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1. If2x+1=8,thendzr +1 =

A 15
B 16
c 17
D 18
E 19
Solution:

The given equation gives 2z = 7,sox = £.Thereforedz + 1 = 4(%) +1 = 15.

Thus the correct answeris A.



2. Inanarcade game, the “monster”is the shaded sector of a circle of radius 1 cm, as
shownin the figure. The missing piece (the mouth) has central angle 60°. What is the
perimeter of the monsterincm?

60°

A T+ 2

B 2w

c 2Ir

D %7‘(‘4— 2

E gﬂ' + 2
Solution:

The curved part s gggi = 2 of aunitcircle, soitslengthis (2)(27) = 2F. The two

straight sides of the mouth are radii of total length 2. Hence the perimeteris ‘%T + 2.

Thus the correct answerisE.



3. Inright AABC withlegs b and 12, arcs of circles are drawn, one with center A and
radius 12, the other with center B andradius 5. They intersect the hypotenuse in M
and N.Then MN haslength

M B
N

5

A 12 C
A 2
C 3
D 4
Solution:

The hypotenuse has length 13. Since AM = 12, point M is 12 units from A. Also
BN =5,s0AN = AB — BN =13 — 5 = 8.Therefore MN = AM — AN =
12 — 8 = 4.

Thus the correct answeris D.



4. Alarge bagof coins contains pennies, dimes and quarters. There are twice as many
dimes as pennies and three times as many quarters as dimes. An amount of money
which could beinthe bagis

A $306
B $333
C $342
D $348
E  $360
Solution:

If there are p pennies, there are 2p dimes and 6p quarters. Their total value is p +
10(2p) + 25(6p) = 171pcents. Of the listed dollaramounts, 34200 = 171 - 200
centsis possible.

Thus the correct answeris C.



5. Whichterms must be removed fromthe sum

11101 1 1
2 4 6 8 10 12

if the sum of the remaining termsis to equal 1?7

A

Solution:
The full sumis

60+-30-+20
+1512410 147

120 120°

27 _ 9 g 1, 1_ 5, 4__ 9
The removed terms must therefore total 150 = 40.Slnce ST ig= T 0=
those are the required terms.

Thus the correct answerisE.



6. Onestudentinaclassof boysandgirlsistobe chosentorepresentthe class. Each
studentis equally likely to be chosen and the probability that aboyis chosenis % of
the probability that a girlis chosen. The ratio of the number of boys to the total number
of boysand girlsis

A3

B 3

c 3

E 3
Solution:

Because every student is equally likely to be selected, the number of boysiis % of the
number of girls. Thus the boys-to-girlsratiois 2 : 3, and boys make up %3 = % of the

class.

Thus the correct answeris B.



7.

In some computerlanguages (such as APL), when there are no parenthesesinan
algebraic expression, the operations are grouped fromright to left. Thus,a X b — cin
suchlanguages means the same as a(b — ¢) in ordinary algebraic notation.Ifa + b —
c + dis evaluatedin such alanguage, the result in ordinary algebraic notation would

be

A —c+d

e

B %—c—d

c | dbed

D | =era

E =
Solution:

Grouping from the right first gives ¢ + d. Subtracting this result frombgivesb — (¢ +

a

d) = b — ¢ — d.Finally, dividing a by that quantity gives ;——.

Thus the correct answerisE.



8. Leta,da’,b,b berealnumberswith a and a’ nonzero. The solutiontoax + b = Qisless
thanthe solutiontoa’z + b’ = 0Qif and only if

A ab<ab
B  ab <ad

c  ab<adlt

8|

O
Q o~
N

m
SYE
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Solution:
The two solutions are —2 and — Z—l, . Thus the given comparisonis

b b’
—— < ==
a a

Multiplying both sides by —1 reverses the inequality and gives g > Z—l,, equivalently
v

7 < f—L.No multiplication by the unknown-sign quantity aa’ is valid.

Thus the correct answerisE.



9. Theoddpositiveintegers, 1,3,5,7,...,arearrangedin five columns continuing with
the pattern shown. Counting from the left, the columnin which 1985 appearsis the

1
15 13
17
31 29
33
47 45
49

A first

B second

C third

D fourth

E fifth
Solution:

3
11
19
27
35
43
51

5
9
21
25
37
41
53

7

23

39

95

The last numberin eachright-to-leftrowis 16k — 1, and the next row begins with
16k 4 1inthe second column. Since 1985 = 16 - 124 + 1, it begins such arow and

liesinthe second column.

