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1. Whatis
(_1)1 + (_1)2 S (_1)2006?
A | —2006
B —1
c 0
D 1
E 2006
Solution:
Since (—1)* = —1foroddkand (—1)* = 1forevenk, the terms alternate
1,1,-1,1,...

There are 2006 terms, forming 1003 pairs, eachequalto (—1) + 1 = 0. The total s 0.

Thus, the correct answeris C.



2. Forrealnumbersx andy, define

zhy = (z +y)(z —y).

Whatis 3#h(445)7

A -T2
B 27
c -2
D 24
E 72
Solution:

Since zdy = 22 — y?, theinnervalueis 445 = 16 — 25 = —9.
Then 3#(—9) = 32 — (—9)? =9 — 81 = —T72,

Thus, the correct answeris A.



3. Afootball game was played between two teams, the Cougars and the Panthers. The
two teams scored a total of 34 points, and the Cougars won by a margin of 14 points.
How many points did the Panthers score?

A 10
B 14
c 17
D 20
E 24
Solution:

Let cand pbe the Cougars' and Panthers'scores. Thenc + p = 34andc — p = 14.
Subtracting gives 2p = 20, sop = 10.

Thus, the correct answeris A.



4. Maryisaboutto pay for five items at the grocery store. The prices of theitems are
$7.99, $4.99, $2.99, $1.99, and $0.99. Mary will pay with a twenty-dollar bill. Which of
the following is closest to the percentage of the $20.00 that she will receive in

change?
A 5
B 10
c 15
D 20
E 25
Solution:

The five prices totalabout 8 + 5 4+ 3 + 2 + 1 = 19dollars, so the change is about
$1.00.

Thisis
— =5%

of the twenty-dollar bill.

Thus, the correct answeris A.



5. Johniswalking east at a speed of 3 miles per hour, while Bob is also walking east, but at
aspeed of 5 miles perhour. If Bob is now 1 mile west of John, how many minutes will it
take for Bob to catchup to John?

A 30
B 50
c 60
D 90
E 120
Solution:

Bob closes the gap at arelative speed of 5 — 3 = 2 miles perhour. To cover the 1-mile
gap takes

7 hour = 30 minutes.

Thus, the correct answeris A.



6. Francescauses 100 grams of lemon juice, 100 grams of sugar, and 400 grams of water
to make lemonade. There are 25 calories in 100 grams of lemonjuice and 386 calories
in 100 grams of sugar. Water contains no calories. How many calories are in 200 grams
of herlemonade?

A 129
B 137
c 174
D 223
E 411
Solution:

The fullbatchweighs 100 + 100 + 400 = 600 grams and contains 25 + 386 = 411
calories.

Since 200 grams is one third of the batch, it has

411
— =137
3

calories.

Thus, the correct answeris B.



7. Mr.andMrs. Lopez have two children. When they get into their family car, two people
sitinthe front, and the othertwo sitin the back. Either Mr. Lopez or Mrs. Lopez must sit
inthe driver's seat. How many seating arrangements are possible?

A4

B 12

c 16

D 24

E 48
Solution:

The driveris one of the two parents: 2 choices.

Any of the remaining 3 people cansitin the front passenger seat, and the last 2 people
fillthe backin 2 orders.

Thetotalis2 -3 -2 = 12.

Thus, the correct answeris B.



8. Thelines
a::%y—i—a and y:}Ix—i—b

intersect at the point (1, 2). Whatisa + b?

A 0
3
B —_
4
C 1
D 2
9
E —_
4
Solution:

Substituting (1, 2) gives

and

Therefore

Thus, the correct answerisE.



9. How many eventhree-digitintegers have the property that their digits, read left to
right, are in strictly increasing order?

A 21
B 34
c 51
D | 72
E 150
Solution:

Letthe digitsbea < b < cwithceven. Sincea > 1,no digitiszero,and ¢ # 2 (there
isnoroom for two smaller nonzero digits).

Once the units digit cis fixed, any two distinct digits below it can be arrangedin

increasing orderin exactly one way. So the count foreachcis (051) .

Forc = 4,6, 8 this gives

(2)+(2>+© — 3410421 =34

Thus, the correct answeris B.



