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1. V/8++/18=
A V26
B 2(vV2+V3)
c 7
D 5v2
E 2413
Solution:

We have /8 = 24/2and /18 = 34/2. Theirsumis 54/2.

Thus the correct answerisD.



2. Triangles ABC and XY Z are similar, with A correspondingto X and Bto Y . If
AB =3,BC =4,and XY = 5,thenY Zis

A 33
B 6
1
c | 6l
D 62
E 8
Solution:
The scale factoris 4% = 2.ThereforeY Z = (2)BC = (2)(4)andY Z = 2 = 62.

Thus the correct answeris D.



3. Fourrectangular paper strips of length 10 and width 1 are put flat on a table and
overlap perpendicularly as shown. How much area of the table is covered?

A 36
B 40
c 44
D 96
E 100
Solution:

The strips have total area4(10) = 40. There are four 1-by-1 overlaps, each counted
twice, so the covered areais 40 — 4 = 36.

Thus the correct answerisA.



4. Theslopeoftheline z + £ = 1is

=
=
c 3
D 3
Solution:

Multiplying by 2 afterisolating % givesy = 2 — %w The slopeis —%.

Thus the correct answeris B.

5. Ifbandcare constantsand

(x4 2)(z +b) = 2> + cx + 6,

thencis
A =5
B -3
c -1
D 3
E 5
Solution:

Expansion gives z2 + (b + 2)x + 2b.Thus 2b = 6,s0b = 3,andc = b + 2 = 5.

Thus the correct answerisE.



6. Afigureisanequiangular parallelogramif and onlyifitis a

A rectangle

B regular polygon
C rhombus

D square

E trapezoid

Solution:

Four equal angles summing to 360° are all right angles. A parallelogram with four right
anglesis exactly arectangle.

Thus the correct answeris A.

7. Estimatethetimeittakesto send 60 blocks of data over acommunications channelif
each block consists of 512 “chunks” and the channel can transmit 120 chunks per
second.

A 0.04 seconds
B 0.4 seconds
C 4 seconds

D 4 minutes

E 4 hours
Solution:
The transmission takes 6(1'25&2 = 256 seconds, whichis alittle over 4 minutes.

Thus the correct answeris D.



If 2 = 2and; = 3,whatistheratioofa + btob + c?
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Solution:

_ _ _ +b _ 3a _ 3
We haveb = 2a andc¢ = 3b = 6a. Therefore ZJF—C = 8—3 = 3.

Thus the correct answeris B.



9. An8& x 10’ tablesitsinthe cornerof asquare room, asin Figure 1 below. The owners
desire to move the table to the position shown in Figure 2. The side of theroomis S

feet. What is the smallest integer value of S for which the table can be moved as

desired without tilting it or taking it apart?

Cable| 10

8/

Table 8
107

Figure 1

A 11

B 12

C 13

D 14

E 15

Solution:

Figure 2

The table diagonalis v/82 4+ 102 = /164, whichis between 12 and 13. During the turn
this diagonal must fit across theroom, so S > 1/164. Conversely, arectangle can
rotate inside a circle whose diameterisits diagonal, so that bound is sufficient. The

leastinteger S'is 13.

Thus the correct answeris C.



10. In an experiment, a scientific constant C'is determined to be 2.43865 with an error of

atmost +0.00312. The experimenter wishes to announce avalue for C'in which every

digitis significant. Thatis, whatever C'is, the announced value must be the correct

result when C'is rounded to that number of digits. The most accurate value the
experimenter can announce for C'is

A 2

B 24

cC | 243

D 244

E  2.439
Solution:

The possible intervalis [2.43553, 2.44177]. Every numberinit rounds to 2.44 at three
significant digits, but the endpoints round differently at four significant digits. Hence
2.44 is the most accurate guaranteed announcement.

Thus the correct answeris D.



