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1-2+3—4+---—984+99="7
A =50
B —49
c 0
D 49
E 50
Solution:

Pairing consecutive terms gives
(1-2)+(3—4)+---+(97—-98) +99.

There are 49 pairs, each equalto —1, so the sumis —49 + 99 = 50.

Thus, the correct answerisE.



2. Which one of the following statementsis false?

A All equilateral triangles are congruent to each other.

B All equilateral triangles are convex.

C All equilateral triangles are equiangular.

D All equilateral triangles are regular polygons.

E All equilateral triangles are similar to each other.
Solution:

Equilateral triangles with side lengths 1 and 2 have the same shape but different sizes,
so they are similar but not congruent. Every equilateral triangle is convex, equiangular
(allangles 60°), and aregular polygon, so the only false statement is that they are all
congruent.

Thus, the correct answeris A.



3. Thenumberhalfway between % and % is

1
A —_
80
5 1
40
c 1
18
1
D —_
9
9
E —_
80
Solution:

The halfway pointis the average

1

2

Thus, the correct answerisE.

(

1

8

1
10

):



4. Findthe sum of all prime numbers between 1 and 100 that are simultaneously 1 greater
than a multiple of 4 and 1 less than a multiple of 5.

A 118
B 137
c 158
D | 187
E 245
Solution:

Anumberthatis 1lessthanamultiple of 5endsin4 or9, and one thatis 1 greaterthan a
multiple of 4is odd. Together these give numbers = 9 (mod 20), namely
9,29,49, 69, 89.

Among these, only 29 and 89 are prime, and their sumis 29 4+ 89 = 118.

Thus, the correct answeris A.



5. The marked price of abook was 30% less than the suggested retail price. Alice
purchased the book for half the marked price at a Fiftieth Anniversary sale. What
percent of the suggested retail price did Alice pay?

A 25%
B 30%
c 3%
D 60%
E  65%
Solution:

If the suggestedretail price is P, then the marked priceis 0.7 P. Alice pays half of this,
0.35P, whichis 35% of the suggested retail price.

Thus, the correct answeris C.



6. Whatisthe sum of the digits of the decimal form of the product 21999 . 520017

A 2

B 4

cC | 5

D 7

E 10
Solution:
Write

91999 , 52001 _ 91999 51999 52 _ o5 101999

whichis 25 followed by 1999 zeros. The sum of the digitsis2 + 5 = 7.

Thus, the correct answeris D.



7. Whatisthe largest number of acute angles that a convex hexagon can have?

A 2

B 3

c 4

D 5

E 6
Solution:

Each acute interior angle corresponds to an exterior angle greater than 90°. Since the
exterior angles of a convex polygon sumto 360°, at most three of them can exceed
90°. Hence there are at most three acute angles, and a hexagon achieving three acute
angles exists.

Thus, the correct answeris B.



8. Attheendof 1994 Walter was half as old as his grandmother. The sum of the yearsin
which they were bornis 3838. How old will Walter be at the end of 19997

A 48
B 49
c 93
D 55
E 101
Solution:

Let Walter be w years old at the end of 1994, so his grandmotheris 2w. Their birth
yearsare 1994 — wand 1994 — 2w, and

(1994 — w) + (1994 — 2w) = 3838.

This gives 3988 — 3w = 3838, sow = 50.
At the end of 1999, Walter willbe 50 + 5 = 55.

Thus, the correct answeris D.



9. Before Ashley started athree-hourdrive, her car's odometerreadingwas 29792, a
palindrome. (A palindrome is anumber that reads the same way from left toright as it
does fromright to left.) At her destination, the odometerreading was another
palindrome. If Ashley never exceeded the speed limit of 75 miles per hour, which of the
following was her greatest possible average speed?

A 333
B 533
C 663
D 703
E 743
Solution:

The palindromes after 29792 are 29892, 29992, 30003, and 30103. In three hours
Ashley candrive atmost 3 - 75 = 225 miles.

Reaching 30103 would require 30103 — 29792 = 311 miles, whichis too far. Reaching
30003 requires 30003 — 29792 = 211 miles, giving average speed 2;)—1 = 70% miles
perhour.

Thus, the correct answeris D.



10. A sealed envelope contains a card with a single digit onit. Three of the following
statements are true, and the otheris false.

|. The digitis 1.

Il. The digitis not 2.
lIl. The digitis 3.

IV. The digitis not 4.

Which one of the following must necessarily be correct?

A lis true.

B lis false.
C Ilis true.
D lllis true.

