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1. Whenthe polynomial z3 — 2is divided by the polynomial 2% — 2, the remainderis

A 2

B -2

c —2zr—2

D  2zx+2

E 2z — 2
Solution:

Modulo 22 — 2,wehave 22 = 2,s0 23 — 2 = 2z — 2. Thislinear polynomialis the
remainder.

Therefore, the correct answeris E.



2. Ifanumbereighttimesaslarge as xisincreased by two, then one fourth of the result

equals
A 2+
B x+3
cC 242
D 2zx+4
E 2z+16
Solution:

Eight times , increased by two, is 8z + 2. One fourthis 322 = 2z + 1.

Therefore, the correct answerisA.

3. Evaluate (%)) atz = 2.

A 16

B 64

C 256

D 1024

E 65,536
Solution:

Atz = 2,2% = 22 = 4.Hence (%)) = 4* = 256.

Therefore, the correct answeris C.



4. The perimeterof asemicircularregion, measured in centimeters, is numerically equal
toits area, measured in square centimeters. The radius of the semicircle, measuredin
centimeters, is

AT
C 1
D 3
E  2+2
Solution:

Forr > 0, equality of perimeterand area gives mr + 2r = ”77'2 Dividing by r and
solvingyieldsr = %WF—HZ =2+ 74“‘_.

Therefore, the correct answerisE.



5. Two positive numbers x andy areintheratioa : b,where0 < a < b.Ifz + y = ¢,
then the smallerof z and yis

A
B bc;ac
K
D 5
S
Solution:

Writez = kaandy = kb. Sincea < b, zissmaller. Fromk(a +b) = ¢,k = %, s0

ac

Ir — A

Therefore, the correct answeris C.



6. The sum of all but one of the interior angles of a convex polygon equals 2570°. The
remaining angleis

A 90°
B  105°
c 120°
D 130°
E 144°
Solution:

The total must be (n — 2)180° and the missing angle lies between 0° and 180°. The
only multiple of 180° between 2570° and 2750° is 2700°, leaving 2700° — 2570° =
130°.

Therefore, the correct answeris D.



7. Ifthe operationz * yisdefinedbyz * y = (x + 1)(y + 1) — 1, then which one of
the followingis false?

A T *y =1y xxforallrealzandy.

B zx*(y+ z)equals(zxy)+ (z * z)forallrealz,y,and z.
C (x—1)*(xz+ 1)equals(z*x)— 1forallrealz.

D xx*0=xforallrealz.

E xzx*(yxz)=(x+*y)*zforallrealz,y,andz.

Solution:

Sincex *y = « + y + 2y, the operationis commutative, hasidentity 0, and
becomes ordinary multiplication after adding 1. Thus itis associative, and direct
expansion also verifies C. Butatx = 0, statementBsaysy + z = y + z, whileitsright
sideisy + z;toexposetheextratermtakex = 1,y = 2 = 0, givingl * 0 = 1 onthe
leftbut (1 % 0) + (1 * 0) = 2ontheright. Hence Bis false.

Therefore, the correct answeris B.



j!

8. Bydefinitionr! = r(r —1)---1and (i) = ——— wherer, j, k are positive integers

andk < j.1f (1), (

A5

B 7

c 9

D 11

E 12
Solution:

The progression conditionis 2 (;) = (

n
2

RG—k)!?

), (g) form an arithmetic progression withn > 3, thenn equals

n
1

) + (g) . Substitution and cancellation give

n? —9n+14 = 0,or(n — 2)(n — 7) = 0.Sincen > 3,n =T.

Therefore, the correct answeris B.



9. Averticalline divides the triangle with vertices (0, 0), (1, 1) and (9, 1) in the zy-plane
into two regions of equal area. The equation of thelineisx =

A 25
B 3.0
c 3.5
D | 4.0
E 4.5
Solution:

The triangle has area 4. The portionwith0 < x < 1 hasarea

/;(:::—%) dw:g.

Foracutz =t > 1,theareatoitsleft istherefore% + flt(l — %) dz. Setting this

2
equalto2givest — f—s = %,whose relevant solutionist = 3.