10. In atriangle with integer side lengths, one side is three times aslong as a second side,
and the length of the third side is 15. What is the greatest possible perimeter of the

triangle?
A 43
B 44
c 45
D 46
E 47
Solution:

Let the sides be x, 3x,and 15. The triangle inequality requires ¢ + 3x > 15,sox > 4,
andx + 15 > 3z,sox < 7.

The perimeter4x + 15islargestwhenx = 7, giving 7 + 21 + 15 = 43.

Thus, the correct answeris A.



11. Joe andJoAnneachbought 12 ounces of coffeeina 16-ounce cup. Joe drank 2
ounces of his coffee and then added 2 ounces of cream. JoAnn added 2 ounces of
cream, stirred the coffee well, and then drank 2 ounces. What is the resulting ratio of
the amount of creamin Joe's coffee to thatin JoAnn's coffee?

6

A —_

7
5 13
14

C 1
14
D —_
13

c 7

6
Solution:

Joe adds the cream last, so his cup holds all 2 ounces of cream.

JoAnn's cup has 14 ounces of mixture containing 2 ounces of cream. Drinking 2 ounces
. ) . .
removes a fraction 77 of everything, leaving

12 12
v
ounces of cream.
Theratiois
2 M7
12/7 12 6

Thus, the correct answerisE.



12. The parabolay = ax? + bx + chasvertex (p, p) and y-intercept (0, —p), where p #
0. Whatisb?

A —D

B 0

C 2

D 4

E D
Solution:

The vertexformisy = a(z — p)? + p.

2
Atz =0,y = ap? +p = —p,soap’ = —2panda = ——.
p

Expanding,y = ar® — 2ap T + ap2 + p,sob = —2ap = —2 (——) p =4.

Thus, the correct answeris D.



13. Rhombus ABC D is similartorhombus BF D E. The area of rhombus ABC D is 24,
and ZBAD = 60°. What s the area of rhombus BFFDE?

D C
F

E

A 6

B 43

c 8

D 9

E 643
Solution:

Because ZBAD = 60°and AB = AD,triangle ABD is equilateral. The diagonals
AC and BD togetherwith segments BE, D F split ABC' D into six congruent
triangles.

Each of these triangles has area 3 = 4.

Rhombus BF D E is the unionof ABE D and ABF' D, two of them, soits areais 8.

Thus, the correct answeris C.



14. ElImo makes N sandwiches for a fundraiser. For each sandwich he uses B globs of
peanut butter at 4¢ per glob and J blobs of jam at 5¢ per blob. The cost of the peanut
butter and jam to make all the sandwichesis $2.53. Assume that B, J,and N are
positive integers with N > 1. What s the cost of the jam EImo uses to make the
sandwiches?

A $1.05
B $1.25
c 8145
D $1.65
E $1.85
Solution:

The total costincentsis N (4B + 5J) = 253 = 11 - 23. Since N > 1, the value of N
is11,23,0or253.

If N = 253then4B + 5J = 1,andif N = 23then4B + 5J = 11;neitherhasa
positive integer solution.

SoN = 11and4B + 5J = 23, whose only positive solutionis B = 2, J = 3.
Thejamcosts N - J - 5¢=11-3 -5 = 165 cents, or $1.65.

Thus, the correct answeris D.



15. Circles with centers O and P have radii 2 and 4, respectively, and are externally
tangent. Points A and B are on the circle centered at O, and points C'and D are on
the circle centered at P, suchthat AD and BC are common external tangents to the
circles. What is the area of hexagon AOBCPD?

A | 18y/3
B 2442
C 36

D 2443
E 322

Solution:

The circles are externally tangent,so OP = 2 + 4 = 6. Inquadrilateral AOP D, both
OA = 2and PD = 4 are perpendicular to the tangent line AD, making it aright
trapezoid.

Drawing the line through O parallelto AD creates aright triangle with hypotenuse
OP = 6andonelegPD — OA = 2,s0 AD = /62 — 22 = /32 = 4/2.

The trapezoid AOPD has area
1
2+ 4)(4V2) = 12V2.