E IVis false.

Solution:

Statementslandlllcannot both be true, so the single false statementis one of them.
Therefore statementsIland IV are both true, which makes "llis true" necessarily
correct.

The digitisthus 1 or 3. Ifitwere 1, then (B) and (D) are false; if it were 3, then (A) is false;
and (E)is always incorrect. Only (C) is guaranteed.

Thus, the correct answeris C.



11. The studentlockers at Olympic High are numbered consecutively beginning with
locker number 1. The plastic digits used to number the lockers cost 2 cents apiece.
Thus, it costs 2 cents to label locker number 9 and 4 cents to label locker number 10. If
it costs $137.94 to label all the lockers, how many lockers are there at the school?

A 2001
B 2010
c | 2100
D 2726
E 6897
Solution:

Labeling costs $137.94/$0.02 = 6897 digits. Lockers 1-9 use 9 digits, lockers 10-99
use 2 - 90 = 180 digits, and lockers 100-999 use 3 - 900 = 2700 digits.

The remaining digits number 6897 — 2700 — 180 — 9 = 4008, which label
4008 /4 = 1002 four-digit lockers. Inall there are 999 + 1002 = 2001 lockers.

Thus, the correct answeris A.



12. What is the maximum number of points of intersection of the graphs of two different
fourth degree polynomial functionsy = p(x) andy = q(x), each withleading
coefficient1?

A1

B 2

c 3

D 4

E 8
Solution:

The z-coordinates of the intersection points are the roots of p(z) — ¢g(x). Because
bothleading coefficients are 1, the z* terms cancel, so p(z) — g(z) has degree at
most 3 and therefore at most 3 roots. Three intersections are achievable.

Thus, the correct answeris C.



13. Define a sequence of realnumbers ai, as, as, . . .bya; = landa ,; = 99a? forall
n > 1.Thenajgy equals

A | 333
B 33%
c 993
D 99%

E none of these

Solution:

Taking cuberoots, a,.1 = v/99 a,,, so the sequence is geometric with first term 1 and
ratio v/99. Then

99
100 = (\3/99) _ 9933,

Thus, the correct answeris C.



14. Four girls — Mary, Alina, Tina, and Hanna — sang songs in a concert as trios, with one girl
sitting out each time. Hanna sang 7 songs, which was more than any other girl, and
Mary sang 4 songs, which was fewer than any other girl. How many songs did these

trios sing?
AT
B 8
c 9
D 10
E 11
Solution:

If N songs are sung, the total number of girl-appearancesis 3NV. Alina and Tina each
sang strictly between4 and 7, so each sang 5 or 6.

Then3N = 7 + 4 + (Alina) + (Tina), whichis 21, 22, or 23. Only 21 is a multiple of
3,soN = 1.

Thus, the correct answeris A.



15. Let x be arealnumbersuchthatsecx — tanxz = 2.Thensecz + tanx =7

A 0.1
B 0.2
c 0.3
D 04
E 0.5
Solution:
Sincesec? x — tan? z = 1, we have

(secx — tanz)(secx + tanz) = 1.

= 0.5.

N[ =

Withsec x — tan x = 2, it follows thatsecx + tanx =

Thus, the correct answerisE.



16. Whatis the radius of a circle inscribed in arhombus with diagonals of length 10 and
247

A 4
15%3)
B —_
13
c 60
13
D 5
E 6
Solution:

The half-diagonals are 5 and 12, so each side of the rhombusis v/52 + 122 = 13. One

of the fourright triangles formed by the diagonals has legs 5 and 12 and area 30.

2-30 60
13 13

The altitude from the center to the side of length 13 is , whichis the
inscribed circle's radius.

Thus, the correct answeris C.



17. Let P(x) be apolynomial such that when P(z) is divided by z — 19, the remainder s
99, and when P(z) is divided by  — 99, the remainderis 19. What is the remainder
when P(z)is divided by (z — 19)(x — 99)?

A —z+480

B x+380

c —zx+118

D x4 118

E O
Solution:

By the Remainder Theorem, P(19) = 99 and P(99) = 19. Write
P(z) = (z — 19)(z — 99)Q(x) + ax + b.
Then
19a+b=199,  99a +b=19.

Subtracting gives 80a = —80,so0a = —1andb = 118. Theremainderis —x + 118.

Thus, the correct answeris C.



