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1. Ify =2zandz = 2y,thenz 4 y + zequals

A x

B 3z

C oz

D Tz

E 9z
Solution:

Sincey = 2x,wehave z = 2y = 4x.Thereforex +y + 2 = ¢ + 2z + 4 = Tz.

Therefore, the correct answeris D.



2. Whichone of the following statements is false? All equilateral triangles are

A equiangular

B isosceles

C regular polygons

D congruent to each other

E similar to each other

Solution:

Every equilateral triangle is equiangular, isosceles, regular, and similar to every other
equilateral triangle. Two equilateral triangles with different side lengths are not
congruent, however.

Therefore, the correct answerisD.

3. Amanhas $2.73inpennies, nickels, dimes, quarters and half dollars. If he has an equal
number of coins of each kind, then the total number of coins he hasis

A 3

B 5

c 9

D 10

E 15
Solution:

One coinof eachkindisworth1 4+ 5 + 10 4+ 25 + 50 = 91 cents. Since 29—713 =3,
there are three coins of each of the five kinds, or5 - 3 = 15 coins.

Therefore, the correct answerisE.



4. Intriangle ABC,AB = AC and ZA = 80°.If points D, E and F'lie on sides BC|,
AC and AB,respectively,and CE = C'D and BF = BD,then ZEDF equals

A
E
C D B
A 30°
B 40°
C 50°
D 65°

E none of these

Solution:

The base angles of AABC are each 50°. Since CE = C D, triangle CE D has vertex
angle 50°,so ZEDC = 65°. Similarly, BF = BD gives /ZBDF = 65°.The three
angles above the straight line C'B sum to 180°, so
/EDF = 180° — 65° — 65°
= 50°.

Therefore, the correct answeris C.



5. Theset of all points P such that the sum of the (undirected) distances from P to two
fixed points A and B equals the distance between A and B is

A thelinesegmentfrom Ato B
B the line passing through A and B
C the perpendicular bisector of the line segment from Ato B
D an ellipse having positive area
E aparabola
Solution:

The triangle inequality gives AP + PB > AB.Equality holds exactlywhen A, P, B
are collinear with P between A and B, including the endpoints. Thus the locusis the

segment from Ato B.

Therefore, the correct answerisA.



6. Ifx,yand2x + % are not zero, then

e 3) oo+ ()]

equals
A1
B wy‘l
C w_ly
D (zy)

E none of these

Solution:

We have

-1 2
(2:1:—|— Q) = ,

2 4z +y

N y\ 1 1 2
)t (§) -t
(2z)" + 5 2a:+y
_y+ix

- 2zy

Their product is ;—y = (zy) L.

Therefore, the correct answeris D.



7 it =

1
1-v2
A (1-v2)(2-V2)
B (1-v2)(1++v2)
c (1+v2)(1-+2)
D (1+v2)(1++v2)

,thentequals

E —(1+v2)(1+vV2)

Solution:
Letu = /2. Since

(1—w)(—(1+u) (1 +u?)
= —(1—u?)(1+d)

:u—]_: 3

it follows that
t=—(1+v2)(1++2).

Therefore, the correct answerisE.



8. Foreverytriple (a, b, ¢) of nonzero real numbers, form the number

i-l—i—i-i—l- abe
la| b e[ |abc]

The set of allnumbers formedis
A {0}
B {-4,0,4}
c  {-4,-2,0,2,4}
D {—4,-2,2,4}

E none of these

Solution:

Letr,s,t € {—1, 1} bethesignsof a, b, c. The expressionisr + s + t + rst.If all
three signs are positive itis 4, andif all are negative itis —4. If the signs are mixed,
direct cancellation gives 0. Hence the setis { —4, 0, 4}.

Therefore, the correct answeris B.



9. Inthe adjoining figure ZE = 40° andarc AB, arc BC and arc C'D all have equal
length. Find the measure of ZAC'D.

B

A 10°

B 15°

c | 20°

o (%)

E 30°
Solution:

Leteachof arcs AB, BC', C'D measure z° and let arc AD measure y°. Then

3z +y = 360,
z—y
2

= 40.

Solving gives y = 30. Theinscribed angle ZAC D subtends arc AD, so it measures
4 =15°.
2

Therefore, the correct answeris B.