11. Oneachhorizontalline in the figure below, the five large dotsindicate the populations
of cities A, B, C, D, and E inthe yearindicated. Which city had the greatest
percentage increase in population from 1970 to 19807

A B C D E
1970 ——F—"F——¢—"F——"F—"F——"F——"F—"F—F+—F+—"—1—1 .
0 50 100 150 Population
1980 —————+—6—+——+—+——+—+—6—+—+—o—+— in thousands
A B C D E
A A
B B
c C
D D
E F
Solution:

The percentage increases for A, B, C, D, E arerespectively 10, 23, 33, 30 ‘and 1.

These are 25%, 40%), 42%%, 30%,and 33 %%, so city C has the greatest percentage
increase.

Thus the correct answeris C.



12. Eachinteger 1 through 9 is written on a separate slip of paper and all nine slips are put
into a hat. Jack picks one of these slips atrandom and puts it back. Then Jill picks a slip
atrandom. Which digitis most likely to be the units digit of the sum of Jack’s integer
and Jill'sinteger?

A 0
B 1
c 8
D 9
E eachdigitis equally likely

Solution:

For a units digit of 0, the ordered pairs are (1, 9), (2, 8), . .., (9, 1), giving 9 pairs.
Each other units digit occurs 8 times among the 81 ordered pairs. Therefore 0 is most
likely.

Thus the correct answerisA.



13. If sinxz = 3 cos x, thenwhatissin x cos ?

1
A B
1
B 5
2
C 3
1
D g
3
E 10
Solution:
Squaring gives sin® z = 9 cos? z. Hence 10 cos® z = 1. Multiplyingsin z = 3 cos =
by cos z givessinx cosx = 3 cos® T = %.

Thus the correct answerisE.



14. Forany real number a and positive integer k, define

a(la—1)(a—2)---

s (e (k1)
(k) Ck(k-1D(k—-2)--
-(2)(1)

What is
_1 1
2 - 2 ?
(100> (100)
A —-199
B —197
C -1
D 197
E 199
Solution:
After canceling 100!, the numerator factors have magnitudes 1, 3, . .., 199, while the
denominator factors have magnitudes 1,1, 3, ...,197. Allcommon odd factors

cancel, leaving magnitude 199. The numerator has 100 negative factors and the
denominatorhas 99, so the quotientis —199.

Thus the correct answeris A.



15. Ifa and bareintegers suchthat x> — £ — lisafactorof ax® + bz? + 1,thenbis

A -2

B —1

c 0

D 1

E 2
Solution:

Moduloz? — £ — 1,wehavez? = z + landz3 = 22 + 1. Thus the polynomialis
congruentto (2a + b)x + (a + b + 1). Both coefficients must vanish,so2a + b = 0
anda +b= —1.Hencea = landb = —2.

Thus the correct answeris A.



16. ABC and A’ B'C' are equilateral triangles with parallel sides and the same center, as
in the figure. The distance between side BC and side B'C" is % the altitude of
AABC.Theratio of the areaof AA'B'C' tothe areaof AABC'is

A
A/
! B
C B
1
A 3
1
B §
1
C 3
3
D 7
E 9+8+/3
36
Solution:

Let the outer andinner altitudes be h and h'. Theircommon centeris % above BC and

! !
h above B'C'.Hence iz — h so b/ = I Areasscale as the square of
3 3 6 2

corresponding lengths, giving (%/)2 =

Thus the correct answeris C.



17. If|z| + ¢ +y = 10andz + |y| —y = 12,indz + y.

A —2
B 2
E 22
Solution:

If z < 0, the first equation givesy = 10, contradicting the second; hencexz > 0. If
y > 0,the secondgivesx = 12, contradicting the first; hence y < 0. The equations
become2z 4+ y = 10andz — 2y = 12. Thusz = 3—52, Yy = —%,andx +y = %.

Thus the correct answeris C.



18. At the end of a professional bowling tournament, the top 5 bowlers have a play-off.
First #5 bowls #4. The loserreceives dth prize and the winner bowls #3 in another
game. The loser of this game receives 4th prize and the winner bowls #2. The loser of
this game receives 3rd prize and the winner bowls #1. The winner of this game gets 1st
prize and the loser gets 2nd prize. Inhow many orders can bowlers #1 through #5
receive the prizes?