Therefore, the correct answeris B.



10. Inthe adjoining diagram, BO bisects ZCB A, CO bisects ZACB,and MN is parallel
to BC.If AB = 12, BC = 24,and AC = 18, thenthe perimeterof AAMN is

B C
A 30
B | 33
c 36
D 39
E 42
Solution:

The sides 12, 18, 24 have semiperimeter 27 and area

V/27-15-9-3 = 27+/15,

sotheinradiusisr = 4/15.Taking BC' as base, the altitude is h = 2(2722/5) = 9‘{?.
Thus the similarity scale from AABCto AAMNis1 — 7 =1 — % = 3. Its perimeter

is (2)(12 + 18 + 24) = 30.

Therefore, the correct answeris A.




11. How many integers with four different digits are there between 1,000 and 9,999 such
that the absolute value of the difference between the first digit and the last digit is 27

A 672

B 784

c 840

D 896

E 1,008
Solution:

Forleadingdigits1,...,9,the number of possible last digits differingby 2is1 + 1 +
2+ 24 2plus2 + 2+ 1+ 1,o0r14.Inaddition, leading digit 2may endin 0, giving 15
endpoint pairs. The middle digits canthen be chosenin 8 - 7 ordered ways. Thus the
countis 15 - 56 = 840.

Therefore, the correct answeris C.



12. Let f(z) = ax” + bz + cx — 5,where a, b, and care constants. If f(—7) = 7, then
f(7) equals

A —17
B 7
c 14
D 21

E not uniquely determined

Solution:

Letg(z) = az” + bz?® + cx,whichis odd. Since f(—=7) = g(=7) — 5 =7,
9(—7) = 12.Therefore g(7) = —12,and f(7) = —12 — 5 = —17.

Therefore, the correct answerisA.

13. Ifa > 1,b > landp = b—g‘@bﬂ,thenap equals

log, a
A 1
B b
c log,b
D log,a
E | gloma
Solution:
Sett = log, a,soa = bt andp = logT”t.Then aP = (bt)b_gtb_t,which equals b8t = ¢,

Therefore a”? = logy, a.

Therefore, the correct answeris D.



14. Inthe adjoining figure, points B and C' lie online segment AD,and AB, BC',and CD
are diameters of circles O, N, and P, respectively. Circles O, N, and P all have radius
15,and theline AG istangenttocircle P at G. If AG intersectscircle N at points B
and F', then chord EF' has length

A 20
B 152
cC 24
D 25

E none of these

Solution:

Here AP = 75, PG = 15,and AG 1 PG.Thedistance from N to AG scales with

AN — 85 soitis 15(22) = 9. Therefore the chord in the radius-15 circle has length

AP_— 75
24152 — 92 = 24/144 = 24.

Therefore, the correct answeris C.



15. Let | z| denote the greatest integer not exceeding z. Let  and y satisfy the
simultaneous equations

If zisnotaninteger,thenx + yis
A aninteger
B  betweendandb
C | between—4and4
D betweenlbandl16

E 16.5

Solution:

Fornonintegral z,letn = |z];then |z — 2| =n — 2.Thus2n + 3 = 3(n — 2) + 5,
son =4andy = 11.Since4 < x < 5,wehaveld < z +y < 16.

Therefore, the correct answeris D.



16. Inthe adjoining figure, awooden cube has edges of length 3 meters. Square holes of
side one meter, centeredin eachface, are cut through to the opposite face. The
edges of the holes are parallel to the edges of the cube. The entire surface area
including the inside, in square meters, is

L5

A 54
B 72
cC | 76
D &4
E 86
Solution:

The six outer faces contribute 6(3% — 12) = 48. Each of the three length-3 square
tunnels has fourinnerwalls, but the central unit segment of every wallis removed by a
perpendiculartunnel, leaving area 2 per wall. Thus the inside contributes 3 - 4 - 2 =
24.The totalis 48 + 24 = 72.

Therefore, the correct answeris B.



