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1. Ifl — % + % = 0, then % equals

A -1

B 1

c | 2

D —lor2

E —lor—2
Solution:
\;Vithu = 2 the equation becomes 1 — 2u + u? = 0,0r (u — 1) = 0. Therefore
S=u= 1.

Therefore, the correct answeris B.



2. Iffourtimesthereciprocal of the circumference of a circle equals the diameter of the
circle, thenthe area of the circleis

5 2
C 1
D (s
E x?
Solution:

The conditionis

1
4 — ) = 2r.
(27rr) "

Multiplying by 77 gives 2 = 2772, so the area 2 equals 1.

Therefore, the correct answeris C.



3. Forallnonzeronumbers x andy suchthatx = %,

56+

equals
A 22
B 2y?
c z’+9°
D 22 —1?
E o y?— a2
Solution:

Sincex = i,we alsohavey = gl—C.Thusthe productis

(z—y)(y+z) =2y’

Therefore, the correct answeris D.



4. Ifa=1,b=10,c = 100andd = 1000, then

(a+b+c—d)+(a+b—c+d)
+(a—b+c+d)
+(—a+b+c+d)

isequalto
A 1111
B 2222
c 3333
D 1212
E 4242

Solution:

Eachvariable appears positively three times and negatively once, so the expressionis

2(a+b+c+d)
=2a+2b+ 2c+ 2d
=2+ 20+ 200 + 2000
= 2222.

Therefore, the correct answeris B.



5. Fourboysbought aboat for $60. The first boy paid one half of the sum of the amounts
paid by the otherboys; the second boy paid one third of the sum of the amounts paid
by the otherboys; and the third boy paid one fourth of the sum of the amounts paid by
the otherboys. How much did the fourth boy pay?

A 810
B $12
c 9813
D $14
E  $15
Solution:

Let the first three payments be w, x, y. Then

1
w = 5(60—10),
T = %(60—3}),
= 3(60—y)
y—4 Yy).

Hencew = 20,x = 15,y = 12. The fourthpaymentis60 — 20 — 15 — 12 = 13
dollars.

Therefore, the correct answeris C.



6. The number of distinct pairs (z, y) of real numbers satisfying both of the following

equations:
=+ yz,
Yy = 2zy.
is
A0
B 1
c | 2
D 3
E 4
Solution:

Ify = 0, the first equation gives = x2,s0 (z,y) = (0,0) or(1,0).Ify # 0, the
second equationgivesx = %.The firstthen gives y2 = %, producing (%, %) and
(3, —3)- There are four pairs.

Therefore, the correct answerisE.



7. Opposite sides of aregularhexagon are 12 inches apart. The length of each side, in
inches, is

A 75

B 62
c  5v2
D 23
E 43

Solution:

The distance between opposite sides is twice the apothem, hence sv/3. Therefore
5v/3 =12,s0s = % = 4+/3.

Therefore, the correct answeris E.



8. Ifx # yandthe sequences,a,as,yandx, by, by, bs,y each arein arithmetic

progression, then ﬁ equals
AL g
o ]
C 1
W
E | 3
Solution:

The first common difference is 457, and the secondis ¥7*. Since « # y, theirratiois

‘<
8

| [eo

T

4
TR

‘<

Therefore, the correct answeris D.



9. Ifz < 0,then ‘:13 — v/ (z — 1)2‘ equals

A1

B 1-2z

c | —2zx-1

D 1+2z

E 2¢ — 1
Solution:

Becausex — 1 < 0,4/(x — 1)? = |x — 1| = 1 — z. Therefore

jz—(1—2)] = [2z—1
=1-—2zx,

since2xz — 1 < 0.

Therefore, the correct answeris B.



10. If Bisapoint oncircle C with center P, then the set of all points A in the plane of circle
C'such that the distance between A and B is less than or equal to the distance
between A and any other pointoncircle C'is

A | theline segmentfrom Pto B

B  theraybeginningat P and passing through B
C  araybeginningat B

D  acirclewhosecenteris P

E acircle whose centeris B

Solution:

Forany A # P, the closest point of the circle to A is where the ray from P through A
meets the circle. This point is B exactly when A lies on the ray from P through B. The
center P also qualifies because every point on the circle is equally distant fromit. Thus
the locusis thatray.