Thus the correct answeris B.



10. An arbitrary circle canintersect the graphof y = sin z in

A | atmost2points

B = atmost4points

C  atmost6points

D = atmost8points

E more than 16 points
Solution:

Take a circle tangent to the x-axis at the origin withits center high above the axis. Asiits

radius grows, its lower arc stays positive but arbitrarily close to the x-axis overan

arbitrarily longinterval. On each positive arch of y = sin x, the sine curveis 0 at the

endpoints andrises well above this circular arc in between, producing two crossings.
Choosing a sufficiently large radius therefore produces more than 16 intersections.

Thus the correct answerisE.



11. How many distinguishable rearrangements of the lettersin CONTEST have both the
vowels first? (Forinstance, OETCNST is one such arrangement, but OTETSNC is not.)

A 60

B 120

Cc | 240

D 720

E 2520
Solution:

The vowels O, E canbe ordered firstin 2! ways. The remaining letters C, N, T, S, T
canbearrangedin g—: = 60 distinguishable ways because the two T"s agree. The total
is2-60 = 120.

Thus the correct answeris B.



12. Letp, g and r be distinct prime numbers, where 1 is not considered a prime. Which of
the following is the smallest positive perfect cube havingn = pg?r* as a divisor?

A p8q8r8

B (pg’r?)?

C (p2q2,r2)3

D (pgr?)?
E 4p3q3r3
Solution:

A perfect cube has prime exponents divisible by 3. The least multiples of 3 that are at
least 1, 2,4 are 3, 3, 6, respectively. Thus the smallest possible cube is

p’¢’r® = (pgr?)®.

Therefore the correct answerisD.



13. Pegsare putinaboard 1 unit apart both horizontally and vertically. Arubber band s
stretched over4 pegs as shownin the figure, forming a quadrilateral. Its area in square

unitsis
A 4
B 4.5
c 5
D 5.5
E 6
Solution:

With the lower-left peg as (0, 0), the quadrilateral’s vertices in order are
(1,3),(4,1),(3,0),(0,1).The shoelace formula gives

1
51(1+0+3+0)
—(12+3+4+0+1)=6.

Therefore the correct answerisE.



14. Exactly three of the interior angles of a convex polygon are obtuse. What is the
maximum number of sides of such a polygon?

A 4

B 5

cC 6

D 7

E 8
Solution:

Forann-gon, the three obtuse angles have totalless than 3 - 180°, while the other
n — 3angles have total at most (n — 3)90°. Hence

(n —2)180° < 3(180°)
+ (n — 3)90°,
which simplifieston < 7. Sixsides are attainable, for example with interior angles
150°,150°,150°,90°,90°, 90°. Thus the maximumis 6.

Therefore the correct answeris C.



15. If a and b are positive numbers such thata®? = b* andb = 9a, then the value of a is

A 9

Solution:

Substitution gives a®® = (9a)?. Taking the positive a-throot yields a® = 9a,soa® =

9. Thereforea = 95 = 31 = /3.

Thus the correct answerisE.



16. If A = 20° and B = 25°,thenthevalue of (1 + tan A)(1 + tan B)is
AL V3

B 2

1++/2

@)

D 2(tan A + tan B)

none of these

m

Solution:
Becausetan(A + B) = tan45° = 1,

tan A + tan B

1—tanAtanB

sotan A +tan B=1 — tan A tan B. Therefore

(1+tan A)(1 + tan B)
=14 (1 — tan Atan B)
+ tan Atan B
= 2.

Thus the correct answeris B.



17. Diagonal DB of rectangle ABC' D is divided into three segments of length 1 by
parallellines L and L’ that pass through A and C and are perpendicularto D B. The
areaof ABC' D, roundedto one decimal place, is

AN

D T
>\ /

A 4.1
B 4.2
c 43
D 44
E 4.5
Solution:

LetD = (0,0),B = (w,h),A = (0,h)andC = (w,0).Since DB = 3, we have

2
w? + h? = 9. The projection of D A onto D B has length %, and the first marked
segmenthaslength 1, so h? = 3. Similarly, the projection of DC reaches the second

2
division point, so “’? = 2andw? = 6.Hencetheareais

wh = v18 = 3v/2 &~ 4.2426,

whichroundsto 4.2.

