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1. Ascouttroop buys 1000 candy bars at a price of five for $2. They sell all the candy bars
at a price of two for $1. What was their profit, in dollars?

A 100
B 200
c 300
D 400
E 500
Solution:

The troop buys 1000 + 5 = 200 groups of five bars, costing 200 - 2 = 400 dollars.
They sell 1000 <+ 2 = 500 pairs of bars, earning 500 - 1 = 500 dollars.
The profitis 500 — 400 = 100 dollars.

Thus, the correct answeris A.



2. Apositive number x has the property that % of z is 4. Whatis z?

A 2

B 4

c 10

D 20

E 40
Solution:

The statement translates to

soz? = 400.
Since z is positive, z = 20.

Thus, the correct answeris D.



3. Briannaisusing part of the money she earned on herweekend job to buy several
equally-priced CDs. She used one fifth of her money to buy one third of the CDs. What
fraction of her money will she have left after she buys all the CDs?

1
A —_
5
1
B —
3
2
C _
5
5 2
3
c 4
5
Solution:

1 3
Buying all the CDs costs three times what one third of them cost, namely 3 - 5 = 5 of

her money.
3 2
Shehas1 — ETE of her money left.

Thus, the correct answeris C.



4. Atthe beginning of the schoolyear, Lisa's goal was to earnan A on at least 80% of her
50 quizzes for the year. She earned an A on 22 of the first 30 quizzes. If she is to achieve
her goal, on at most how many of the remaining quizzes can she earn a grade lower
thananA?

A1

B 2

c 3

D 4

E 5
Solution:

LisaneedsanAonatleast0.8 - 50 = 40 quizzes.
She has 22 already, so she needs 40 — 22 = 18 more of the remaining 20 quizzes.
She canearnalower grade onat most20 — 18 = 2 of them.

Thus, the correct answeris B.



5. An8-footby 10-footflooris tiled with square tiles of size 1 foot by 1 foot. Each tile has
1
a pattern consisting of four white quarter circles of radius B foot centered at each

corner of the tile. The remaining portion of the tile is shaded. How many square feet of
the floor are shaded?

A 80— 207
B 60— 107
c  80—10w
D 60+ 10w
E 80+ 10w
Solution:

1
The four quarter circles in a tile together form one full circle of radius E,with area

1\?> «
=] = -.
2 4
T
Soeachtilehasshadedareal — 1 square feet.

Thereare8 - 10 = 80tiles, so the total shaded areais
80 (1 _ %) — 80 — 20r.

Thus, the correct answeris A.



6. NnANABC,wehave AC = BC = 7Tand AB = 2. Supposethat Disapointonline
AB suchthat B liesbetween Aand D andCD = 8. Whatis BD?

A 3

B 23

c 4

D b5

E 42
Solution:

Let H be the foot of the altitude from C'to line AB. Since A ABC isisosceles with
AC = BC, Histhe midpointof AB,soAH = HB = 1.

Then CH? = 7% — 12 = 48. Applying the Pythagorean Theorem to AC HD with
HD = HB + BD =1+ BD gives

82 =48 + (1 + BD)?,
so(1+ BD)? = 16.
Therefore1 + BD = 4, whichmeans BD = 3.

Thus, the correct answeris A.



7. Whatisthe area enclosed by the graph of |3z | + |4y| = 127

A 6

B 12

c 16

D 24

E 25
Solution:

Settingy = O gives |3z| = 12,sox = +4.Settingz = 0gives |4y| = 12,s0y =
+3.

The graphis arhombus with vertices (4, 0) and (0, +3), so its diagonals have
lengths 8 and 6.

1
Itsareais§-8-6 = 24,

Thus, the correct answeris D.



8. Forhowmanyvaluesof aisittrue thattheliney = x + a passes through the vertex of
the parabolay = 2% + a??

A0
B 1
c 2
D 10

E infinitely many

Solution:

The vertex of the parabolay = z? + a?is (0, a?).

Theliney = x + a passes throughit exactly whena? = 0 + a, thatisa® — a = 0.
Thisgivesa = Oora = 1, so there are 2 values.

Thus, the correct answeris C.



9. Onacertainmath exam, 10% of the students got 70 points, 25% got 80 points, 20%
got 85 points, 15% got 90 points, and the rest got 95 points. What is the difference
between the mean and the median score on this exam?

A0

B 1

c | 2

D 4

E 5
Solution:

The percentage scoring95is 100 — 10 — 25 — 20 — 15 = 30.