10. If the polynomial (3z — 1) iswrittenas a;z’ + agz® + - - - + ag, thenay + ag +

.-+ + aggequals
A0
B 1
c 64
D —64
E 128
Solution:

Settingx = 1 makes theright side the desired coefficient sum. Thus

a7 +ag+---+ay=(3-1-1)7
— 27 — 128.

Therefore, the correct answeris E.



11.

Foreachreal number z, let [z] be the largest integer not exceeding z (i.e., the integer
nsuchthatn < x < n + 1). Which of the following statementsis (are) true?

. [z + 1] = [z] + Lforallz
I. [ + y] = [z] + [y]forallzandy

Il. [zy] = [z][y] forallz andy

A | none
B Ionly

c IandIIonly

D | IIlonly
E all
Solution:

fn<z<n+lthenn+1<zx+1<n+2,solistrue.Takingz =y = %gives
[z +y| =3 #2=[z] + [y]and [zy] = 2 # 1 = [z][y]. ThusIland Il are false.

Therefore, the correct answeris B.



12. Al'sageis 16 more than the sum of Bob’s age and Carl’s age, and the square of Al's
ageis 1632 more than the square of the sum of Bob’s age and Carl’s age. The sum of
the ages of Al, Bob and Carlis

A 64
B 94
c 96
D 102
E 140
Solution:

Let a be Al's age and s the sum of the othertwo ages. Thena — s = 16 and

1632 = a® — s
= (a — s)(a+s)
= 16(a + s).

Hence therequestedtotala + sis % = 102.

Therefore, the correct answeris D.



13. If a1, aq,as, . . .isasequence of positive numbers such thata,, 2 = a,a, forall
positive integers i, then the sequence ay, as, as, . . .isageometric progression

A forall positive values of a; and as
B ifandonlyifa; = a9
C  ifandonlyifa; =1
D | ifandonlyifay =1

E ifandonlyifa; = ay =1

Solution:

The nexttermsare as = aia2, a4 = a1a3,andas = a?al. If the sequenceis
geometric, then

as as

_— = — = a17
a as

a4

— =a2 =
as

Thusas = a% andas = aq.Positivity forcesa; = a9 = 1. Conversely, these initial
values produce the constant geometric sequence 1,1, 1, . ...

Therefore, the correct answerisE.



14. How many pairs (m, n) of integers satisfy the equationm + n = mn?

A1
B 2
c 3
D 4

E more than4

Solution:
Rearranging and completing the product gives

mn—m —n =0,
(m—-1)(n—1)=1.

The integer factor pairs of L are (1,1) and (—1, —1), producing (m, n) = (2,2) and
(0,0). Thus there are two ordered pairs.

Therefore, the correct answeris B.



15. Each of the three circles in the adjoining figure is externally tangent to the other two,
and each side of the triangle is tangent to two of the circles. If each circle has radius
three, then the perimeter of the triangle is

A 36+92
B 36463
C  36+9V3
D 18+ 18V3
E 45
Solution:

The circle centers form an equilateral triangle of side 6, whose inradius is %g = /3.
Each side of the outer triangle is a parallel tangent line three units farther out, so the
outer triangle hasinradius 3 + V3. An equilateral triangle of inradius r has side 2\/§r,
hence each outersideis

2v/3(3 4+ V3) = 6 + 6V3.
The perimeteris 3(6 4 64/3) = 18 4 18+/3.

Therefore, the correct answeris D.



16. If i = —1,thenthe sum

cos45° +icos135° + - - -
+ 4" cos(45 + 90n)° + - - -
+ i* cos 3645°

equals

>
©fS

B —10iv2

C 212

[\V]

O
[

(21 — 20i)

m
SS

(21 + 204)

Solution:
Letu,, = " cos(45 + 90n)°. Then

Un iz = i"7% cos(225 + 90n)°
= (—4")(— cos(45 + 90n)°)

= Up,.
Every even-indexed term equals ‘/75 ,and every odd-indexed term equals — ’# .There

Vi

are 21 evenindices and 20 odd indices, so the sumis 2 (21 — 203).

Therefore, the correct answeris D.



17. Three fairdice are tossed (all faces have the same probability of coming up). What is
the probability that the three numbers turned up can be arranged to forman
arithmetic progression with common difference one?