Therefore, the correct answeris B.



11. If ris positive and the line whose equationis  + y = ristangentto the circle whose
equationis z2 + y2 = r,thenrequals

1
A3
B 1
c 2

D 2
E 22

Solution:

The distance fromthe origintox + y — r = Ois %.Tangency requires this to equal
theradius 4/7, so

N

Sincer > 0, squaring and dividingby r givesr = 2.

Therefore, the correct answeris C.



12. I nANADE,/ADFE = 140°, points B and C'lie onsides AD and AE, respectively,
andpoints A, B,C, D, E are distinct. If lengths AB, BC,C D, and DFE are all equal,
thenthe measure of /EADis

A 5°

B 6°

c | 17.5°

D &

E 10°
Solution:

lete = /BAC = /BCA,y = Z/CBD = Z/CDB,andz = /DCE = ZDEC.
The exterior-angle theorem applied successively gives

Yy = 2z, z=z+y=3z.

The anglesof AADFE are x,140°, z,sox + 140° + 3z = 180°.Hence z = 10°.

Therefore, the correct answerisE.



13. If a, b, ¢, and d are nonzero numbers such that cand d are the solutions of 2% 4 ax +
b = 0and aandbare the solutions of £2 + cx + d = 0,thena + b + ¢ + dequals

A0

B —2

C 2

D 4

E L5
Solution:

Vieta’'s formulas give

c+d=—a, cd=0b,
a+b=—c, ab=d.

The two sum equationsimply b = d. Since b = d # 0, the product equations give
a=c=1.Thena + b= —cgivesb =d = —2,andthereforea +b+c+d = —2.

Therefore, the correct answeris B.



14. If anintegern, greater than 8, is a solution of the equation £?> — az + b = 0 and the
representation of a in the base n numeration systemis 18, then the basen
representation of bis

A 18
B 28
c &0
D 81
E 280
Solution:

In ordinary notation,a = (18),, = n + 8. Since one rootisn, the other root must be 8.
Their productisb = 8n,whose base-n representationis 80.

Therefore, the correct answeris C.



1

15. Ifsinx + cosx = 5

and0 < x < m,thentanxis

=
| -3
c
>

E not completely determined by the given information

Solution:
Squaringgives 1 + 2sinx cosx = 2—15,50 sinxcosx = —;—E.Thus sin x and cos  are
the roots of
1 12
t? —~t— = =0,
5) 25
namely % and —%. Becausesin x > 0onthe giveninterval,sin x = %and cosT =

—%. Hencetanz = —%.

Therefore, the correct answerisA.



16. Inaroom containing N people, N > 3, atleast one person has not shaken hands with
everyone else inthe room. What is the maximum number of people in the room that
could have shaken hands with everyone else?

A0

B 1

c N-1

D N

E none of these
Solution:

If one person has missed a handshake, the other personinthat missed pairalso has
not shaken hands with everyone. Thus at most N — 2 people can have shaken hands
with everyone. Thisis attainable when exactly two people fail to shake hands with each
otherand every other handshake occurs. Since N — 2is notlisted, the answeris “none

of these.”

Therefore, the correct answerisE.



17. If kis a positive number and f is a function such that, for every positive number z,

[f(mz + 1)}\/E =k,

then, for every positive numbery,

isequal to
A Vk
B 2k

Solution:

Setz = 2, whichis positive. Then
y

9 + y?
’+1= 2y7
Yy
12
— =2y/z.
Yy

Therefore the requested expressionis

CEE 1)}“5)2 = k2.

Therefore, the correct answeris D.



18. What is the smallest positive integer n such thaty/n — v/n — 1 < 0.017

A 2499
B 2500
C 2501
D 10,000

E Thereisno suchinteger.

Solution:
Rationalizing gives

1
Van+yn—1

Forn = 2500, the denominatoris 50 + /2499 < 100, so the difference exceeds
0.01. Forn = 2501, the denominatoris 4/2501 + 50 > 100, so the differenceisless
than 0.01. The denominatorincreases with n, making 2501 the least suchinteger.