The meanis
0.10(70) + 0.25(80) + 0.20(85) + 0.15(90) + 0.30(95) = 86.

Cumulatively, 10% are below 80, 35% are at or below 80, and 55% are at or below 85.
The middle scores fall at 85, so the medianis 85.
The differenceis 86 — 85 = 1.

Thus, the correct answeris B.



10. The first term of a sequence is 2005. Each succeeding termis the sum of the cubes of
the digits of the previous term. What is the 2005th term of the sequence?

A 29
B 55
c 85
D 133
E 250
Solution:

The sequence begins 2005, 133, 55, 250, 133, .. . since 23 + 0% 4 03 + 5% = 133,
1% + 3% + 3% = 55,53 + 5% = 250,and 2% + 5% + 03 = 133.

After the initial 2005, the terms cycle through 133, 55, 250 with period 3.

Termnforn > 2isthe ((n — 2) mod 3)thentry of 133, 55, 250. Since 2005 — 2 =
2003 = 2 (mod 3), the 2005th termis 250.

Thus, the correct answerisE.



11. Anenvelope contains eight bills: 2 ones, 2 fives, 2 tens, and 2 twenties. Two bills are
drawn at random without replacement. What is the probability that their sumis $20 or

more?
A 1
4
2
B —
7
3
C —
7
1
D —
2
2
E —
3
Solution:

There are (g) = 28 equally likely pairs of bills.

The sumis $20 or more in these cases: both twenties (1 way), one twenty with one of
the six smaller bills (2 - 6 = 12 ways), or both tens (1 way).

N =

14
Thatis1 + 12 + 1 = 14 favorable pairs, so the probability is 28 =

Thus, the correct answeris D.



12. The quadratic equation z? + mz 4+ n = 0 hasroots that are twice those of 2% +

n
pzr + m = 0,and none of m,n, and pis zero. What is the value of —7

b

A 1

B 2

c 4

D 8

E 16
Solution:
Letr; andry betherootsof 22 + pz +m = 0,som = riryandp = — (11 + 73).
Theroots of 22 + mx +n = O are 2r; and 2ry,so0n = 4r;ryandm = —2(ry + 79).

m
Thenn = 4mandm = 2p,whichgivesp = E,so

4m
= = 8.
2

n
p

Thus, the correct answeris D.



13. Supposethat4™ = 5,5 = 6,6" = 7,...,127%2¢ = 128. Whatisx1xs - - - 1947

A 2
5 5

2
C 3
5 7

2
E 4

Solution:

From4™ = 5wegetx; = log, 5,andingeneral zj, = log ., 5(k + 4).

The product telescopes:

Z1To - T124 = log, 5 -log; 6 - - -log;5, 128 = log, 128.
Tlog2 7

Since 128 = 27 and 4 = 22. thi | = —,
INnce an 5 IS equals 2log2 2

Thus, the correct answeris D.



14. Acircle having center (0, k), with k > 6,istangenttothelinesy = x,y = —x and
y = 6. Whatis the radius of this circle?

A 6v2—6

B | 6

c 642

D 12

E 6+6v2
Solution:

Since the circleistangenttoy = 6 andits center (0, k) is above that line, the radiusiis
r=k—6.

| | [0 — k| |
The distance from (0, k) tothelinex — y = Ois = , and this must also
(0, k) y NG
equalr.
k 6v/2
Setting— = k — 6 givesk = —6v2(vV/2+1) =12+ 6v/2.
V2 V2 -1 ( )

Thenr = k — 6 = 6 + 64/2.

Thus, the correct answerisE.



15. The sum of four two-digit numbersis 221. None of the eight digitsis 0 and no two of
them are the same. Which of the following is notincluded among the eight digits?

A1

B 2

c 3

D 4

E 5
Solution:

The eight digits are distinct and chosen from 1 through 9, whose total is 45. So the
eight used digits sumto between45 — 9 = 36and 45 — 1 = 44.

Let the four units digits sumto U and the fourtens digitssumtoT'. Then 107" + U =
221,soU endsin1.Sincel +24+3+4=10<U <6+ 7+ 8+ 9 = 30,wehave
U=11orU = 21.

If U = 11,then107 = 210,so0T = 21 and the eight digits sum to 32, whichis below
36.SoU = 21, givingT = 20 and total41.

The missing digitis45 — 41 = 4. Forexample, 13 + 25 + 86 + 97 = 221.

Thus, the correct answeris D.



