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1. Theadditionbelowisincorrect. What is the largest digit that can be changed to make
the addition correct?

641
852
+ 973
2456

A 4

B 5

C 6

D 7

E 8

Solution:

The three addends total 641 + 852 + 973 = 2466, whichis 10 too large. Changing
the tens digit 7in 973 to 6 lowers the sum by 10 and gives 2456. No larger listed digit
can make that change, so the correct answerisD.



2. EachdayWalter gets $3 for doing his chores or $5 for doing them exceptionally well.
After 10 days of doing his chores daily, Walter has received a total of $36. On how
many days did Walter do them exceptionally well?

A 3

B 4

cC | 5

D 6

E 7
Solution:

Ten ordinary days would pay 10 - 3 = 30 dollars. Each exceptionaldayadds b — 3 =

2 dollars, and the actual total is 6 dollars higher. Thus there were g = 3 exceptional

days, so the correct answerisA.

3. BYF_
3!
A 1
B 2
cC 6
D 40
E 120
Solution:

Since 3! = 6, the expression is%! — 5! = 120. Thus the correct answerisE.



4. Sixnumbersfromalist of nineintegersare7,8,3,5,9,andb. The largest possible
value of the median of all nine numbersin thislistis

A5

B 6

c 7

D 38

E 9
Solution:

The six specified valuesinorderare 3, 5, 5,7, 8, 9. Evenif all three unspecified integers
exceed 9, the fifth entry of the full sorted listis 8. This is attainable, so the correct
answerisD.

5. Giventhat0 < a < b < ¢ < d, which of the following is the largest?

a+b
Al o
a+d
B b+c
btc
C a+d
btd
D a-+c
ctd
E a+b
Solution:
Among the displayed numerators, ¢ + dislargest; among the denominators, a + bis
smallest. Therefore Zij exceeds every other positive fraction listed, so the correct

answerisE.



6. If f(z) = z® L (z + 2)®"3,then £(0) + f(—1) + f(—=2) + f(=3) =

8
A Ty
B 0
8
C 3
D 1
10
E 3
Solution:

Direct substitution gives

£0) =0,
f-1) =1
f(-2)=0,
-3 =3.
9

Theirsumis 1—90, sothe correctanswerisE.



7. Afathertakes histwins and a younger child out to dinner on the twins’ birthday. The
restaurant charges $4.95 for the father and $0.45 for each year of a child’s age, where
ageis defined as the age at the most recent birthday. If the bill is $9.45, which of the
following could be the age of the youngest child?

A1
B 2
c 3
D 4
E 5
Solution:

The childrenaccount for9.45 — 4.95 = 4.50 dollars, so their ages total % = 10.If
eachtwinist and the youngerchildisy,then2t + y = 10 withy < t. Of the choices,

y = 2givest = 4, whichworks. Thus the correct answeris B.

8. If3=k-2"and1b =k -4",thenr =

A | —log,5

B log;2

C | log;,o

D logyb
Solution:

Dividing the equations gives 5 = (%)T = 2".Hencer = log, 5, so the correct answer
isD.



9. Triangle PAB andsquare ABC D arein perpendicular planes. Giventhat PA = 3,
PB = 4,and AB = 5,whatis PD?

C D

0O
(0] [\V)] a
g' E %

— = =~

(JV]

Solution:

Since PA? + PB? = 32 + 42 = 52 = AB? triangle PAB isrightat P.Insquare
ABCD,AD =5and AD 1 AB.Because the two planes are perpendicular along
AB, AD is perpendicular to the plane of PAB, and hence to AP. Thus PD? =
PA? + AD? = 3% + 52 = 34. The correct answeris B.



10. How many line segments have both their endpointslocated at the vertices of a given

cube?
A 12
B 15
c 24
D 28
E 56
Solution:

Every unordered pair of the cube’s 8 vertices determines one segment, including

edges and diagonals. There are (2) = 28, so the correct answerisD.



