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1. Ifrectangle ABC D has area 72 square meters and E and G are the midpoints of
sides AD and C D, respectively, then the area of rectangle D EFG in square meters is

A B
L F
D G C

A 8

B | 9

C 12

D 18

E 24

Solution:

The side lengths of D EFG are one half the corresponding side lengths of ABC'D. Its
areais therefore (3)(3) = 1 of 72, whichis 18.

Therefore, the correct answeris D.



2. Forallnonzerorealnumbersx andysuchthatz — y = zy, % — %equals

A Ty
1
B T—y
C 0
D -1
E y-—=
Solution:
We have
1 1 y—=x
Ty wxy
Ty
— -
= —1,

becauser — y = xy.

Therefore, the correct answerisD.



3. Inthe adjoining figure, ABC D is asquare, ABFE is an equilateral triangle and point E/
is outside square ABC D. What is the measure of ZAE D in degrees?

D A
E
C B
A 10
B 12.5
C 15
D 20
E 25
Solution:

The square and equilateral triangle give DA = AB = AE. Also

/DAFE = /DAB + /BAFE
=90° + 60°
= 150°.

180°—150° _ {po

Thus AD AFE isisosceles, and each base angle is =

Therefore, the correct answeris C.



4. Forallrealnumbersz, z[z{z(2 —x) — 4} + 10] 4+ 1equals
A —zt+22% 4+ 422 4+ 102+ 1
B —x*—2x3 +42% + 102 + 1
c —zt—223 422+ 10z +1
D —zt-2x% 422 10z +1
E  —z'4 223 422 + 10z +1

Solution:
Expanding from the inside gives
zlz{r(2 —z) —4} +10] +1
= z[z(2x — 2® —4) +10] + 1
= —zt 4+ 223 — 422

+ 10z + 1.

Therefore, the correct answerisE.



5. Findthe sum of the digits of the largest even three digit number (inbase ten
representation) which is not changed whenits units and hundreds digits are

interchanged.
A | 22
B 23
c 24
D 25
E 26
Solution:

The equal hundreds and units digit must be even. The largest possible nonzero such
digitis 8, and the tens digit canbe 9. Thus the largest numberis 898, whose digit sum
is8 4+ 9+ 8 = 25.

Therefore, the correct answerisD.



3 5 9 17 | 33 65
6 s Titst it Ta—

A T

I

c 0

D

E | 5
Solution:

Each numeratoris one more thanits denominator, so the expressionis

6+ (=+>+
2 4

The parenthesized geometric sumis1 — 6%1

- _ 1
7_ 64.

= %.ThereforethevalueisG + g—i —

Therefore, the correct answerisA.



7. Thesquare of anintegeris called aperfect square. If x is a perfect square, the next
larger perfect squareis

A r+1

E z+2/z+1

Solution:

Letz = n?withn > 0. The next larger perfect square is

(n+1?=n*+2n+1
=z + 2z + 1.

Therefore, the correct answerisE.



8. Find the area of the smallest region bounded by the graphs of y = |x|and z? + y2 =

4.

s
A g

3
B T
C ™

3
b =
E 27
Solution:

The two rays meet the circle atangles 45° and 135°, so the smallest boundedregionis
a90° sector of the radius-2 circle. Its areais

90°
2)2 — .
360° "2 =7

Therefore, the correct answeris C.



9. The product of v/4 and v/8 equals

A /12

B | 2v/12
C 732
D /32
E 2V/32
Solution:

Writing both radicals as powers of 2 gives

Therefore, the correct answerisE.



10. If P, P, P; P, P; Py is aregular hexagon whose apothem (distance from the center to
the midpoint of a side)is 2, and Q); is the midpoint of side P, P, fori = 1,2, 3, 4,
then the area of quadrilateral Q1 Q2Q3Q4 is

A 6

B 26
8/3

c =5

D 33

Solution:

Let O be the center. Consecutive apothems OQ); and OQ); ;1 have length 2 and forma
60° angle, so each AOQ;Q;+1 is equilateral of side 2. The quadrilateral is the union of
three such triangles, and hence has area

3 (?%) = 3v/3.