A 10

B 16

cC 24

D 120

E none of these
Solution:

Each of the four games has two possible winners. A sequence of four outcomes
uniquely determines the five prize positions, so there are 24 = 16 orders.

Thus the correct answeris B.



19. Simplify

br(a’z® + 2a’y* + b%y?)
+ ay(a®z® + 2b%z* + b%y?)

bx + ay
A | a’z? 4 bPy?
B (ax + by)?
c (az + by)(bz + ay)
D 2(a’z? + by?)
E (bz + ay)?

Solution:
Regrouping the numerator gives
(bz + ay)(a’z® + b°y)
+ 2abzy(ay + bx)
= (bx + ay)(az + by)>.

Dividing by bz + ay yields (azx + by)?.

Thus the correct answeris B.



20. In one of the adjoining figures a square of side 2 is dissected into four pieces so that £/
and F' are the midpoints of opposite sides and AG is perpendicularto BF'. These
four pieces can then bereassembledinto arectangle as showninthe second figure.

The ratio of height to base, %, inthisrectangleis
X W
A F D
G
B E C Y Z
A 4
B 1423
c  2v5
D 8+4v/3
3
E b5
Solution:
Both BF' and D E have horizontal and vertical changes 1 and 2, so each has length
V5.Thus XY = BF + DE = 2+/5.Therectanglehasarea4,s0Y Z = 24% = %
Therefore % =5.

Thus the correct answerisE.



21. The complex number 2 satisfies z + |z| = 2 + 8i. Whatis |2|*? Note:if z = a + bi,

then|z| = va? + b2

A 68
B | 100
c 169
D 208
E 289
Solution:

Writing z = a + bi givesb = 8anda + va? + 64 = 2. Thusva? + 64 = 2 — a.
Squaringyieldsa = —15. Therefore |2|? = a? + b = 225 + 64 = 289.

Thus the correct answerisE.



22. Forhow many integers x does a triangle with side lengths 10, 24, and « have allits
angles acute?

A 4
B 5
cC 6
D 7

E morethan7

Solution:

Acutenessrequires z2 < 102 + 242 = 676and 24% < 10% 4 z2,sox < 26and
x2 > 476. Forinteger z, this gives 22 < z < 25. Allfour values also satisfy the
triangle inequality, so there are 4 values.

Thus the correct answeris A.



23. The sixedges of tetrahedron ABC' D measure 7,13, 18, 27, 36, and 41 units. If the
length of edge ABis41,thenthelengthofedge CDis

AT

B 13

c 18

D 27

E 36
Solution:

For aface containing the edge 7, its other two sides must differ by less than 7. Among
the remaining lengths, the only disjoint pairs with this property are (13, 18) and
(36,41),soedge 27 is opposite edge 7. With AB = 41, the two possible
placements of these pairs can be checked by the triangle inequalities; the placement
making the edge opposite A B equal to 18 fails, while the valid placementhas CD =
13.

Thus the correct answeris B.



24. Anisosceles trapezoidis circumscribed around a circle. The longer base of the
trapezoidis 16, and one of the base angles is arcsin(0.8). Find the area of the

trapezoid.
A T2
B 75
c 80
D 90
E not uniquely determined

Solution:

Let the shorter base be band eachlegbe £. Tangency gives 16 + b = 2/. If the base
angleisa, thensina = %, cosa = %,and 16 —b=20cosa = (g)f. Solving gives
b =4, £ =10,andheight £sina = 8.Theareais (16 + 4)(8) = 80.

Thus the correct answeris C.



25. X, Y ,and Z are pairwise disjoint sets of people. The average ages of people inthe
sets X,Y,Z, X UY,X UZ,andY U Z are givenin the table below.

Set X|Y|Z|XUY | XUZ|YUZ

Average age of

) 37123 |41 29 39.5 33
peopleinthe set

Find the average age of the peopleintheset X UY U Z.