By symmetry the hexagon AOBC'P D is made of two such trapezoids, so its areais

21242 = 244/2.



Thus, the correct answeris B.

16. Regularhexagon ABC D EF has vertices Aand C at (0,0) and (7, 1), respectively.

Whatisits area?

A 203
B | 223
c  25V3

D 2743
E 50
Solution:
The distanceis AC' = /72 + 12 = 1/50. Inaregular hexagon with side s, the
50
distance between vertices two apart is 3\/5, sos? -3 =50,givings? = 3

The hexagon's areais

_ s = — . —

3 3
\2@ 2 — *2/5 50:25\/5.

Thus, the correct answeris C.



17. Fora particular peculiar pair of dice, the probabilities of rolling 1, 2, 3,4, 5,and 6 on
eachdieareintheratiol : 2: 3 : 4 : 5 : 6. Whatis the probability of rolling atotal of 7
on the two dice?

A 4
63
1
B —_
8
8
C —_
63
1
D —_
6
2
E —_
7
Solution:

k
Since the weights sumto 21, the probability of rolling k is T

Atotal of 7comes from (1, 6), (2,5), ..., (6,1),so the probability is

1-6+2-5+3-44+4-34+5-24+6-1 56 8
212 441  63°

Thus, the correct answeris C.



18. Anobjectinthe plane moves from one lattice point to another. At each step, the
object may move one unit to the right, one unit to the left, one unit up, or one unit
down. If the object starts at the origin and takes a ten-step path, how many different
points could be the final point?

A 120
B 121
c 221
D 230
E 231
Solution:

Each step changes the coordinate sum by 1, so after 10 steps the endpoint (a, b) has
a + beven,and |a| + |b] < 10. Any such pointisreachable: walk |a| 4 |b| steps toit,
thenuse the remaining even number of steps going out and back.

Thereachable pointslieonthelinesa + b = 2k for—5 < k < 5. Each suchline meets
the diamondin exactly 11 lattice points.

With 11 lines and 11 points each, there are 121 points.

Thus, the correct answeris B.



19. Mr. Jones has eight children of different ages. On a family trip his oldest child, whois 9,
spots alicense plate with a 4-digit numberin which each of two digits appears two
times. "Look, daddy!" she exclaims. "That numberis evenly divisible by the age of each
of uskids!" "That'sright," replies Mr. Jones, "and the last two digits just happen to be
my age." Which of the following is not the age of one of Mr. Jones's children?

A 4

B 5

cC 6

D 7

E 8
Solution:

The number has the form aabb, abab, or baab. Divisibility by 9 means 2(a + b) is a
multiple of 9,s0a + b = 9.

The childreninclude a 4- or 8-year-old, so the number is divisible by 4. The possibilities
become 1188, 2772, 3636, 5544, 6336, 7272, 9900.

Since the last two digits are Mr. Jones's age, 9900 is impossible, and none of the others
is amultiple of 5. So the children's ages cannotinclude 5. Indeed 5544 is divisible by
1,2,3,4,6,7,8,9.

Thus, the correct answeris B.



20. Let z be chosen at random from the interval (0, 1). What is the probability that
[logy 4] — [logyg ] = 07

Here | x | denotes the greatest integer that is less than or equal to .

1
A —
8
5 3
20
c 1
6
1
D —_
5%
1
E —
4
Solution:

The equationsays |log,, x| = |logy,4x],i.e. x and 4z lie in the same interval
107, 10"*1).
0n+1

This holds exactly when 10" < zand 4z < 10™"! thatis10” < 2 <

Within [10™, 10" *1) the favorable fractioniis

10"'/4—10" 10/4—-1 1
om+t—10"  10-1 6

1
Since this fractionis the same on every such interval, the overall probability is 6

Thus, the correct answeris C.



21. Rectangle ABC D has area 2006. An ellipse with area 20067 passes through A and C
and has fociat B and D. What is the perimeter of the rectangle? (The area of an ellipse
is mab, where 2a and 2b are the lengths of its axes.)