Therefore, the correct answeris D.



11. Find a positive integral solution to the equation

Hen 115
2+44—_¢—267;§—- . 116

A 110
B 115
c 116
D 231

E The equation has no positive integral solutions.

Solution:
The numeratoris n?, and the denominatorisn(n + 1). Thus

n 115
n+1 116’

which gives116n = 115n + 115,son = 115.

Therefore, the correct answeris B.



12. Inthe adjoining figure, C'D is the diameter of a semicircle with center O. Point A lies
on the extension of DC past C'; point E lies on the semicircle, and B is the point of
intersection (distinct from E) of line segment A E with the semicircle. If length AB
equalslength O D, and the measure of ZEO D is 45°, then the measure of ZBAQ'is

E

45°
A C O D

A 10°
B 15°
c 20°
D 25°
E 30°
Solution:

Lety = /BAQO.Since AB = OB, /AOB = y,so ZEBO = 2y.AlsoOB = OF,
hence /BEQO = 2yand Z/BOFE = 180° — 4y. Onthe otherhand,

/BOD = 180° — y,

so /BOFE = 135° — y.Therefore 180° — 4y = 135° — y, givingy = 15°.

Therefore, the correct answeris B.



13. Theinequalityy — = < v/ x2is satisfied if and only if

A y < 0ory < 2z (orbothinequalities hold)
B vy > 0ory < 2z (orbothinequalities hold)
c |y <2zy
D y<o0
E  x>0andy <2z

Solution:

If £ > 0, theinequalitybecomesy — x < z,ory < 2z.lfx < 0,itbecomesy —
T < —z,ory < 0.Combining the two cases gives exactlyy < Oory < 2z, with
overlap allowed.

Therefore, the correct answerisA.



14. In a certain sequence of numbers, the first numberis 1, and, foralln > 2, the product
of the first n numbers in the sequence is n%. The sum of the third and the fifth numbers
inthe sequenceiis

E 34
Solution:

Forn > 2,thenthtermis

n2

an:m.

Therefore ag = %and as = %,whosesumis % + % = %.

Therefore, the correct answeris C.



15. Twoidentical jars are filled with alcohol solutions, the ratio of the volume of alcohol to
the volume of waterbeingp : 1inonejarandq : 1inthe otherjar. If the entire contents
of the two jars are mixed together, the ratio of the volume of alcohol to the volume of
waterin the mixture is

ptq
A 2
5 P+

pt+q

2pq
c ptq
b 2(p* +pgt+d*)

3(p+q)

E pta+2pq
p+q+2

Solution:

For equal total volumes, the alcohol fractions are —£— and -, while the water

) . p+1 q+1’
fractions are PYS| and m.Thew ratiois

b q
1T p+a+2pg

1 1
5;1%‘&11 p+q—+2

Therefore, the correct answerisE.



16. Acircle with area A7 is containedin the interior of alarger circle witharea A; + As. If

the radius of the larger circleis 3, and if A;, Ay, A1 + Asisanarithmetic progression,
then the radius of the smallercircleis

V3
A 2
B 1

2
SV

3
D 2

Solution:

The progression condition gives
24, = A; + (A1 + Ay),

so Ay = 2A;.Hencethelargerareais3A; = 9m,and A; = 3. If the smallerradiusis
r,thenmr? = 3m,sor = /3.

Therefore, the correct answerisE.



17. Points A, B, C',and D are distinct andlie, in the given order, on a straight line. Line
segments AB, AC,and AD have lengths x, y, and z, respectively. If line segments
AB and C' D may be rotated about points B and C, respectively, so that points A and
D coincide, to form a triangle with positive area, then which of the following three
inequalities must be satisfied?

yA
LLo<2
TS

Hy<w+§

z
Iy < =
¥y=3

/;/\\‘\

A B C D

A | Tonly

B Ilonly

Cc IandIIonly
D | ITandIIlonly

E | I,TandII

Solution:



The new triangle has sidelengths z, y — x, 2 — y. Its triangle inequalities give

T<(y—=z)+(2—y),

— < 2

27
y—zrz<z+(z—1y),
z

z

=y > —.

y-3

Thus land |l must hold, while lll must fail.