S
B
C %
D | 3
E 5
Solution:

The possible setsare {1, 2,3},{2, 3,4}, {3,4,5}and {4,5,6}.Eachhas 3! = 6

orderings, so 24 of the 63 = 216 outcomes work. The probability is % = % .

Therefore, the correct answeris B.



18. If

y = (logy 3)(logz4) - - -
(log,[n +1]) - - - (logs; 32),

then

E 6<y<?

Solution:

By change of base,
__log3 log4 log 32

y= log2 log3 log 31
log 32
B log 2
= log, 32 = 5.

Therefore, the correct answeris B.



19. Let E be the point of intersection of the diagonals of convex quadrilateral ABC D,
andlet P, @, R and S be the centers of the circles circumscribing triangles ABE,
BCE,CDFE and ADE,respectively. Then

A  PQRSisaparallelogram

B  PQRSisaparallelogramif and onlyif ABC D is arhombus

C  PQRSisaparallelogramif andonly if ABC' D is arectangle

D PQRSisaparallelogramif andonlyif ABC D is a parallelogram

E none of the above are true

Solution:

Both P and Q lie on the perpendicular bisector of BE, while both Rand S lie onthe
perpendicularbisectorof DE. Since B, E, D are collinear, these bisectors are
parallel, so PQ || RS.Likewise, @, R lie onthe perpendicular bisector of CE, and
S, Plieonthatof AE.Since A, E, C are collinear, QR || SP.Therefore PQRS is
always a parallelogram.

Therefore, the correct answerisA.



20. Forhow many paths consisting of a sequence of horizontal and/or vertical line
segments, with each segment connecting a pair of adjacent letters in the diagram
below, is the word CONTEST spelled out as the pathis traversed from beginning to

end?
C
cC O C
C O N O C
C ONTN O C
C ONTETNO C
C ONTE S ETNO C
C ONTESTSETNO C

A 63
B 128
c | 129
D 255

E none of these

Solution:

Reverse the paths and spell TSETNOC from the central bottomT'. In the family whose
horizontal moves go left, each of the six steps has two choices: up orleft. This gives
26 = 64 paths. By symmetry, 64 paths have horizontal moves going right. The all-
vertical central path belongs to both families, so the total is

64 +64 — 1 = 127.

This numberis not among the first four choices.

Therefore, the correct answeris E.



21. Forhow many values of the coefficient a do the equations

?+ax+1=0,

2 —z—a=0

have a commonreal solution?

A0
B 1
c | 2
D 3
E infinitely many

Solution:
Subtracting the second equation from the first gives

(a+1)z+ (a+1)
=(a+1)(z+1)=0.

If @ = —1, the common equationisz? — = + 1 = 0, which has noreal roots.
Otherwise z = —1, and substitutionintoz? —  — a = 0 givesa = 2. Thisvalue
works, so exactly one value of a qualifies.

Therefore, the correct answeris B.



22. If f(x)isareal-valued function of the real variable z, and f(z) is notidentically zero,
andforallaandb

Fla+b)+ fla—1b)
— 2f(a) + 2£ (),

thenforallz andy

A f(0)=1
B f(—z)=—f(z)
c f(-=z)=f(z)

D flz+y)=f(z)+ f(y)

E thereisapositive numberT suchthat f(z + T) = f(z)

Solution:
Settinga = b = 0gives2f(0) = 4f(0),so f(0) = 0.Nowseta = 0andb = z.The
equationbecomes

£(z) + f(~2) = 2£(0) + 24 ()

- 2f(x)a

andhence f(—z) = f(x)foreveryreal z.

Therefore, the correct answeris C.



23. If the solutions of the equation 22 + px + g = 0 are the cubes of the solutions of the
equationz? + mz +n = 0, then

A p=md+3mn

E none of these

Solution:

Let the roots of £2 + mz + nbe u,v.Thenu + v = —manduv = n, while theroots
of the first equation are w3, v3. Thus

—p=ud 40
= (u +v)* — 3uv(u + v)
= —m® + 3mn.

Thereforep = m3 — 3mn.

Therefore, the correct answeris B.