17. How many real numbers z satisfy the equation 32272 — 3#+3 — 3% + 3 = 0?

A0

B 1

c 2

D 3

E 4
Solution:

Lett = 3% > 0.Then 9t — 28t 4 3 = 0,whoserootsaret = 3andt = %. Bothare
positive and each corresponds to onereal x, so there are 2 solutions.

Therefore, the correct answeris C.



18. Inthe adjoining figure of arectangular solid, ZDHG = 45° and ZFHB = 60°. Find
the cosine of ZBHD.

D A

G 45° 6Fk

o o) w >
SIS

s
=

Solution:

LetH = (0,0,0),F = (u,0,0),G = (0,v,0),andC = (0,0, w).Then B =
(u,0,w)and D = (0, v, w). The 60° condition gives w = 1/3u, while the 45°
condition givesv = w. Hence

2

w
cos /BHD =
Vu2 + w2/ 2w?
V6
4

Therefore, the correct answeris D.



19. Let f(x) = |z — 2| + | — 4] — |22 — 6|,for2 < z < 8.The sum of the largest and
smallest values of f(x)is

A1
B 2
c 4
D 6

E none of these

Solution:
Onl[2,3], f(z) =2z — 4;0n[3,4], f(z) = 8 — 2z;andon[4, 8], f(z) = 0. Thus the
minimum is 0 and the maximum s 2, whose sumis 2.

Therefore, the correct answeris B.



20. The number of pairs of positive integers (z, y) which satisfy the equation z? 4+ 1y =
3

z°is

A0
B 1
c | 2

D not finite

E none of these

Solution:

Forevery positive integerk, take x = k* + landy = k(k* + 1) = kz.Theny? =
k*x? = z%(x — 1),sox? + y? = x3. This supplies infinitely many positive-integer
pairs.

Therefore, the correct answeris D.



21. Inthe adjoining figure, the triangle ABC'is aright triangle with ZBC'A = 90°. Median
CM is perpendicularto median BN, and side BC' = s.Thelengthof BN is

C N
A
S
M
B
A sV2
B 3sv2
C 252
sv/6
E
Solution:
SetC = (0,0),B = (0,s), A = (t,0).Then M = (%,%)and N = (£,0).

Perpendicularity gives (£, 2) - (3, —s) = 0,hence t* = 25, Therefore

BN =

~—
[\V]
_|_
V)
[\

V)
TSR
GDN|1\3[\D|H~
_l_
V)
[\)

Therefore, the correct answerisE.



22. Inanarrow alley of width w aladder of length a is placed withits foot at a point P
between the walls. Resting against one wall at (0, a distance k above the ground, the
ladder makes a45° angle with the ground. Resting against the otherwall at R, a
distance h above the ground, the ladder makes a 75° angle with the ground. The width
w is equalto

A a
B RQ@
cC  k
E h

Solution:

The horizontal distances from P to the walls are a cos 75° and a cos 45°, sow =
a(cos 75° + cos 45°). The sum-to-product identity gives cos 75° + cos 45° =
sin 75°. Since h = a sin 75°,w = h.

Therefore, the correct answeris E.



23. The lengths of the sides of a triangle are consecutive integers, and the largest angle is
twice the smallest angle. The cosine of the smallest angleis

no
2 4
> 8

E none of these

Solution:

Let the consecutive sidesben,n 4+ 1,n + 2, opposite angles 8, ¢, 26. By the law of
sines,

n+ 2 B sin 260

n sin 6

= 2cos@6.

The law of cosines at the smallest angle also gives

n? 4 6n+5
2(n+1)(n+2)

cosf =

Equating these expressionsyieldsn? — 3n — 4 = 0,son = 4. Hence the sides are

4,5,6andcos = 2% = ?I-

Therefore, the correct answerisA.



24. Inthe adjoining figure, the circle meets the sides of an equilateral triangle at six points.
If AG =2,GF =13, FC = 1and HJ = 7,then DFE equals

A 2422

B 743

c 9

D 10

E 13
Solution:

First, powerof Agives AH(AH + 7) = AG - AF.Thelatterproductis2 - 15 = 30,
soAH =3, BJ =6,and BH =13.LetBD = u, DE = z, EC = v.Fromthe
secantsat Band C,

u(u+z)=BH-BJ

—13.6 =78,
v(v+z) =CF - CG
=114 = 14.