A 164/2006
(s
5 1003
4
C 84/1003
D 64/2006
£ 324/1003
i
Solution:

Let the rectangle's sides be x and y. Point A is on the ellipse with foci B and D, so
x4+ 1y = AB + AD = 2a.Thedistance between the fociis the diagonal, so

vz +y? = 2va? - b
Then2zy = (z + y)? — (22 + %) = 4a® — (4a® — 4b%) = 4b%,sozy = 2b%. The
area gives 2b®> = 2006, hence b> = 1003.

2006
The ellipse area gives mab = 20067, so ab = 2006 anda = = 24/1003.

v/1003

The perimeteris 2(z + y) = 4a = 81/1003.

Thus, the correct answeris C.



22. Supposea, b, and care positive integerswitha + b + ¢ = 2006, anda! bl c! = m -
10", where m and n are integers and m is not divisible by 10. What is the smallest
possible value of n?

A 489
B 492
c 49
D 498
E 501
Solution:

Since factors of 2 are more plentiful than factors of 5, n equals the number of factors
of 5ina! b! ¢!, namely

n=> (I

k>1

|+ L] + L)) -

Lo
()]

Foreachk,|a/5%| + |b/5%| + |c¢/5%| > |2006/5% | — 2. Summingoverk =
1,2,3,4(as2006 < 5°) gives

n > (4014 80+ 16 +3) — 4 -2 = 492.

Equality is attainable, forexample witha = b = 624 and ¢ = 758. So the minimumiis
492.

Thus, the correct answeris B.



23. Isosceles AABC has arightangle at C. Point Pisinside AABC, suchthat PA =

11, PB = 7,and PC = 6.Legs AC and BC havelength s = v/ a + b\/2, where a
and b are positive integers. Whatisa + b?

B

A 85
B 91
c 108
D 121
E 127
Solution:

Rotate A ABC by 90° about C, sending Ato Band Pto P'.ThenCP' = CP = 6
and ZPC'P' = 90°,so APCP'isanisosceles right triangle with PP’ = 6+/2.

Also BP' = AP = 11.Since (61/2)% + 72 = 72 + 49 = 121 = 112, triangle BPP’
has arightangle at P.Hence /BPC = /BPP' + /P'PC = 90° + 45° = 135°.

By the Law of Cosinesin ABPC),
BC?*=6>+17"—2-6-7cos135° = 85 4 42v/2.

Sos? = 85 + 424/2, givinga = 85,b = 42,anda + b = 127.

Thus, the correct answerisE.



T
24. | et S be the set of all points (z, y) in the coordinate plane such that 0 < z < 5 and

™
0<y< §.What is the area of the subset of .S for which

sin? z — sinz siny + sin’y < Z?

T
A -
9
71.2
B -
8
2
c I
6
16
272
E -
9
Solution:

L . 2 . . . 2 3 . .
Fixingy, solvesin® z — sinzsiny + sin” y = 1 asaquadraticinsin T :

. L. V3 .(iﬂ)
S = —sin — cosy = sin — .
ing =g siny+ < Y y+3
Within S, sinx = sin(y — %) givesthelinexr = y — %, whilesinz = sin(y + %)
givesz =y + g fory < fandz = —y + 2?”fory > 5

These lines split S into regions; testing the corners shows the inequality holds only in
the middle band. Its areais

B-1E) 36~

Thus, the correct answeris C.



25. Asequenceay, aq, . . . of non-negative integersis defined by therule a, 12 =
|an1 — ay|forn > 1.1fa; = 999,as < 999, and asgee = 1, how many different
values of aq are possible?

A 165
B 324
c 495
D 499
E 660
Solution:

Therule gives a,, = a3 (mod 2),so as has the same parity as aggos = 1;thus agis
odd.

Every termis amultiple of gcd(a1, az),and azge = 1forcesged(999, as) = 1. Since
999 = 33 . 37, we need ay not divisible by 3 or 37.

Among the oddintegersin [1, 998] there are 499; removing the 166 multiples of 3 and
13 multiples of 37, then adding back the 4 multiples of 111, leaves

499 — 166 — 13 + 4 = 324.

Eachsuch as works: with ged (a1, az) = 1the sequence eventually cycles through
1,1, 0, and the parity condition makes asgog = 1.

Thus, the correct answeris B.
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