24. Find the sum

L
1-3 3.5
-+ L +
(2n —1)(2n + 1)
L1
255 . 257"
127
A 95
128
B | 355
1
C 3
128
D %7
129
E 957
Solution:
Forl <n <128,
1
(2n —1)(2n + 1)
1 1

22n—1) 2(2n+1)

1 ) 1\ 128
2 \" 257 ) 257"

Therefore, the correct answeris D.

Hence the sumtelescopesto




25. Determine the largest positive integer n such that 1005! is divisible by 10™.

A 102
B 112
c 249
D 502

E none of these

Solution:

There are more factors of 2 than of 5, so the exponent of 10is
_ | 1005 1005
ey e
1005 1005
s ] Lo
=201 +40 + 8 + 1 = 250.

Since 250is not listed, the correct choiceis “none of these.”

Therefore, the correct answeris E.



26. Leta, b, cand dbe the lengths of sides MN, NP, PQQ and Q M , respectively, of
quadrilateral MINPQ). If A is the area of MINP(Q), then

A A= if and only if MINP() is convex

b+d

5~ ) ifand only if MINPQ) is arectangle

if and only if MINP(Q) is a parallelogram

b+d

%)
)
2£4) if and only if MNPQ is arectangle
)
)

if and only if MINP(Q) is a parallelogram

N

Solution:

Splitting along diagonal M P and usingsin§ < 1gives A < ab;r—Cd. Splitting along
NQ similarly gives A < % . These bounds remainvalid for anonconvex
quadrilateral by taking the appropriate difference of triangle areas. Adding them
yields

24 < ab—l—ad;—bc—i—cd
(a+c)(b+d)
2 )

ord < (“*C) (%) . Equality requires equality in all four sine bounds, so all four

angles areright angles; conversely arectangle gives equality. Thus the equality holds

exactly forrectangles.

Therefore, the correct answeris B.



27. There are two spherical balls of different sizes lying in two corners of arectangular
room, each touching two walls and the floor. If there is a point on each ball whichis 5
inches from each wall which that ball touches and 10 inches from the floor, then the
sum of the diameters of the balls is

A | 20inches
B = 30inches
C 40inches
D = 60inches

E not determined by the given information

Solution:
Forradius r, the centeris (r, r, ) and the given pointis (5, 5, 10). Thus
2(5 — r)? + (10 — r)? = 72,

which simplifiestor? — 207 + 75 = 0, or (r — 5)(r — 15) = 0. Thetworadiiare 5
and 15, so the sum of the diametersis 2(5 + 15) = 40inches.

Therefore, the correct answeris C.



28. Letg(z) = z° + z* + x3 + x? + = + 1. Whatis the remainder when the polynomial
g(z'?) is divided by the polynomial g(z)?

A 6

B o6—=

C 4—=x+2?

D 3—-z+z?—2°

E 2—z+x?—23+ 24

Solution:

Let R(z) be the remainder, sodeg R < 4.The five roots a of g satisfy a® = 1and
a # 1.Hencea!? = 1and

R(a) = g(a'*) = g(1) = 6.

Therefore R(x) — 6, a polynomial of degree at most 4, has five distinct roots. It must
be identically zero, so R(x) = 6.

Therefore, the correct answerisA.



29. Find the smallestintegern such that

(2% + 13 + 2°)* <
4 4 4
n(z” +y" + 2°)

forallrealnumbers z,y and z.

A2
B 3
c 4
D 6

E Thereisnosuchintegern.

Solution:
By Cauchy-Schwarz,
(% + o + 22)* < 30,
Q==z"+y" +2"

Equality occurs when 22 = y? = 2% £ 0, so no smaller value can work. Thus the
smallestintegeris 3.

Therefore, the correct answeris B.



30. If a,band d are the lengths of a side, a shortest diagonal and a longest diagonal,
respectively, of aregularnonagon (see adjoining figure), then

a

N

A d=a-+b
B d2=a2—i—b2

c d>=a’+ab+1?

atd

D b= %

E b2 = ad
Solution:

If the circumradius is 7, the three chords subtend central angles 40°, 80°, 160°,
respectively. Thus

a = 2rsin 20°,
= 2rsin 40°,

d = 27 sin 80°.

The sum-to-product identity gives

sin 20° + sin 40°
= 25sin 30° cos 10°

= cos 10° = sin 80°.

Multiplying by 2r yieldsa + b = d.



Therefore, the correct answerisA.
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