18. How many zeros does f(x) = cos(log z) have ontheinterval 0 < z < 17

A0

B 1

c | 2

D 10

E infinitely many

Solution:

As z ranges over (0, 1), log x ranges over all negative real numbers. The cosine
functionis zero at g — nm forevery positive integer n, all of which are negative, so f
has infinitely many zeros.

Thus, the correct answerisE.



19. Consider alltriangles ABC satisfying the following conditions: AB = AC,Disa
pointon AC forwhich BD 1. AC, AD and CD areintegers, and BD? = 57. Among
all such triangles, the smallest possible value of AC'is

A

A9

B 10

C 11

D 12

E 13
Solution:

Let AD = nand CD = m.Since AADBisright-angledat D, AB? = n? + 57.
Also AB = AC = m + n,so

(m +n)* = n® + 57,

which simplifies tom(m + 2n) = 57.

The positive integer solutionsarem = 1,n = 28(giving AC' = 29)andm = 3,n =
8 (giving AC = 11). The smallest possible value of AC'is 11.

Thus, the correct answeris C.



20. Thesequenceas, as, as, . . . satisflesa; = 19,a9 = 99, and, foralln > 3, a, isthe
arithmetic mean of the firstn — 1 terms. Find as.

A 29
B 99
c 79
D 99
E 179
Solution:

Forn > 3,(n — 1)an = a1+ - + an—1.Then

(n—1)a, + a,
ani1 = n = Qn,

so the sequenceis constant from a3 onward. Hence ag = ag = 99.

19
Sinceas = il —;ag = ;ag = 99,wegetay = 179.

Thus, the correct answerisE.




21. Acircleis circumscribed about a triangle with sides 20, 21, and 29, thus dividing the
interior of the circle into fourregions. Let A, B, and C be the areas of the non-
triangularregions, with C' being the largest. Then

A A+B=C
B A+B+210=C
c A2+ B?2=(C"?

D 204+ 21B=29C

1 1 1
Ll EtTE o
Solution:

Since 202 + 212 = 841 = 292, the triangle is right-angled, and its hypotenuse of
length 29 is a diameter of the circle. Thus the largest region C'is the semicircle on one

side of that diameter.
The other semicircle consists of the triangle together with regions A and B. Since the
two semicircles are congruent and the triangle has area % - 20 - 21 = 210, we get

A+B+210=C.

Thus, the correct answeris B.



22. Thegraphsofy = —|z — a| + bandy = |z — ¢| 4 dintersectat points (2, 5) and
(8,3).Finda + c.

AT

B 8

c 10

D 13

E 18
Solution:

The first graphis aninverted right angle with vertex (a, b), and the second is an upright
right angle with vertex (¢, d). Because each consists of two lines of slope 11, the four
points (a, b), (2, 5), (¢, d), (8, 3) are the vertices of arectangle in order.

a+c_2+8
2 2

The diagonals of arectangle share a midpoint, so
c = 10.

= 5, givinga +

Thus, the correct answeris C.



23. The equiangular convexhexagon ABCDEF has AB =1,BC = 4,CD = 2,and
DFE = 4.The area of the hexagonis

15
A -5v@

B 93

C 16
39

D =43
4
43

E —+3
4
Solution:

Eachinteriorangleis 120°, so extending sides F'A and BC, BC and DE,and DE
and F' A cuts off three equilateral corner triangles and forms a large equilateral
triangle.

The corner triangles built on AB, C'D, and EF are equilateral, and one finds the large
triangle hasside 1 + 4 + 2 = 7, while the removed triangles have sides 1, 2,and 1.
The areais

V3

T(72—12—22—12)

433
==

Thus, the correct answerisE.



24. Six points onacircle are given. Four of the chords joining pairs of the six points are
selected atrandom. What is the probability that the four chords form a convex
quadrilateral?

1
A —_
15
1
B -
91
1
C -
273
5 1
455
c 1
1365
Solution:

There are (g) = 15chords, so (145) = 1365 ways to select four of them. A convex

quadrilateral arises exactly when the four chords are the sides of a quadrilateral on

four of the six points, and each choice of 4 points gives exactly one such quadrilateral.

1

Hence there are (Z) = 15favorable outcomes, and the probability is 1365 = o1’

Thus, the correct answeris B.



25. There are unique integers aq, as, a4, as, ag, a7 such that

5_02 O3 G4 G5 G 07

7 21 31 4 5 ¢ 7

where0 < a; < ifort = 2,3,...,7.Findas + as + a4 + a5 + ag + a7.

