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1. Kimearnedscores of 87,83 and 88 on her first three mathematics examinations. If Kim
receives a score of 90 on the fourth exam, then her average will

A remain the same
B increasebyl
C | increaseby?2

D | increaseby3

E increase by 4
Solution:
The first three scores total 87 4+ 83 + 88 = 258, so theiraverageis % = 86. With the
fourth score, the totalis 348, and the new average is % = 87.ltincreasesby 1, sothe

correctansweris B.



2. Ify/2++/x =3,thenz =

A1

B | V7

c 7

D 49

E 121
Solution:

Squaring gives 2 4+ /z = 9,s0+/x = 7. Squaring again gives z = 49. Thus the
correctanswerisD.

3. Thetotalin-store price foranapplianceis $99.99. A television commercial advertises
the same product for three easy payments of $29.98 and a one-time shipping and
handling charge of $9.98. How much is saved by buying the appliance from the
television advertiser?

A | 6cents
B 7 cents
C  8cents
D  9cents

E 10 cents

Solution:

The advertised totalis 3(29.98) + 9.98 = 99.92 dollars. The savingsis 99.99 —
99.92 = 0.07 dollars, or 7 cents. Thus the correct answeris B.



4. If Mis30% of @, Qis 20% of P,and N is 50% of P, then & =

A 5
B %
c 1
E 3
Solution:
We have M = (0.30)(0.20)P = 0.06 Pand N = 0.50P.Hence & = 398 — 3

Thus the correct answeris B.

5. Arectangularfieldis 300 feet wide and 400 feet long. Random sampling indicates that
there are, on the average, three ants per square inch throughout the field. [12 inches =
1 foot.] Of the following, the number that most closely approximates the number of
antsinthe fieldis

A | 500thousand
B  9Smillion

C  50million

D 500 million

E 5 billion

Solution:

The areais 300 - 400 = 120,000 square feet, or 120,000 - 144 = 17,280,000 square
inches. The estimateis 3(17,280,000) = 51,840,000, closest to 50 million. Thus the
correctansweris C.



6. The figure shown canbe foldedinto the shape of a cube. Inthe resulting cube, which
of the lettered faces is opposite the face marked z?

A A
B B
c C
D D
E FE
Solution:

Hold A as the front face. Folding makes x the left face and B the top face. The face C,
attachedto theright of B, then folds to the right face, opposite x. Thus the correct
answeris C.



7. Theradius of Earth at the equatoris approximately 4000 miles. Suppose ajet flies once
around Earth at a speed of 500 miles per hour relative to Earth. If the flight pathis a
negligible height above the equator, then, among the following choices, the best
estimate of the number of hours of flight s

A 8

B 25

c 50

D 75

E 100
Solution:

The equatoris approximately 27(4000) = 80007 miles long. The flight time is

8?)88” = 167 ~ 50 hours. Thus the correct answeris C.




8. Intriangle ABC, ZC = 90°, AC = 6and BC = 8. Points D and E are on AB and
BC, respectively,and ZBED = 90°.1f DE = 4,then BD =

5
D "
. v
A C
A5
16
B 3
20
c 3
15
b 3
E 8
Solution:
The large right triangle has AB = v/62 + 82 = 10.Since DE || AC, triangles BDE

o DE _ 4 _ 2 2 20
and BAC are similar, with scale factor 7= = = = 3. Therefore BD = (3)(10) = 3.

Thus the correct answeris C.



9. Considerthe figure consisting of a square, its diagonals, and the segments joining the
midpoints of opposite sides. The total number of triangles of any size in the figure is

A 10
B 12
c 14
D 16
E 18
Solution:

There are 8 smallest triangles, each bounded by a half-side, a half-diagonal, and a
half-midline. There are 4 triangles whose base is a full side and vertexis the center, and
4 half-square triangles cut off by a diagonal. The totalis 8 + 4 + 4 = 16. Thus the
correctanswerisD.



10. The area of the triangle bounded by thelinesy = ¢,y = —xandy = 6is

A 12

B 122

c 24

D 244/2

E 36
Solution:

The vertices are (0,0), (6,6),and (—6, 6). The horizontal base has length 12, and the
heightis 6, so the areais 1(12)(6) = 36. Thus the correct answer s E.