Therefore the correct answeris B.



18. Sixbags of marbles contain 18,19, 21, 23, 25 and 34 marbles, respectively. One bag
contains chipped marbles only. The other 5 bags contain no chipped marbles. Jane
takes three of the bags and George takes two of the others. Only the bag of chipped
marbles remains. If Jane gets twice as many marbles as George, how many chipped
marbles are there?

A 18
B 19
c 21
D 23
E 25
Solution:

The six bags total 140. If the chipped bag contains ¢ marbles, then the other bags total
three times George’s amount, so 140 — cis divisible by 3. Of the choices, onlyc = 23

has this property. Itis attainable: George can take 18 4+ 21 = 39, while Jane takes
19 425 4 34 = 78.

Thus the correct answeris D.



19. Considerthe graphsofy = Az? and y2 +3 =2+ 4y, where Ais a positive
constantand x and y are real variables. In how many points do the two graphs
intersect?

A  exactly4

B | exactly2

C atleast 1, but the number varies for different positive values of A
D | Oforatleastone positive value of A

E none of these

Solution:

Substituting z2 = % into the second equation gives
Ay* — (4A+ 1)y + 34 =0.

lts discriminantis 442 + 8 A + 1 > 0. Itsroots have positive product 3 and positive

sum &AH , 0 bothroots are positive and distinct. For each root y, the equation 22 =

% gives two distinct values of . Thus there are exactly fourintersection points.

Therefore the correct answeris A.



20. Awooden cube with edge length n units (where nis aninteger > 2)is painted black all
over. By slices parallel toits faces, the cube is cut into n3 smaller cubes each of unit
edge length. If the number of smaller cubes with just one face painted black is equal
to the number of smaller cubes completely free of paint, whatis n?

A5
B 6
c 7
D 38

E none of these

Solution:

There are (n — 2)® completely unpainted cubes. Each of the sixfaces contributes
(n — 2)% cubes with exactly one painted face, so equality gives

6(n —2)? = (n —2)°.

Sincen > 2, divisionby (n — 2)? givesn — 2 = 6,hencen = 8.

Therefore the correct answerisD.



21. How many integers x satisfy the equation

(£ — 2z — 1) =17

A 2
B 3
c 4
D

E none of these

Solution:

Ifthebaseis1,thenz? —z — 1 = 1,givingz = —1,2.fthebaseis —1,thenz(x —
1) = 0; onlyx = O makes the exponent x + 2 even. If the exponentis 0, thenz =
—2,andits baseis 5, soit also works. Thus the four solutions are —2, —1, 0, 2.

Therefore the correct answeris C.



22. Inacircle with center O, AD is adiameter, ABC'is achord, BO = 5and ZABO =
CD = 60°.Thenthelength of BC'is

60°

60°

A3
B 3++3
c 5
D 5

E none of the above

Solution:

Arc CD gives ZC'AD = 30°.Since A, B, C are collinearand A, O, D are collinear,
/ZBAO = 30°.With ZABO = 60°, triangle ABO is a 30°-60°-90° triangle. Because
BO = 5,weget AB = 10and AO = 5/3.

Also ZACD = 90° because AD is adiameter. Inthe 30°-60°-90° triangle AC D, the
hypotenuseis AD = 10v/3,s0 AC = 15.Therefore BC = AC — AB = 5.

Thus the correct answerisD.



23. If

_ —1+iv3
===
_ —1-4v/3
===

Z

Y

2

where 1“ = —1, thenwhich of the following is not correct?

p x4yt =-1

Solution:
The numbers are the two nonreal cube roots of unity, so

n n 2mn
' +vy = 2cos (T)

This equals —1when 3 { n, but equals 2when 3 | n. Of the listed exponents, only 9 is
divisible by 3, soits displayed equationis the one that is not correct.

Therefore the correct answeris C.



24. Anon-zero digitis chosenin such a way that the probability of choosing digit d is
log;,(d + 1) — log;, d. The probability that the digit 2 is chosen is exactly % the
probability that the digit chosenisin the set

A {2,3}

B {3,4}

c {4,5,6,7,8}

b {5,6,7,8,9}

e {4,5,6,7,8,9}
Solution:

The probability of 2islog1,(2 ), so twice that probability is log;o (). For the digits 4
through 8, the sum telescopes:

8
Z (logyo(d + 1)
d=4
9
— log;, d) = log,, 1

Therefore that set has exactly twice the probability of digit 2.