A 8

B 9

c 10

D 11

E 12
Solution:

Multiplying by 7! = 5040 gives

3600 = 2520ay + 840as + 210a4 + 42a5 + 7ae + as.

Reducingmodulo 7, a7 = 2.

Then

3600 — 2
7

= 514 = 360as + 120a3 + 30a4 + 6a5 + ag. Reducingmodulo 6

gives ag = 4, and continuing thiswayyieldsas = 0,a4 = 1,a3 = 1,a9 = 1.

Thesumisl+1+14+0+4+2=09.

Thus, the correct answeris B.



26. Three non-overlapping regular plane polygons, at least two of which are congruent, all
have sides of length 1. The polygons meet at a point A in such a way that the sum of
the three interior angles at A is 360°. Thus the three polygons form a new polygon with
A as aninterior point. What is the largest possible perimeter that this polygon can

have?
A 12
B 14
c 18
D 21
E 24
Solution:

Let two congruent a-gons and one b-gon meet at A. Theirinterior angles satisfy

2180 (1—2) 4180 (1 — %) = 360,

whichreducesto (a — 4)(b — 2) = 8.

The solutions (a, b) are (5, 10), (6, 6), (8,4),and (12, 3). The new polygon's
perimeteris 2a + b — 6, giving 14,12, 14, and 21. The largestis 21.

Thus, the correct answeris D.



27. Intriangle ABC,3sin A + 4cos B = 6and4sin B + 3cos A = 1.Then ZC'in

degreesis
A 30
B 60
c 90
D 120
E 150

Solution:

Squaring both equations and adding gives

9 4 16 + 24(sin A cos B + cos Asin B) = 37,

so24sin(A + B) = 12andsin(4 + B) = 1.

Thensin C = sin(4 + B) = 1,50 /C = 30° or150°.1f Z/C = 150°,then A < 30°,
making 3 sin A + 4 cos B < 6, a contradiction. Hence ZC' = 30°.

Thus, the correct answeris A.



28. Letxy, x9,...,x, beasequence of integers such that
H—-1<g; <2fori=1,2,3,...,n;
(iey +ax2+ -+ x, = 19;and

(i) 2 + x5 + -+ - + 22 = 99.

3

Letm and M be the minimal and maximal possible values of z3 + 3 + - - - + z3,

, M
respectively. Then — =7

m
A3
B 4
cC |
D 6
E 7
Solution:

Leta, b, cbe the numbers of —1s, 1s,and 2s.Then—a + b + 2c = 19anda + b +
4c = 99, givinga = 40 — cand b = 59 — 3cwith0 < ¢ < 19.

The sum of cubesis —a + b + 8¢ = 19 + 6¢. The minimumis at¢ = 0 (value 19) and

M 1
the maximumatc = 19 (value 133),so — = ﬁ =T.
m 19

Thus, the correct answeris E.



29. Atetrahedron with four equilateral triangular faces has a sphere inscribed withinit and
a sphere circumscribed about it. For each of the four faces, there is a sphere tangent
externally to the face at its center and to the circumscribed sphere. A point Pis
selected at random inside the circumscribed sphere. The probability that P lies inside
one of the five small spheresis closest to

A0

B 0.1

c 0.2

D 0.3

E 04
Solution:

Let O be the common center of the inscribed and circumscribed spheres. Splitting
the tetrahedroninto four congruent pieces from O shows the circumradius is 3 times
the inradius, so the circumscribed sphere has 27 times the inscribed sphere's volume

V.

Each externally tangent sphere fits between a face and the circumscribed sphere and

is congruent to the inscribed sphere, so the five small spheres have total volume 5V'.

5V )
Th ilityis — = — =~ 0.1 I tto0.2.
e probability is 5TV — 27 0.185, closestto 0

Thus, the correct answeris C.



30. The number of ordered pairs of integers (m, n) forwhichmn > 0and

m? + n® + 99mn = 333

isequalto
A 2
B 3
c 33
D 35
E 99
Solution:
Writing 2z = —33, the equationbecomes m? + n? + 22 — 3mnz = 0, whichfactors
as

(m +n — 33) (m® 4+ n® + 33 — mn + 33m + 33n) = 0.

The second factorequals 5 [(m — n)? 4+ (m + 33)% + (n + 33)?], whichis 0 only at
(m,n) = (—33, —33); this satisfiesmn > 0.

Otherwise m + n = 33. Withmn > 0both are nonnegative, giving
(0,33),(1,32),...,(33,0),whichis 34 pairs. Together there are 35 solutions.

Thus, the correct answeris D.
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