11. Givenacircle of radius 2, there are many line segments of length 2 that are tangent to
the circle at theirmidpoints. Find the area of the region consisting of all suchline

segments.
s
Ag
B 4 — 1
™
c 3
D
E 27
Solution:

Each segmentis centered at atangency point 2 units from the circle’s centerand
extends 1 unit along the tangentin both directions. As the tangency point rotates, the
segments fill the annulus with innerradius 2 and outerradius v/22 + 12 = V5. lts area
ism(b — 4) = m,sothe correctanswerisD.



12. Afunction f fromthe integers to the integersis defined as follows:

n+3 ifnisodd,
-1

% if n is even.

Suppose kisoddand f(f(f(k))) = 27.Whatis the sum of the digits of k?

A 3

B 6

c 9

D 12

E 15
Solution:

Since kisodd, f(k) = k + 3iseven,so f(f(k)) = %£2. If this value were odd,
adding 3 could not produce 27 because that would require the value 24. Thereforeiitis
evenandis halved to 27, so % = 54.Hence k = 105, whose digits sumto 6. The

correctansweris B.



13. Sunnyruns at a steady rate, and Moonbeam runs m times as fast, where m is a number
greaterthan 1. If Moonbeam gives Sunny a head start of h meters, how many meters
must Moonbeam run to overtake Sunny?

A hm
B i
C | 75
D &
Solution:

Z

Suppose Moonbeam runs  meters. The elapsed time is =, so Sunny runs == = =

meters after the start. At the catch,z = h + £. Solvinggivesz = 2 sothe
m m—1

correctanswerisD.



14. Let E(n) denote the sum of the even digits of n. Forexample, E(5681) = 6 + 8 =
14.Find E(1) + E(2) + E(3) + - -+ + E(100).

A 200
B 360
c 400
D 900
E 2250
Solution:

From 00 through 99, each digit occurs 10 times in each of the two positions. The
positive evendigitssumto2 + 4 + 6 + 8 = 20, so the total contributionis 2 - 10 -

20 = 400. The number 100 contributes no even positive digit, so the correct answer is
C.



15. Two opposite sides of arectangle are each divided into n congruent segments, and
the endpoints of one segment are joined to the center to form triangle A. The other
sides are each divided into m congruent segments, and the endpoints of one of these
segments are joined to the center to form triangle B. [See figure forn = 5,m = 7.]
What is the ratio of the area of triangle A to the area of triangle B?

A1
5
|l m
Solution:
Triangle A has base % and altitude g, soitsareais Z—T’f . Triangle B has base % and

altitude 3, soitsareais %. Theirratiois I, and the correct answeris B.



16. Afair standard six-sided dice is tossed three times. Given that the sum of the first two
tosses equals the third, what is the probability that at least one 2 is tossed?

AL g

B 31

c 3

D

E | 15
Solution:

Forthird tosses 2, 3, 4, 5, 6, the numbers of ordered first-two-toss pairs are
1,2,3,4,5,for15 equally likely conditional outcomes. A third toss of 2 contributes
(1,1,2).A2inthe first position gives 4 outcomes and a 2 in the second gives 4, with
(2,2,4) counted twice. Thus thereare 1 + 4 + 4 — 1 = 8 favorable outcomes, and
the correctanswerisD.



17. Inrectangle ABC D, angle C'is trisected by CF and CE, where Elison AB, F'is on
AD, BE = 6,and AF = 2. Which of the following is closest to the area of the
rectangle ABC D?

D C
F
2
A E 6 B
A 110
B 120
C 130
D 140
E 150
Solution:

, : , . o _ BE
Let the rectangle have width w and height h. Inright triangle CBE, tan 30° = &5 =

%, soh = 6+/3. Inthe triangle using C, F', D, the horizontal runis w and the vertical
dropish — 2,sotan 60° = % .Hence

— h2-

w=V3(6v3—2) =18 — 2V3.
The areais 6v/3(18 — 21/3) = 108+/3 — 36 ~ 151.1, closest to 150. Thus the
correct answerisE.



18. Acircle of radius 2 has centerat (2, 0). Acircle of radius 1 has centerat (5, 0). Aline s
tangent to the two circles at pointsin the first quadrant. Which of the following is
closest to the y-intercept of the line?

