C.



19. Rhombus ABC D, with side length 6, is rolled to form a cylinder of volume 6 by taping
ABto DC.Whatissin(/ABC)?

T
A
1
B —
2
T
C J—
6
™
° 1
V3
E -
2
Solution:
, . , .. 6 3
Letd = LABC.The base circle has circumference 6, soitsradiusis — = —.The
T 0w

height of the cylinderis the rhombus altitude 6 sin 6.
The volumeis

3\ 54
T (—) (6sinf) = — sinf = 6,

T U

) T
sosinf = —.
9

Thus, the correct answeris A.



20. The parallelogram bounded by the linesy = ax + ¢,y = ax + d,y = bx + ¢, and
y = bz + dhasarea 18. The parallelogram bounded by thelinesy = ax + ¢,y =
ar — d,y = bx + c,andy = bx — dhasarea 72. Giventhata, b, c,and d are positive
integers, what is the smallest possible valueofa + b + ¢ + d?

A 13
B 14
C 15
D 16
E 17
Solution:
Two vertices of the first parallelogramlie at (0, ¢) and (0, d), and the other two have x
c—d
-coordinates + 5 .lts areaworks out to (\b )| = 18. The same computation
—a —a
(c+ d)?

forthe second gives = T2.

|b— al
So(c—d)? = 18|b — aland (c + d)? = 72|b — al. Subtracting, 4cd = 54|b — a,
i.e.2cd = 27|b — al.

Thus |b — a|iseven,soa + bis smallest with {a, b} = {1, 3}; and cdis amultiple of
27,s0c + dissmallestwith {c,d} = {3, 9}. These satisfy all conditions, givinga +
b+c+d=1+3+3+9=16.

Thus, the correct answeris D.



21. The first 2007 positive integers are each writtenin base 3. How many of these base-3
representations are palindromes? (A palindrome is a number that reads the same
forward and backward.)

A 100
B 101
c 102
D 103
E 104
Solution:

A palindrome is fixed by its first half. Counting base-3 palindromes by length gives 2 of
length1or2,6oflength3 or4, 18 of length 5 or 6, and 54 of length 7.

Thattotals2 + 2+ 6 + 6 + 18 + 18 + 54 = 106 palindromes with at most 7 digits.
Since 2007 = 22021003, the 7-digit palindromes larger thanit are 2210122,
2211122,2212122,2220222,2221222, and 2222222, whichis 6 of them.

Therefore the countis 106 — 6 = 100.

Thus, the correct answeris A.



22. Two particles move along the edges of equilateral A ABC'in the direction
A— B —(C— A,

starting simultaneously and moving at the same speed. One starts at A, and the other
starts at the midpoint of BC.The midpoint of the line segment joining the two
particles traces out a path that encloses aregion R. What is the ratio of the area of R
tothe areaof AABC?

1
A —_
16
1
B I
12
1
C —
9
1
D —
6
1
E —_
4
Solution:

Track a third point always halfway between the two particles. Between the moments
when the particles are at vertices/midpoints, both particles move linearly, so the

midpoint moves linearly too, tracing straight segments that form a small triangle
XYZ.

By symmetry XY Z sharesits centerwith AABC. If Oisthat centerand F'is the
midpoint of a side, then

ozzoc—ﬂnzém—%angﬁy

2
while OC = gC’F.

oC 4

Thus, the correct answeris A.

o 0z 1 (1) 1
Sotheratio of circumradiiis — = —,andthearearatiois | = | = —.



23. How many non-congruent right triangles with positive integer leg lengths have areas
that are numerically equal to 3 times their perimeters?

A 6

B 7

c 8

D 10

E 12
Solution:

Letthelegsbea < b.The conditionis 1ab = 3 (a + b + Va2 + b?) ,so

ab — 6a — 6b = 6/ a? + b2.

Squaring and simplifying gives ab(ab — 12a — 12b + 72) = 0, hence (a — 12)(b —
12) = 72.The positive integer solutions are (a, b) =
(3,4), (13,84), (14, 48), (15,36), (16, 30), (18, 24), (20, 21).

The pair (3, 4) is extraneous (its area 6 does not equal 3 times its perimeter 12), so
exactly 6 triangles work.

Thus, the correct answeris A.



24. How many pairs of positive integers (a, b) are there such that gcd(a, b) = 1 and

a, 14
b 9a
isaninteger?
A 4
B 6
c 9
D 12
E infinitely many
Solution:
14b*

Multiplying by b and subtracting a gives o4 bk — a,aninteger. Since
a

gcd(a, b) = 1,itfollowsthata | 14. Multiplying instead by 9a and subtracting 14b
2

9
gives % = 9ak — 14b,s0b | 9.

Thusa € {1,2,7,14} andb € {1, 3,9}. Checking the coprime candidates, the
expressionis anintegeronly for (a, b) = (1, 3), (2, 3), (7, 3), (14, 3).

Sothere are 4 such pairs.

Thus, the correct answeris A.



25. Points A, B, (', D, and E are located in 3-dimensional space with AB = BC =
CD=DF=FA=2andZABC = Z/CDFE = ZDFEA = 90°. The plane of
AABC isparallelto DE. What is the areaof ABDE?

A V2

B /3

c 2

D b

E V6
Solution:

SetD = (—1,0,0)and E = (1,0,0),andlet AABC'lieintheplane z = k > 0.
Because ZC'DFE and ZDFE A areright angles, A and C lie onradius-2 circles
centeredat Eand Dintheplanesz = landz = —1,s0 4 = (1,y1,k), C =

(—1,y92, k) withy; = +v/4 — k2.

Since ZABC = 90°, AC' = 2+/2,whichforcesy; = —ys.Takingy; = 1,y = —1,
givesk = /3,504 = (1,1,/3),C = (-1,—1,4/3),and Bis (1, —1,/3) or
(—-1,1,V/3).

Inthe firstcase BE = 2with BE | DE;inthesecond BD = 2withBD | DE.
Eitherway ABDE haslegs2and 2, soitsareais 5(2)(2) = 2.

Thus, the correct answeris C.
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