Therefore, the correct answeris C.



18. To the nearest thousandth, log;, 2is 0.301 and log;, 3 is 0.477. Which of the following
is the best approximation of log; 107

AL G
B 7
K
> | 8
Solution:
We havelog;, 5 ~ 1 — 0.301 = 0.699. Therefore
1
log: 10 =
085 log;, 5
1
™ 0.699
~ 1.431.
Of the choices, 1—70 ~ 1.429is closest.

Therefore, the correct answeris C.



19. Find the sum of the squares of all real numbers satisfying the equation 2% —

25632 = 0.

A 8
B 128
c 512
D 65,536
E  2(256%)
Solution:
Since 256 = 28,
95632 — 9256
Thus (%)256 = l.Thereal solutionsarez = 2andz = —2, and the sum of their

squaresis4 + 4 = 8.

Therefore, the correct answeris A.



20.1fa = 1 and (a + 1)(b + 1) = 2, thenthe radian measure of Arctan a + Arctan b

equals

A S
ey ;
0 3
e
Solution:

Substitutinga = % givesb = % If u = Arctan aandv = Arctan b, then

b
tan(u +v) = 1a—+ab
1,1
_3T3
=
=1.

Both angles are positive and theirsumislessthan §,sou +v = 7.

Therefore, the correct answeris C.



21. The length of the hypotenuse of aright triangle is h, and the radius of the inscribed
circleisr. Theratio of the area of the circle to the area of the triangle is

A higr
B
c 2;;17*
QR

E none of these

Solution:

If the legs are &, y, then the right-triangle inradius identityisz + y = h + 2r.Hence
the semiperimeteris
z+y+h

s:Tzh—l—r.

The triangle’s areaisrs = r(h + r), while the circle’s area is 2. Theirratio is e

Therefore, the correct answeris B.



22. Find the number of pairs (m, n) of integers which satisfy the equation

m3 + 6m? + 5m = 27n® + 9n?

+9n + 1.
A 0
B 1
c 3
D 9
E infinitely many

Solution:
The left sideis
m(m + 1)(m + 5)
=m(m+ 1)(m + 2)
+3m(m + 1),

whichis divisible by 3 for every integer m. The right side is 3(9n?® + 3n? + 3n) + 1,
whichiscongruenttol (mod 3).Therefore nointeger pair satisfies the equation.

Therefore, the correct answerisA.



23. The edges of aregular tetrahedron with vertices A, B, C, and D each have length
one. Find the least possible distance between a pair of points P and (), where P is on
edge ABandQisonedge C'D.

D
Q
A-—1-->c¢
P
B
A3
5 3
V2
c 7
V3
b 5
V3
E5
Solution:
Before scaling, take
A=(1,1,1),
B=(1,-1,-1),
C=(-1,1,-1),
D=(-1,-1,1)

These edges have length 2+/2, so scale by 2—\1/5 Points on AB and C'D have forms
P = (1,t,t)andQ = (—1, u, —u). Before scaling,

PQ*> =4+ (t —u)® + (t +u)?
= 4+ 2t% 4 242,



minimized att = u = 0. After scaling, the minimum squared distance is % =

DN~

,Sothe
distanceis @

Therefore, the correct answeris C.



24. Sides AB, BC', and C' D of (simple) quadrilateral ABC' D have lengths 4, 5, and 20,
respectively. If vertex angles B and C are obtuse andsin C' = — cos B = %, then
side AD haslength. (Apolygonis called “simple” if it is not self-intersecting.)

A 24
B 24.5
C 24.6
D 24.8
E 25
Solution:

Put B = (0,0)and C = (5,0). Since Bis obtuse and — cos B = 2, we may take

A=453)
12 16

= (_Ea E)

The simple configuration and the obtuse angle at C give

43
D= 22
C+20(5,5)

= (21,12).

Thus

= 25.