NG
A 4

NE
B 5

Solution:

Write the upper commontangentasmz — y + b = 0andlets = vm? + 1. Thetwo
center-to-line distances give

2m + b = 2s, bm 4+ b = s.
Thus3m = —s,509m? = m? + landm = —%. From the second equation,
b=s—5m
= + =
V8 V8

Therefore the correct answerisD.



19. The midpoints of the sides of aregularhexagon ABC DEF are joinedtoforma
smaller hexagon. What fraction of the area of ABC D EF'is enclosed by the smaller
hexagon?

O O w >
N[N wiN wl% N [=
w

m
wfS)

Solution:

Two adjacent midpoints and their shared vertex form a triangle with two sides % and
included angle 120°. Its opposite side has squared length

s2 g2 8\ 2
2 ——2(—) 120°
4+4 5 cos 120
s
=

Thus the smaller hexagon has scale factor \/75, anditsarearatiois %. The correct

answerisD.



20. Inthe xy-plane, what is the length of the shortest path from (0, 0) to (12, 16) that
doesnotgoinside the circle (z — 6)? + (y — 8)? = 257

A 103
B 1045

c 103+ 5?”
V3
D 7
E 10 + 57
Solution:

Each endpointis 10 units from the circle’s center, so each tangent segment has
length1/10%2 — 52 = 5v/3.Inthe right triangle at a tangency point, the angle at the
centeris 60°. Since the endpoint rays are opposite, the intervening minor arc
subtends 180° — 2(60°) = 60°, soitslengthis 5%.The totalis 104/3 + 5?”, andthe
correct answeris C.



21. Triangles ABC and ABD areisosceleswith AB = AC = BD, and BD intersects
ACatE.If BD 1 AC,then/C + /Dis

A
D
B C
A 115°
B 120°
C 130°
D 135°
E not uniquely determined
Solution:
Let /BAC = a.Since AB = AC,
180° — « o
/C=—=90"— —.
2 2

Because BD 1 AC,theangle between BAand BDis90° — a.Inisosceles triangle
ABD,AB = BD,soitstwo base angles are

~180° — (90° — «)
N 2
(8%
— 45° + —.,
+ 2

4D

Theirsumis 135°, so the correct answeris D.



22. Fourdistinct points, A, B, C,and D, are to be selected from 1996 points evenly

spaced around acircle. Allquadruples are equally likely to be chosen. What is the
probability that the chord AB intersects the chord CD?

1
A g

1
3

O @]
wlno N =

m
N[V

Solution:

For any fixed four points, there are three ways to partition their labels into two
unordered chord pairs. Exactly one pairing joins alternating points around the circle
and therefore crosses. The named pairﬁ, CDis equally likely to be any of these
three pairings, so the probability is % The correct answeris B.



23. The sum of the lengths of the twelve edges of arectangular boxis 140, and the
distance from one corner of the box to the farthest corneris 21. The total surface area

of the box s
A T76
B 784
c 798
D 800
E 812

Solution:

The edge sumgives4(a + b+ ¢) = 140,s0a + b + ¢ = 35. The space diagonal
givesa? + b2 + ¢ = 212 = 441. Therefore the surface areais

2(ab + bc + ca)

= (a+b+c)?

—(a® +b* + )
= 35 — 441 = 784.

Thus the correct answeris B.



24. The sequence

1,2,1,2,2,1,2,2,2,1,2,
2,2,2,1,2,2,2,2.2.1,2, ...

consists of 1’s separated by blocks of 2’s withn 2’s in the nth block. The sum of the
first 1234 terms of this sequence is

A 1996

B 2419

Cc 2429

D 2439

E 2449
Solution:
Through block k there are k ones and @ twos, hence @ terms. For k = 48 this
is 1224. Theirsumis

48 + 2 (48;19) — 2400.

The next 10 terms are one 1 and nine 2’s, with sum 19. The requested sumis 2419, so
the correctanswerisB.



25. Giventhat 2 + y? = 14x + 6y + 6, what is the largest possible value that 3z + 4y

canhave?
A T2
B 73
c 74
D 75
E 76

Solution:

Completing the square gives
(x —7)*+ (y — 3)* = 64.