11.

How many base 10 four-digit numbers, N = a b c d, satisfy all three of the following
conditions?

(14,000 < N < 6,000;
(i) IV is amultiple of 5;
(i3 <b<ec<6.

A 10
B | 18
cC 24
D 36
E 48
Solution:

The thousands digit a is 4 or 5, and divisibility by 5 makes d either 0 or 5. The pair (b, ¢)
is obtained by choosing two of 3, 4, 5, 6 inincreasing order, giving (‘21) = 6 pairs. Thus
thecountis2 - 2 - 6 = 24, and the correct answeris C.



12. Let f be alinear function with the properties that f(1) < f(2), f(3) > f(4),and
f(5) = 5. Which of the following statements is true?

D f(0)=5
E  f(0)>5
Solution:

From f(1) < f(2),the slopeis nonnegative. From f(3) > f(4),itis nonpositive.
Thus the slopeis 0, so f is constant. Since f(5) = 5, we have f(0) = 5.Thus the
correctanswerisD.



13. The addition below isincorrect. The display can be made correct by changing one
digit d, whereverit occurs, to another digit e. Find the sum of d and e.

7 4 2 5 8 6

+ 8 2 9 4 3 0

1 21 2 0 1 6
A 4
B 6
c 8
D 10

E more than 10

Solution:

The units, tens, and hundreds columns work with carries 0, 1, 1. In the thousands
column, replacing every 2by 6 gives 6 + 9 + 1 = 16, so theresult digitisalso 6. The
next columnsthengive4 +6 +1 =11and7 + 8 + 1 = 16, producing the
corrected equation 746586 + 869430 = 1616016.Thusd + e = 2 + 6 = 8,andthe
correct answeris C.



14.1f f(z) = az’ — ba? + z + 5and f(—3) = 2,then f(3) =

A =5

B —2

c 1

D 3

E 8
Solution:

The even-power terms and constant are the same at 3 and —3, while the linear term
changes from —3to 3. Hence f(3) — f(—3) = 6,s0 f(3) =2+ 6 = 8.Thusthe
correctanswerisE.



15. Five pointsonacircle are numbered 1, 2, 3,4, and 5 in clockwise order. Abugjumpsin
a clockwise direction from one point to another around the circle; if itisonan odd-
numbered point, it moves one point, and if it is on an even-numbered point, it moves
two points. If the bug begins on point 5, after 1995 jumps it will be on point

A1

B 2

c 3

D 4

E 5
Solution:

Starting at 5, the landing pointsare 1,2,4,1,2,4,...Thusthecycle 1, 2,4 haslength
3. Since 1995 is divisible by 3, the 1995th landing pointis 4. Thus the correct answer s
D.



16. Anita attends a baseball game in Atlanta and estimates that there are 50,000 fansin
attendance. Bob attends a baseball game in Boston and estimates that there are
60,000 fansin attendance. A league official who knows the actual numbers attending
the two games notes that:

i. The actual attendance in Atlanta is within 10% of Anita’s estimate.
ii. Bob’s estimate is within 10% of the actual attendance in Boston.

To the nearest 1,000, the largest possible difference between the numbers attending
the two gamesis

A | 10,000
B 11,000
c | 20,000
D 21,000
E 22,000
Solution:

Atlanta’s actual attendance A satisfies 45,000 < A < 55,000. For Boston’s actual

attendance B, the conditionis |60,000 — B| < 0.1B,so 601’9100 <B< %.The

largest difference is therefore

60,000

— 45,000 = 21,666.6,
0.9

which rounds to 22,000. Thus the correct answeris E.



17. Givenregularpentagon ABC DFE, acircle canbe drawn thatis tangentto DC'at D

andto AB at A. The number of degrees in minorarc AD is

D
C
A B
A 72
B 108
C 120
D 135
E 144
Solution:

Let O be the circle’s center. The direction changes by 72° at each vertex of the
pentagon, so the acute angle betweenlines AB and DC'is 36°. The radii to their
tangency points are perpendicular to these lines; for the circle shown, the minor
centralangle ZAOD is the supplementary angle 180° — 36° = 144°. Therefore

minorarc AD measures 144°, and the correct answerisE.