A 33

B 33.5

c 33.66

D 33.833

E 34
Solution:

Let the setsizesbe x, y, 2. The three union averages give

37z + 23y = 29(x + v),
37x + 41z = 39.5(z + 2),

and23y + 41z = 33(y + z).Thusy = %‘T’ andz = 5%’.The total averageis

4
37x+23(?"’)

Sx
41(—
ra(%)

= 34.
m—i—%—l—%

Thus the correct answerisE.



26. Suppose that pand q are positive numbers for which

logg(p) = logy2(q)
= logy4(p + q)-

What is the value of %?

4

A3

B 1(14++3)
8

C 3

D 3(1++5)

16
E 7
Solution:

Letthe commonvaluebet. Thenp = 9%, ¢ = 12¢,andp + q = 16. Putr = 1% —
(%)t. Dividing the last equation by p gives

1
1= ()

— (302 =

Sincer > 0,7 = 1%

M’
=

Thus the correct answerisD.



27. Inthe figure, AB 1. BC, BC 1 CD,and BC'istangent to the circle with center O
and diameter AD. Inwhich one of the following cases is the area of ABC'D an
integer?

I

S

AN

A AB=3,CD=1
B AB=5CD=2
c AB=17,CD=3
D AB=9,CD=14

E AB=11,CD =5

Solution:

The tangent pointis the midpoint of BC', and the tangent-secant relation gives
(29)2 = AB - CD.Thus BC = 2v/AB - CD, and the trapezoid areaiis

Area — ABJFTCDBC

= (AB+ CD)vAB-CD.

Only AB = 9, C D = 4 makes the product under the radical a square; the areaiis
13-6 = 78.

Thus the correct answerisD.



28. Anunfair coin has probability p of coming up heads on a single toss. Let w be the
probability that, in 5 independent tosses of this coin, heads come up exactly 3 times.

144 +hen

Ifw = 625

A | pmustbe %

B = pmustbe %

C  pmustbe greaterthan%

D pisnotuniquely determined

: - _ 14
thereisnovalue of pforwhichw = &=

m

Solution:
Here w(p) = 10p3(1 — p)%. Atp = %7

(2 (3 _ 14
Y=\5) \5) T 625

Alsow(2) = 28 > L4 whilew(1) = 0. By continuity there is another solution

between % and 1. Hence pis not unique.

Thus the correct answeris D.



29. You plot weight (y) against height () for three of your friends and obtain the points
(z1,41), (%2, 2), (23,93). If

T < T < T3,

L3 — L2 — T2 — L1,

which of the followingis necessarily the slope of the line which best fits the data?
“Best fits” means that the sum of the squares of the vertical distances from the data
points to the line is smallerthan for any otherline.

23791
A Ir3—T1
B (y2—v1)—(y3—y2)
r3—=I1
I 2ys—y1—Yyo
2:133—&31 —xI2
Y2—Y1 Ys—Y2
D To—T1 Ir3—T2
E none of these
Solution:

Translate and scale so the x-coordinates are —d, 0, d. Theirmeanis 0, so the least-
squares slopeis

(—d)y1 +0yo +dys  ys — w1
d? + 0+ d? 2d

Ys — U1

T3 — I .

Thus the correct answeris A.



30. Let f(z) = 4z — x?. Given x(, consider the sequence defined by x,, = f(z,_1) for
allm > 1. Forhow many real numbers x( will the sequence zg, 1, T2, . . . take ononly
a finite number of different values?

A 0
B lor2
c  3,4,50r6

D | morethan 6 but finitely many

E infinitely many

Solution:

The starting values 0, 4, 2 give finite orbits 0,4 — 0,and2 — 4 — 0. More generally,
if a, begins a finite chain ending at 0, solve

2 _
4ap11 — Q1 = Q.

Itsreal solutionsarea, 11 = 2 £+ 1/4 — a,. Choosing a preimage not already in the
chain extends it by one new value. Repeating produces infinitely many distinct starting
values with finite orbits.

Thus the correct answerisE.
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