16. Eight spheres of radius 1, one peroctant, are each tangent to the coordinate planes.
Whatis the radius of the smallest sphere, centered at the origin, that contains these
eight spheres?

A V2

B V3

c 1++2

D 1++/3

E 3
Solution:

A sphere of radius 1 tangent to the three coordinate planesin one octant hasits center
atapointlike (1,1, 1), at distance

V12412412 =143

from the origin.

The farthest point of that sphere from the originis at distance V3 + 1,sothe
containing sphere hasradius 1 + V3.

Thus, the correct answeris D.



17. How many distinct four-tuples (a, b, ¢, d) of rational numbers are there with

alog,,2 + blog,, 3 + clog;; 5 + dlog,;, 7 = 20057

A0

B 1

c 17

D 2004

E infinitely many
Solution:

The equationis equivalent tolog; (2“3b5c7d) = 2005, so
gagbgerd _ 102005 _ 92005 | 52005

Clearing the denominators of a, b, ¢, d with a common integer multiplier and using the
uniqueness of prime factorization, the exponents must match: a = 2005,b = 0,¢c =
2005,andd = 0.

Sothereis exactly 1 such four-tuple.

Thus, the correct answeris B.



18. Let A(2,2) and B(7, 7) be pointsin the plane. Define R as the regionin the first
quadrant consisting of those points C such that A ABC'is an acute triangle. What is
the closestinteger to the area of the region R?

A 25
B | 39
Cc b5l
D 60
E 80
Solution:

Line AB has slope 1. For Z A to be acute, C must lie beyond the line through A
perpendicularto ABj;in the first quadrant that line runs between P(4, 0) and Q(0, 4).
For ZB to be acute, C' must lie before the line through B perpendicularto AB,
between S(14,0) and T'(0, 14).
For ZC'to be acute, C' must lie outside the circle U with diameter AB, whose radiusiis
AB 52

2 2
The regionis the large right triangle OST minus the small right triangle O PQ) minus the

semicircle-equivalent area of U inside the strip:

1 1 542 ? 25 25
—_ . 2__. 2_ - — J— _—ﬂ-: _—/n-%
5 14 5 4 w( 5 ) 98 — 8 5 90 5 51.

Thus, the correct answeris C.



19. Let x and y be two-digit integers such that y is obtained by reversing the digits of x.
The integers z and y satisfy 22 — y?> = m? for some positive integer m. Whatis -+
y+m?

A 88
B 112
C 116
D 144
E 154
Solution:

Letz = 10a 4+ bandy = 10b + awitha > b.Then

z? —y? = (10a + b)* — (10b + a)* = 99(a® — b*) = 99(a + b)(a — b).
Since99 = 9 - 11, forthisto be a perfect squareweneed 11 | (a + b)(a — b). As
a+b<17anda — b < 8, the only multiple of 11 availableisa + b = 11.

Thenz? — y* = 9 - 112(a — b), whichis a perfect square exactlywhena — bis a
perfect square. Takinga — b = 1witha + b = 11 gives (a, b) = (6, 5).

Sox = 65,y = 56,andm = /652 — 562 = /1089 = 33.Thusz +y +m =
65 + 56 + 33 = 154.

Thus, the correct answerisE.



20. Leta, b, c,d, e, f, gand hbe distinct elementsin the set
{-7,-5,-3,—-2,2,4,6,13}.
What is the minimum possible value of

(a+b+c+d)?+(e+f+g+h)?*?

A 30
B 32
c 34
D 40
E 50
Solution:

The elementssumto8.Ifa+b+c+d = x,thene+ f+g+h =8 — x,s0
22 + (8 — x)? = 2(x — 4)* + 32.

This is minimized when = 4, giving 32. But 13 must lie in one group, and no three of
the remaining elements add with 13 to make 4 (that would need three of them
summing to —9, whichis impossible here). So x = 4is unattainable and (z — 4)% >
1.

The minimumis 2(1) + 32 = 34, achieved forinstance by { —7, —5, 2, 13} (sum 3)
and{—3,—2,4,6} (sumb5).

Thus, the correct answeris C.



21. Apositive integern has 60 divisors and 7n has 80 divisors. What is the greatest integer
k such that 7* divides n?

A0

B 1

c 2

D 3

E 4
Solution:

Writen = T*Q where 7  Q, and let d be the number of divisors of Q. Thenn has (k +
1)d = 60 divisorsand 7n = 7¥*1Q has (k + 2)d = 80 divisors.
Dividing, kr2 80 = é,so 3(k+2)=4(k+1),givingk = 2.

