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1. If one minus the reciprocal of (1 — x) equals the reciprocal of (1 — x), then z equals

A —2

B —1

c

D 2

E 3
Solution:

The equationis

Multiplyingby1l — z # Ogivesl —z — 1 =1,soxz = —1.

Therefore, the correct answeris B.



2. Forhow many realnumbers zis 4/ —(x + 1)2 areal number?

A none
B one
C two

D a finite number greater than two

E infinitely many

Solution:

Since (z + 1)2 > 0, its negative is at most 0. It is nonnegative only when (z + 1)2 =
0, which occurs for the singlevaluex = —1.

Therefore, the correct answeris B.



3. The sum of the distances from one vertex of a square with sides of length two to the
midpoints of each of the sides of the squareis

A 25

B 2443
C | 2423
D 2++5
E 2+2v5
Solution:

The two midpoints on sides meeting the chosen vertex are each at distance 1. The
other two midpoints have coordinate differences 2 and 1, so eachis at distance

V22 + 12 = v/5.The sumis 2 + 24/5.

Therefore, the correct answerisE.



4. Letageometric progressionwithntermshave first term one, commonratio r and sum
s, where r and s are not zero. The sum of the geometric progression formed by
replacing each term of the original progression by its reciprocalis

1
A
1
B | =5
C r’ﬂsfl
TTL
b =
E Tn—l
S
Solution:

Let S’ be the reciprocal sum. Multiplying it by r" L reversesthe original terms:

rn_ISI:Tn_1+Tn_2+"’+1

= S.

Hence §' = —%;.Thisalso holdswhenr = 1.

Therefore, the correct answeris C.



5. Howmanyintegers greater thanten andless than one hundred, written in base ten
notation, are increased by nine when their digits are reversed?

A0

B 1

c 38

D 9

E 10
Solution:

The conditionis9(u — t) = 9,sou = t 4 1. The possibilities are
12,23, 34,45, 56,67, 78, 89, giving 8 integers.

Therefore, the correct answeris C.



6. If cisareal numberand the negative of one of the solutions of z2 — 3z 4+ ¢ = Ois a
solutionof 2% + 3z — ¢ = 0, thenthe solutionsof 2 — 3z 4+ ¢ = O are

A 1,2
B —1,-2
c 0,3
D 0,-3

Solution:

Forsucharootr,
2 —3r4+c¢=0,
(—r)* +3(—r) —c=0.

Subtracting gives 2c = 0. Thus the first equationis (z — 3) = 0, withroots 0 and 3.

Therefore, the correct answeris C.



7. Ifzisarealnumber, thenthe quantity (1 — |z|)(1 + z) is positive if and only if

A x| <1
B z<1

cC  |z/>1
D z<-1

E r< —-lor—-1l<x<l1

Solution:

Both factors are positive exactly when |z| < 1, giving —1 < & < 1.Bothare negative
when|z| > landz < —1,whichreducestox < —1.The endpoints make the
product zero.

Therefore, the correct answerisE.



8. Apointinthe plane, both of whose rectangular coordinates are integers with absolute
value less than or equal to four, is chosen at random, with all such points having an
equal probability of being chosen. What is the probability that the distance from the
point to the originis at most two units?

E the square of arational number

Solution:

There are 92 = 81 possible points. Within distance 2 are the origin; the four points
(+1,0), (0,+1); the four points (£1, £1); and the four points (+2, 0), (0, £2). Thus
13 points qualify, for probability £3.

Therefore, the correct answerisA.



9. Intriangle ABC, D is the midpoint of AB; E is the midpoint of D B; and F'is the
midpoint of BC'. If the area of AABC'is 96, thenthe areaof AAEF'is

A 16
B 24
c 32
D 36
E 48
Solution:

Since D is the midpoint of AB and E is the midpointof DB, AE = %AB. Since F'is
the midpoint of BC, its distance from line A B is half that of C'. Therefore

[AEF] = Z - %[ABC’]

3
= —(96) = 36.
- (96)

Therefore, the correct answeris D.



10. If m, n, pand g arerealnumbers and f(z) = mz + nand g(z) = pz + g, thenthe
equation f(g(x)) = g(f(x)) has asolution

A | forallchoicesof m,n,pandq

B ifandonlyifm = pandn = ¢q

C  ifandonlyifmqg—np =20

D ifandonlyifn(l—p)—q(1—m)=20

E ifandonlyif(1—n)(1—p) —(1—¢q)(1—m)=0

Solution:
We have
f(g9(@)) = mpz + mq +n,
9(f(x)) = pmz + pn + q.
The z-terms cancelforevery x, so a solution exists exactly whenmgq + n = pn + q.
Rearranging givesn(1 — p) — q(1 — m) = 0.