Vn—yn—1-=

Therefore, the correct answeris C.



19. Apositiveintegern not exceeding 100is choseninsuch away thatif n < 50, thenthe
probability of choosingnis p,andif n > 50, then the probability of choosingnis 3p.
The probability that a perfect squareis chosenis

A 0.05
B | 0.065
c 0.08
D 0.09
E 0.1
Solution:

The total probability is 50p + 50(3p) = 200p = 1,sop = 0.005. There are seven
perfect squares at most 50 and three more, 64, 81, 100, above 50. Hence the desired
probability is

7p + 3(3p) = 16p = 0.08.

Therefore, the correct answeris C.



20. If a, b, care nonzero real numbers such that

at+b—c a—b+e

& b
B —a+b+ec
SE—
and
B (a+b)(b+c)(c+ a)
- abc ’

andz < 0,thenx equals

A —1
B —2
c -4
D —6
E -8
Solution:

Let the commonvalue be t. The first two resulting equations imply
(b—c)(t+2) =0,

and cyclic comparisons give the analogous relations. Thus eithera = b = ¢, which
givesx = 8,ort = —2.Inthelattercasea + b = —c,b+ c = —a,andc+ a = —b,
o)

The conditionxz < 0 selects the lattervalue.

Therefore, the correct answerisA.



21. Forall positive numbers x distinct from1,

1 1 1
logsz  logyz loggx

equals
c 1

(log, z)(log, z)(log; z)

12
(logs z)+(log, z)+(log; )

log, =
(logs z)(logs z)

logs =
E | T Tog0)(ogs2)

0g: T
T Tog, 2)(log; )

Solution:
Let .S denote the given sum. Changing bases and combining logarithms gives

1 1
N logsx log,x
1
log:
= log,(3-4-5)
= log,, 60
1
~ loggoz

S

_|_

Therefore, the correct answerisA.



22. The following four statements, and only these, are found on a card:

Onthis card exactly one statement s false.
Onthis card exactly two statements are false.
Onthis card exactly three statements are false.
Onthis card exactly four statements are false.

(Assume each statement onthe cardis either true or false.) Among them the number
of false statementsis exactly

A0

B 1

c 2

D 3

E 4
Solution:

If the actual numberm of false statementsisone of 1, 2, 3, 4, exactly one displayed
statement—the one naming m—is true. Therefore exactly three statements are false,
forcingm = 3. Thisis consistent: the third statement is true and the other three are
false.

Therefore, the correct answeris D.



23. Vertex E of equilateral triangle ABFE isin the interior of square ABC D, and F'is the
point of intersection of diagonal BD and line segment AE. If length AB is

1+ +/3,thenthe areaof AABF'is

D C
F
F
A B
A 1
B ¥
B
D 4—2V3
/3
IR
Solution:

Let A = (0,0),B = (s,0),and D = (0, s),where s = /1 + 1/3. The two lines
containing F' have equations

AE: y=+/3z,
BD: y=s-—=.

Hence the altitude of F'above AB s 13433 Therefore

+v3
V3 V3

[AABF]=2(1+\/§)— >

Therefore, the correct answeris C.



24. If the distinct nonzero numbers z(y — z),y(z — x), z(z — y) form a geometric
progression withcommonratio r, then r satisfies the equation

A rP+r+1=0
B r’—r+1=0
c rM+r2—-1=0
D (r+1)'4+r=0
E (r—1)%'4r=0

Solution:

The three expressions have sum

z(y —2) +y(z — )
+ z(x —y) = 0.

Writing the nonzero geometric progression as u, ur, ur? givesu(1 + r + r2) = 0.
Sinceu # 0,72 +r+1=0.

Therefore, the correct answerisA.



25. Leta be apositive number. Consider the set S of all points whose rectangular
coordinates (z, y) satisfy all of the following conditions:

—<

<y<2a

> a

iv)z+a>y

v)y

The boundary of set S'is a polygon with

A | 3sides
B = 4sides
C  Ssides
D 6sides
E  7sides
Solution:

(i
(i
(111) z+y
(
(

+a > x.