Atthe center, 3z + 4y = 3(7) + 4(3) = 33. Moving 8 unitsin the direction of the
vector (3, 4) increases the expression by 84/32 + 42 = 40. The maximumiis 73, so the
correct answerisB.



26. Anurn contains marbles of four colors: red, white, blue, and green. When four marbles
are drawn without replacement, the following events are equally likely:

(a) the selection of fourred marbles;

(b) the selection of one white and three red marbles;

(c) the selection of one white, one blue, and two red marbles; and
(d) the selection of one marble of each color.

What is the smallest number of marbles satisfying the given condition?

A 19
B 21
c 46
D 69

E more than 69

Solution:

Equal probabilities have the same common denominator, so their favorable selection

counts satisfy (2) = w(g) = wb(;) = wbgr. Successive ratios give w = %, b=

%,andg = ==.Theleastr > 4 making all three positive integersisr = 11.Then

-1
3
(w,b,9) = (2,3,5),for1l + 2 + 3 + 5 = 21 marbles. Thus the correct answer is B.



27. Consider two solid spherical balls, one centered at (0, 0, 22—1) withradius 6, and the
other centered at (0, 0, 1) with radius 3. How many points (z, y, z) with only integer
coordinates (lattice points) are there in the intersection of the balls?

AT
B 9
c 11
D 13
E 15
Solution:

The first ball permits integer heights 5 through 16, while the second permits —3
through 5, so anintersection lattice point must have z = 5. At that height the two
bounds are

21\ 2
w2+y2§36—(5—7)
23
4’

81
2<__5_12
< ( )
17

1

w2+y

Thus 2 + y? canbe 0, 1,2, or4. These give 1, 4, 4, and 4 ordered integer pairs,
respectively, for 13 points. The correct answeris D.



28. Ona4 x 4 x 3rectangular parallelepiped, vertices A, B, and C are adjacent to
vertex D. The perpendicular distance from D to the plane containing A, B,and C'is

closestto
< A
3
B
4
D
1
C
A 1.6
B 1.9
C 2.1
D 2.7
E 2.9
Solution:
Put D = (0,0, 0) and take the adjacent vertices as (4, 0, 0), (0, 4, 0), (0,0, 3). Their
planeis
z Yy =z
TiYi 2
17173

Its distance from the originis



1 2 1 5 34
(GP+ (7Y
~ 2.06,
closestto 2.1. Thus the correct answeris C.

29. If nis a positive integer such that 2n has 28 positive divisors and 3n has 30 positive
divisors, then how many positive divisors does 6n have?

A 32
B 34
c 35
D 36
E 38
Solution:

Writen = 2%3qwithged(q, 6) = 1,andlett = 7(q).Then
(a+2)(b+ 1)t = 28,
(a+1)(b+ 2)t = 30.

Hencetis 1 or 2. Checking the factor pairs of 14, 15 gives no solutionwhent = 2.
Checking those of 28, 30 whent = 1 gives the unique solutiona = 5,b = 3.
Therefore

7(6n) = (a+2)(b+ 2)t
=7-5=35,

so the correct answeris C.



30. Ahexagoninscribedin a circle has three consecutive sides each of length 3 and three
consecutive sides each of length 5. The chord of the circle that divides the hexagon
into two trapezoids, one with three sides each of length 3 and the other with three
sides each of length 5, haslength equal to % , Where m and n arerelatively prime
positive integers. Findm + n.

A 309
B 349
c 369
D 389
E 409
Solution:

Let the circle have radius R, and let a, 8 be the half-central angles for the sides 3, 5.

Then3 = 2Rsina,b = 2Rsin B,anda + 8 = 60°.Thusg _ sin(60°—a)

sin o
V3 33 27
13

5o cota — %, sotana = 196 - 1he dividing chord spans the three

consecutive sides oflength3,so £ = sida — 3 _ ggin2 o = 3 — 2T = 120,
’ 3 sin o 49 49

Therefore L = %, som + n = 409. The correct answerisE.

andsin? o =
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