Thus the correct answeris C.



25. The volume of a certainrectangular solid is 8 cm3, its total surface areais 32 cm?, and
its three dimensions are in geometric progression. The sum of the lengthsincm of all
the edges of this solid is

A 28
B 32
c 36
D 40
E 4
Solution:

Write the dimensions as % , 2, 27, since theirproduct is 8. Half the surface areais the

sum of the three pairwise products, so
4
—+4+4+4r =16,
r

givingr + % = 3.The sum of the dimensionsis 2(r + 1 + %) = 8. Since each
dimension occurs on four edges, the sum of alledge lengthsis4 - 8 = 32.

Thus the correct answeris B.



n

26. Find the least positive integern for which —13 is a non-zero reducible fraction.

o5n+-6
A 45
B 68
c 155
D 226

E none of these

Solution:
Euclid’s algorithm gives

ged(n — 13,5n + 6)
= ged(n — 13,71).

Since 71is prime, the nonzero fractionis reducible exactly whenn — 13 is anonzero
multiple of 71. The least positive possibilityisn = 13 + 71 = 84, whichis notamong
the four numerical choices.

Thus the correct answerisE.



27. Considerasequence xy, T2, I3, . . . ,defined by
z; = V3,
Ty = (\‘75)‘3/g
andingeneral
Ty = (az:n_l)‘g/g forn > 1.

Whatis the smallest value of n forwhich x,, is aninteger?

A 2

B 3

c 4

D 9

E 27
Solution:

Letc = \?ﬁ Repeated application of the recurrence gives

3
soxy = 33 = 3.ltremainstorule out the first three terms. The sequence is strictly

increasing. Alsoc < %,so
3\ }
To =c < (5) < 2.

Finally z3 = 3:.Since2¢ < 23 < 3,wehave 3 > 2,while% < lgivesxs < 3.Thus
1,9, T3 arenotintegers,andthe firstintegraltermis zy.

Therefore the correct answeris C.



28.InANABC,wehave /C = 3/A,a = 27and c = 48. Whatis b?

C
b a
A C B

A 33

B 35

c 37

D 39

E not uniquely determined
Solution:
By the sine law and the triple-angle identity,

;l—i = S:;Bj — 3 — 4sin® A.

Hencesin? A = %. Since A < 60°,cos A = %, andtherefore cos 24 = 1—78.Also
B = 180° — 4 A, so another application of the sine law gives
sin B

sin A
sin4A

=27 sin A
= 27-4cos Acos2A
— 35.

b= 27

Thus the correct answeris B.



29. Intheirbase 10 representations, the integer a consists of a sequence of 1985 eights
and the integer b consists of a sequence of 1985 fives. What is the sum of the digits of
the base 10 representation of the integer 9ab?

A | 15880
B | 17856
c 17865
D 17874
E 19851
Solution:

Letk = 1985and R = 10I?T_l.Thena = 8R,b = 5R,and 9abendsin (0. Removing
that zero does not change the digit sum and leaves

9ab
N = — = 36R?
TR
4
= 5(102’“ —1)
— g(lok —1).

Thus N is a string of 2k fours minus a string of k eights. The subtraction produces k —
1fours, then 3, thenk — 1 fives, then 6. Its digit sumis

4(k —1)+3+5(k—1)+6
— 9k = 17865.

Therefore the correct answeris C.



30. Let |z | be the greatestinteger less than or equal to z. Then the number of real
solutionsto4z? — 40|z | + 51 = Ois

A0

B 1

C 2

D 3

E 4
Solution:

Letn = |z]. Asolution must be positive and satisfy

/ 51
=4/10n — —
x n-

n<zx<n+4l.

The lowerinequality is equivalent to
4n® — 40n + 51 <0,
son = 2,3,...,8.Theupperinequality is equivalent to

4n? — 32n + 55 > 0.

Among 2, ..., 8, thisholds exactly forn = 2,6, 7, 8. Eachinterval contributes one
root, so there are four real solutions.

Therefore the correct answerisE.
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