E+1 60 3 ’

Thus, the correct answeris C.



22. Asequence of complexnumbers 2y, 21, 22, . . . isdefined by the rule

12y,
Znt+l = —
;Z7l
where Z,, is the complex conjugate of z,, and i> = —1. Suppose that |z0| = 1and

29005 = 1. How many possible values are there for z?

A 1

B 2

c 4

D 2005

E 22005
Solution:

1
Because |z| = 1,every|z,| = 1,s0%, = — and
2:7l
12n . 9
Znil = — = 125,
;Z7l
lterating, z; = 123, 2o = i(i23)?
n
(constant of modulus 1) - 22 .

— —iz§,andingeneralforn > 2, z, =

2005
The condition 29995 = 1 becomes anequation of the form zg = cforafixed
N

constant cwith |c| = 1. Every nonzero complex equation z5' = chasexactly N
distinct solutions, all on the unit circle.
Here N = 22005 so there are 2209 possible values for 2.

Thus, the correct answerisE.



23. Let S be the set of ordered triples (x, y, z) of real numbers for which
log,o(z +y) =2 and log,,(z*+y*) =2+ 1.

There are real numbers a and b such that for all ordered triples (z, y, z) in S we have
z3 +y3 = a-10% 4+ b - 10%*. What is the value of @ + b?

15

A S
2

29

B —_
2

C 15

39

D -
2

E 24

Solution:

The conditions givez + y = 10°and 22 + 3% = 10 - 10°. Then

22y = (z +y)? — (2* + %) = 10** — 10 - 107,

sozy = % (10** — 10 - 107) .

Using z3 4 y3 = (x + y)3 —3zy(z +v),

z’ 4+ y* = 10% —

N o

1
(10* — 10 - 10%) 10* = -5 10%* + 15 - 107

1 29
Soa = 5 andb = 15, givinga + b = CR

Thus, the correct answeris B.



24. Allthree vertices of an equilateral triangle are on the parabolay = z2, and one of its

m
sides has a slope of 2. The x-coordinates of the three vertices have a sum of —,
n

where m and n are relatively prime positive integers. What is the value of m + n?

A 14
B 15
c 16
D 17
E 18
Solution:
2 _ 2
Forvertices (a, a?), (b, b%), (c, ¢?), the slope of asideis = a + b. Adding the
—a

three side slopes,

(a+b)—|—(b—|—c)—|—(c+a)=2(a—|—b—|—c)=2-%.

One side has slope 2 = tan 0. Because the triangle is equilateral, its sides make
angles @ and 8 + 60°, so the other two slopes are

2+v3  8+5V3

tan(f £ 60°) = =
( ) 1F23 11
_ 8+5v3 8-5V3 22-16 6
The sum of the three slopesis 2 — 11 — 11 = 11 =11
Thusa + b + 1 0 3 som + 3+11=14
usa c=—-+— = — m+n= = 14.
2 11 11’

Thus, the correct answeris A.



25. Six ants simultaneously stand on the six vertices of aregular octahedron, with each ant
at adifferent vertex. Simultaneously and independently, each ant moves fromits
vertex to one of the four adjacent vertices, each with equal probability. What is the
probability that no two ants arrive at the same vertex?

5%
A —_
256
21
B -
1024
11
C —_
512
5 23
1024
= | 2
128
Solution:

There are 4% equally likely combinations of moves. Label the vertices

A,B,C, A, B',C’, where primed vertices are opposite the corresponding
unprimed ones. An ant cannot move to its own vertex or the opposite one, so a valid
outcomeis a permutation f with f(A) ¢ {A, A’}, and similarly for each pair.

Thereare4 - 3 = 12 ordered choicesfor (f(A), f(A’)). Of these, f(A) and f(A")
are oppositein4 cases and adjacentin 8.

If f(A), f(A’) are opposite, say B, B',then { f(C), f(C")} = {4, A’} and

{f(B), f(B")} ={C,C'},giving4 - 2 - 2 = 16 valid combinations.

If f(A), f(A") are adjacent, say B, C,thenone of f(B), f(B') mustbe C' and there

are 4 ordered choices for (f(B), f(B')), eachleaving 2for (f(C), f(C")) : thatis
8 -4 -2 = 64 valid combinations.

Hence the probability is

16+64 8 5
45 4096 256°

Thus, the correct answeris A.
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