18. Two rays with common endpoint O form a 30° angle. Point A lies on one ray, point B
onthe otherray,and AB = 1.The maximum possible length of OB is

A1
c V3
D 2
Solution:

LetOA = xand OB = y.The Law of Cosines gives
1=2x%+y> — V3zy.

As a quadratic in z, this has discriminant 3y* — 4(y2 —1)=4- y?. Areal x requires
y < 2,and equality is attained when z = /3. Hence the maximumis 2, and the
correctanswerisD.



19. Equilateral triangle D E'F'isinscribedin equilateral triangle ABC' as shown with
DE 1 BC.Theratio of the area of ADEF to the areaof AABC'is

A
E
F
B D C
A g
B g
c 3
D 3
E 3
Solution:

Let ABC have side 1,with B = (0,0) and C = (1, 0). If the inner side is s, write D =
(d,0)and E = (d, s).Since Elieson AC, s = 1/3(1 — d). The third inner vertexis
F=(d- ?s, 1s),and F'lieson AB, so

S \/5
S v3d—Y2s
2 2 ’
givingd = % Substitutionyields s = —=. Areas of equilateral triangles scale as the

square of their sides, so the ratiois s2 =

3

e

3 Thus the correct answeris C.



20. If a, band care three (not necessarily different) numbers chosen randomly and with
replacement fromthe set {1,2, 3,4, 5}, the probability thatab + cisevenis

2
Al
59
B 133
1
C 3
64
D 135
3
E 13
Solution:
There are 3 odd and 2 even choices. The product abis odd with probability % and
even with probability % . Therefore
9 3
P(ab+ ceven) = — - —
n 16 2
25 5
_ 59
125

Thus the correct answeris B.



21. Two nonadjacent vertices of arectangle are (4, 3) and (—4, —3), and the coordinates
of the other two vertices are integers. The number of suchrectanglesis

A1

B 2

c 3

D 4

E b5
Solution:

The given diagonal has midpoint (0, 0) and half-length 5. The other diagonal must
therefore have endpoints (u, v) and (—u, —v) withu? + v? = 25. Conversely, two
equal diagonals with the same midpoint form arectangle. There are 12 integer points
onthis circle:

(+5,0), (0, +5),
(43, +4), (+4, £3).

Antipodal points determine the same diagonal, giving 6 possibilities. One is the given
diagonalitself, whichis degenerate, so 6 — 1 = 5rectanglesremain. Thus the correct
answerisE.



22. Apentagonis formed by cutting a triangular corner from arectangular piece of paper.
The five sides of the pentagon have lengths 13, 19, 20, 25 and 31, although this is not
necessarily theirorder around the pentagon. The area of the pentagonis

A 459
B 600
Cc 680
D 720
E 745
Solution:

The full rectangle sides must be longer than the two remnants on those same sides.
The only assignment whose two differences and remaining cut side form aright
triangle is the rectangle 25 by 31, withremnants 20 and 19. The removed corner then
haslegs25 — 20 = 5and 31 — 19 = 12, whose hypotenuse s the listed side 13. Thus
the pentagon’s areais

1
2531 — - (5)(12) = 775 - 30
— 745,

Hence the correct answerisE.



23. The sides of a triangle have lengths 11, 15, and k, where k is aninteger. For how many
values of kis the triangle obtuse?

A5

B 7

C 12

D 13

E 14
Solution:

The triangle inequality gives 5 < k < 25.Fork < 15, thelongestsideis 15, and the
triangle is obtuse when

152 > 112 + k2,

which gives 5 < k < 10, or6 values. Fork > 15, itis obtusewhenk? > 112 4 152 =
346, giving 19 < k < 25, or7values. The totalis6 + 7 = 13, so the correct answeris
D.



24. There exist positive integers A, B, and C, withno common factor greater than 1, such
that

Whatis A + B + C?

A ©

B 7

c 8

D 9

E 10
Solution:

Combining logarithms gives

505428 = 200¢ = 52¢23¢ Hence A = 2C and B = 3C. Therelatively prime
positive tripleis (4, B, C') = (2,3, 1), whose sumis 6. Thus the correct answer s A.