Therefore, the correct answerisE.



25. Ifq; (93) and rq are the quotient and remainder, respectively, when the polynomial z8is
divided by z + %, andif g2 () and ry are the quotient and remainder, respectively,
when g (z) is divided by « + 1, thenr, equals

A 25
1
B 16
C 1
D —16
E 256
Solution:
Leta = —3. Since the first remainderis a®,
8§ _ 8
z® —a
Tr) =
a1 (@) T —a

=z +az+---+a".

Therefore the second remainderis

Therefore, the correct answeris B.



26. The function f satisfies the functional equation

flx)+ fly) = flz+y) —zy—1

forevery pair z, y of real numbers. If f(1) = 1, then the number of integersn # 1 for
which f(n) = nis

A0

B 1

c 2

D 3

E infinite
Solution:

Settingz = lgives f(y + 1) — f(y) = y + 2.Settingz = y = Ogives f(0) = —1.
Extending the recurrence in both directions yields, forevery integern,

n?®+3n—2

ORI

Thus f(n) = nisequivalent to
n*+n—-2=(Mn+2)(n-1)
= 0.

Theintegersolutionsaren = —2, 1, and after excluding 1 exactly one remains.

Therefore, the correct answeris B.



27. Anordered pair (b, c) of integers, each of which has absolute value less than or equal

to five, is chosen at random, with each such ordered pair having an equal likelihood of
being chosen. What s the probability that the equation z% + bz + ¢ = O willnot have

distinct positive real roots?

D i
E none of these
Solution:

There are 112 = 121 ordered pairs. Distinct positive roots require b < 0, ¢ > 0, and
b> > 4c.Forb = —1, —2there are no choices; forb = —3, —4, —5 there are

respectively 2, 3, 5 choices of c. Thus only 10 pairs produce distinct positive roots, so

the requested probability is

10 111

121 121

whichis not listed.

Therefore, the correct answerisE.



28. Circles withcenters A, B, and C each have radius,where 1 < r < 2.The distance
between each pair of centersis 2. If B’ is the point of intersection of circle A and
circle C whichis outside circle B, and if C" is the point of intersection of circle A and
circle B whichis outside circle C, then length B'C’ equals

B
/\

c | r4+4/3(r—1)
D 1+ 3(1°2 — 1)
E none of these

Solution:

Let A be the analogous outerintersection of the circles centered at B, C. Then
A'B'C’ and ABC are concentric equilateral triangles. If K is their common centroid
and M is the midpoint of BC', then

AM=+/r2 -1,

MK =

|3

AK =

[\
wﬁl
e



Similarity gives

Hence B'C' =1+ 4/3(r? — 1).

Therefore, the correct answeris D.




29. Foreach positive numberx, let

The minimum value of f(z)is

A1

B 2

c 3

D 4

E 6
Solution:

lett =z + Landu = a® + 273 =3 — 3t.Sincez® + 76 = u? — 2, the
numeratoris
0 —u? =t —u)(t® +u)
= 3t(t° + u).
The denominatorist® + u,so f(x) = 3t = 3(z + 1).Forz > 0,z + 1 > 2, with
equality atx = 1. Thus the minimumiis 6.

Therefore, the correct answeris E.



30. In AABC, Eis the midpoint of side BC' and D isonside AC. If thelengthof AC'is 1
andZ/BAC = 60°, ZABC = 100°, ZACB = 20°,and ZDEC = 80°,thenthe
area of AABC plus twice the area of ACDFE equals

A

C %cos40O
D %cos50o
:
Solution:

Extend AB through Bto F'with AF = AC = 1.Then AACF'is equilateral. Choose
G on BF sothat ZBCG = 20°. The angle conditions give AFGC = AN ABC, while
ABCG ~ ADCE.Since Eis the midpoint of BC', the similarity scale is 2, so

[BCG] = 4[CDE].

Decomposing the equilateral triangle gives

? — 2[ABC] + 4[CDE).

Dividing by 2yields [ABC] + 2[CDE] = ¥2.

Therefore, the correct answeris B.
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