The first two conditions form the square [§, 2a] x [§, 2a]. Within this square, z +
y > aisautomatic. The last two conditions are equivalent to |z — y| < a;their

boundary lines cut off the corners (2a,

¢)and (4§

, 2a). Cutting two opposite corners

from a square produces a hexagon, so the boundary has six sides.

Therefore, the correct answeris D.



26.INnANABC,AB = 10, AC = 8,and BC = 6. Circle P is the circle with smallest
radius which passes through C' andis tangent to AB. Let Q and R be the points of
intersection, distinct from C', of circle P with sides AC and BC, respectively. The
length of segment QR is

B
R
C Q A
A 4.75
B 4.8
cC 9
D 42
E 3vV5
Solution:

Let H be the foot of the altitude from C to AB. Among circles through C' tangent to
AB, theleast radius occurs when the tangency pointis H,so C'H is adiameter. The
area of theright triangle gives

AC-BC 8-6
AB 10

Also ZQCR = 90°,so QRis adiameter of circle P. Therefore QR = CH = 4.8.

CH = =4.8.

Therefore, the correct answeris B.



27. There is more than one integer greater than 1 which, when divided by any integer k
suchthat2 < k < 11, hasaremainderof 1. What s the difference between the two
smallest suchintegers?

A 2310
B 2311
c 27,720
D 27,721

E none of these

Solution:

A qualifying integeris congruent to 1 modulo every integer from 2 through 11, hence
modulo

L =lecm(2,...,11)
—=2%.32.5.7.11
= 27720.

The two smallest qualifyingintegers greaterthanlare L + 1and 2L + 1, whose
differenceis L = 27720.

Therefore, the correct answeris C.



28. If AN Ay As Asis equilateraland A,, ;3 is the midpoint of line segment A, A,, 1 forall
positive integers n, then the measure of £ A4 A5 A3 equals

As
Ag As
Ay Ay A

A 30°

B 45°

C 60°

D 90°

E 120°
Solution:

—
Letd,, = A, A, 1. Themidpointrule givesd,,; 3 = %(dn +d,,1)andalsod, +
dni1 +dps2 = %dn. Consequently,

1

dyg = i(dn—&-l + dypi2)

1
— _-d,.
4

Thus d43 and d44 are the same positive scalar multiple of d3 and d4, respectively, so
LA Ay Ays = LA A5 As. Since Ay and As are the midpoints of A1 Ay and Ay As,
Ay Ay || A1 As. The equilateral-triangle angles then give L A4 A5 A3 = 120°.

Therefore, the correct answeris E.



29. Sides AB, BC,C' D, and D A, respectively, of convex quadrilateral ABC'D are
extended past B, C, D, and Atopoints B, C', D’',and A’. Also, AB = BB’ = 6,
BC =CC'=7CD =DD’' =8,and DA = AA' = 9;andtheareaof ABCDs
10.Theareaof A’B'C'D’is

A 20
B | 40
c 45
D 50
E 60
Solution:

Using position vectors, the equal extensions give

A'=24-D, B =2B- A,
C'=2C-B, D =2D-C.

Substitutioninto the oriented polygon-area sum shows that the diagonal cross terms
cancel:

A xB +B x '
+C'xD' +D' x A

=b5AxB+5BxC(C
+5C x D+5D x A.

Hence the outer areais five times the original area, or5 - 10 = 50.

Therefore, the correct answeris D.



30. Inatennis tournament, n women and 2n men play, and each player plays exactly one
match with every other player. If there are no ties and the ratio of the number of
matches won by women to the number of matches won by menis %, thenn equals

A 2
B 4
cC 6
D 7

E none of these

Solution:

3n(3n—1) ,
— 95 matches, so women must win

the 2n2 mixed matches, then

™n(3n—1)

2 matches. If womenwin k of

There are

n(n —1) g 7n(3n—1)’
2 8
givingk = wﬁhe bound k < 2n?forcesn < 3.Forn = 1, 2, thisformulais

not aninteger, whilen = 3 gives k = 18, whichis possible. Thusn = 3, whichis not
among the listed numerical choices.

Therefore, the correct answerisE.
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