Alsou + x 4+ v = 16. Subtracting the power equations and using the sum gives u —
v = 4.Henceu = 10 — £ andv = 6 — £. Substitutionintov(v + ) = 14 gives
z? = 88,50 DE = 2+/22.

Therefore, the correct answerisA.



25. The adjoining figure is a map of part of a city: the smallrectangles are blocks and the
spacesinbetween are streets. Each morning a student walks fromintersection A to
intersection B, always walking along streets shown, always going east or south. For
variety, at eachintersection where he has a choice, he chooses with probability %
(independent of all other choices) whether to go east or south. Find the probability
that, on any given morning, he walks through intersection C.

N
W<-I->E
S

A

=z

3 |2

o}
c|
e

Solution:



If 2 south moves occur before the third east move, the final step to C'is east and the
preceding 2 + 7 steps contain two east moves. Thus

Pr(C) = (7)o

7=0
1,3 6
8 16 32
N 10
64
2
- 327

Therefore, the correct answeris D.

26. If the base 8 representation of a perfect square is ab3c, where a # 0, thencis

A0
B 1
c 3
D 4

E not uniquely determined

Solution:

The last two octal digits 3cg represent 24 + ¢ (mod 64). Squares modulo 64 inthe
range 24, ...,3linclude only 25.Thus 24 + ¢ = 25,soc = 1.

Therefore, the correct answeris B.



27. Suppose z = a + biis asolution of the polynomial equation

c4z4 + i03z3 + 922

+ic1z+¢o =0,

where ¢y, c1, C2, C3, C4,a,and bare real constants and i> = —1.Which one of the
following must also be a solution?

A —a—bi
B a—bi
cC —-a+b
D b+ ai

E none of these

Solution:

Conjugating the equation changes eacht to —¢ and z to z. Because the odd-
powered terms also change sign when the input is negated, this conjugated equation
is precisely the original polynomial evaluated at —Z. Thus —zZ = —a + bi mustbe a
root.

Therefore, the correct answeris C.



28. Aset of consecutive positive integers beginning with 1 is written on a blackboard.
One numberis erased. The average (arithmetic mean) of the remaining numbers is
351—77 .What numberwas erased?

A 6
B 7
c | 8
D 9

E cannot be determined

Solution:

The new average %2 is below the original average "TH but differs fromit by less than

1, forcingn = 69 or 70. Since the remaining sum (n — 1)(%2) must be integral,

17 | n — 1,son = 69. The erased numberis

602
d = 2415 - 68 - —
erase 1

= 2415 — 2408
=T.

Therefore, the correct answeris B.



29. Letx,y, and z be three positive real numbers whose sumis 1. If no one of these
numbersis more than twice any other, then the minimum possible value of the product

TYZ IS
A%
B 5%
C |
v

E none of these

Solution:

Orderz < y < z.Ataminimum the spreadis maximal,soz = 2zandy = 1 — 3z.

The orderingrequires ¢ < z < 1.Thus zyz = 2z°(1 — 3z). Its only interior critical

pointis a maximum, so compare endpoints: the values are %25 and 3—12, respectively.
1

The minimum is 35

Therefore, the correct answerisA.



30. Find the units digitin the decimal expansion of

(15 +v/220)" + (15 + v/220)*2.

A0

B 2

cC | 5

D 9

E none of these
Solution:

Leta = 15+ v/220and 8 = 15 — v/220,s00 < 8 < 1.Theintegers S,, = a" +
B" satisfy S, = 30S,,_1 — 5S,,_2,hence S;, = 0 (mod 10) foreveryn > 1.
Therefore

a19 + a82 = 519 + 582
— (8" +6%)

is a multiple of 10 minus a positive numberless than 1. Itsinteger part therefore ends
in9.

Therefore, the correct answerisD.
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