25. Alist of five positive integers has mean 12 and range 18. The mode and median are
both 8. How many different values are possible for the second largest element of the

list?
A 4
B 6
c 8
D 10
E 12
Solution:

Write the sortedlistasm, 8, 8, d, m + 18. (If the fourth entry were 8, the sum and
ordering conditions would be impossible.) Since the total is 5(12) = 60,

m + 848 +d+ (m+ 18) = 60,

sod = 26 — 2m.The conditions8 < d < m + 18andm < 8give3 < m < 8.
These sixvaluesyieldd = 20, 18, 16, 14, 12, 10, all valid. Thus there are 6 possibilities,
andthe correct answeris B.



26. Inthe ﬁgure,Eand CD are diameters of the circle with center O,E 1L C—D, and
chord DF intersects ABat E.If DE = 6and EF = 2, thenthe area of the circle is

C
A 0 B

D
A 237
B Unx
C 247

49

D ?7'('
E 257
Solution:

Let theradiusber and OF = x. Intersecting chords gives
(r+z)(r—z)=26-2,

sor? —z? =12.PutO = (0,0),D = (0,—7),and E = (z,0).Since DE : EF =
3:1,

4
B 4x r
-\ 3’3)/"
1622

2
Because F liesonthecircle, 25~ + & = 7%, s0r? = 2z°. Therefore 2* = 12and
r? = 24.The areais 24, so the correct answeris C.



27. Consider the triangular array of numberswith 0,1, 2, 3, . . . along the sides and interior
numbers obtained by adding the two adjacent numbers in the previous row. Rows 1
through 6 are shown.

0
1 1
2 2 2
3 4 4 3
4 7 8 7 4
5 11 15 15 11 5

Let f(n) denote the sum of the numbers in row n. What is the remainder when f(100)
is divided by 1007

A 12
B 30
c a0
D 62
E 74
Solution:

Every previous entry contributes to two entries of the next row, and the two new
boundary entries contribute an additional 2. Thus f(n) = 2f(n — 1) + 2, with
f(1) = 0.Hence

f(n)=2"—2.

Since 22’ = 76 (mod 100)and 762 = 76 (mod 100), we have 219 = 76
(mod 100). Therefore £(100) = 74 (mod 100), and the correct answer is E.



28. Two parallel chordsin a circle have lengths 10 and 14, and the distance between them
is 6. The chord parallel to these chords and midway between them is of length 1 /a,

where ais
14
L w
N
A 144
B 156
C 168
D 176
E 184
Solution:

Let the signed distances from the center to the 14- and 10-chords be u and v, with
u — v = 6.Then

r? —u? =17 r? —v? =52
Hencev? — u? = 24,s0 (v — u)(v + u) = 24.Sincev —u = —6,wegetu + v =
—4,and thereforeu = 1,v = —5. The midway chord s at signed distance —2, while

7?2 = 49 + 1 = 50. Its squaredlengthis 4(50 — 4) = 184,soa = 184.Thus the
correctanswerisE.



29. Forhow many three-element sets of positive integers {a, b, ¢} isittrue thata - b -
c = 23107

A 32
B 36
c 40
D 43
E 45
Solution:

Since2310=2:3-5:7-11,eachprime belongsto exactly one of the three factors.
If all factors exceed 1, theirunordered prime groups form a partition of five objects
into three nonempty blocks, counted by

3 -3.2543

S(5,3) = -

25.

If one factoris 1, the primes are partitioned into two nonempty blocks, giving
S(5,2) = 2* — 1 = 15. The factors are distinct because their disjoint prime sets

differ. Thus the totalis 25 + 15 = 40, and the correct answeris C.



30. Alarge cube is formed by stacking 27 unit cubes. A plane is perpendicular to one of
the internal diagonals of the large cube and bisects that diagonal. The number of unit
cubesthat the planeintersectsis

A 16
B 17
c 18
D 19
E 20
Solution:

Take the large cube as [0, 3]%. The planeis « + y 4+ z = 3. Aunit cube with lower
corner (4, j, k),wherei, j, k € {0,1,2}, containsvaluesof x + y + zfroms =i +
j + ktos + 3.ltintersects the plane exactly when s = 2, 3, or4. The coefficients of

z?, 3, z4in

(1+2z+ 2?3

are 6,7, 6. Thus the planeintersects 6 + 7 + 6 = 19 unit cubes, and the correct
answerisD.
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