Therefore, the correct answeris D.



11. Which of the following statementsis (are) equivalent to the statement “If the pink
elephant on planet alpha has purple eyes, then the wild pig on planet beta does not
have alongnose”?

l. “If the wild pig on planet beta has along nose, then the pink elephant on planet alpha
has purple eyes.”

Il. “If the pink elephant on planet alpha does not have purple eyes, then the wild pig on
planet beta does not have alongnose.”

1. “If the wild pig on planet beta has along nose, then the pink elephant on planet
alpha does not have purple eyes.”

IV. “The pink elephant on planet alpha does not have purple eyes, or the wild pig on
planet beta does not have alongnose.”

The word “or” isused here in the inclusive sense (as is customary in mathematical
writing).

A | TandIIlonly

B IIIandIVonly
c | ITandIVonly
D | ITandIIlonly

E Illonly

Solution:

Let P mean the elephant has purple eyes and () mean the pig has along nose. The
original statement P = —() is equivalent to its contrapositive ) = — P, whichisllIl,
andto—P V =@, whichis|V. Statements|and Il are converses and need not follow.

Therefore, the correct answeris B.



12. Asupermarket has 128 crates of apples. Each crate contains atleast 120 apples and
at most 144 apples. What is the largestinteger n such that there must be atleastn
crates containing the same number of apples?

A4

B 5

cC 6

D 24

E 25
Solution:

Thereare 144 — 120 + 1 = 25 possible apple counts. Since 128 > 25 - 5, some
count occurs at least 6 times. This is sharp: distribute 128 crates so that three counts
occur 6 times and the other twenty-two occur b times. Thus the largest guaranteed n
is 6.

Therefore, the correct answeris C.



13. If z cows give x + 1 cans of milkinx + 2 days, how many days will it take ¢ + 3 cows
to give x 4 5 cans of milk?

z(z+2)(z+5)

A D)@+
z(z+1)(z+5)

B (@ 12) (2 +3)
(z4+1)(z+3)(z+5)

c z(z+2)
(z+1)(z+3)

D z(z+2)(z+5)

E none of these

Solution:

z+1
z(z+2)

The productionrateis cans per cow-day. If the new timeisT', then

T+ 95 x4+ 1

(z+3)T z(x+2)

z(x+2)(x+5
HenceTl = W

Therefore, the correct answerisA.



14. The measures of the interior angles of a convex polygon are in arithmetic progression.
If the smallest angle is 100° and the largest angle is 140°, then the number of sides the
polygonhasis

A 6

B 8

c 10

D 11

E 12
Solution:

The average angleis 100-5& = 120°, so the angle sumis 120n. A convexn-gon has
angle sum180(n — 2),hence 120n = 180(n — 2) andn = 6.

Therefore, the correct answerisA.



15. If ris the remainder when each of the numbers 1059, 1417 and 2312 is divided by d,
where dis aninteger greater than one, thend — r equals

A1

B 15

c 179

D d-—15

E d—-1
Solution:

The divisor d dividesboth 358 = 2 - 179and 895 = 5 - 179. Their greatest common
divisoris 179, aprime,sod = 179. Since 1059 = 5 - 179 + 164, we haver = 164
andd — r = 15.

Therefore, the correct answeris B.



16. Intriangles ABC and DEF',lengths AC', BC', DF and EF are allequal. Length AB
is twice the length of the altitude of AD EF from F' to D E. Which of the following
statementsis (are) true?

|. ZACB and ZD FFE must be complementary.
II. ZACB and Z D FFE must be supplementary.
lll. The area of A ABC must equalthe areaof ADEF'.

IV. The area of A ABC must equal twice the areaof ADEF'.

A | Ilonly
B  IIlonly
c IVonly

D IandIllonly

E IIandIllonly

Solution:

Let the equal sides have length s, let AB = 2a, andlet the altitude from F' be a. Inthe
isosceles triangles, the altitude from C bisects A B, while the altitude from F' bisects
DE. Analf of ABC has hypotenuse s andleg a; ahalf of D EF has the same
hypotenuse and altitude leg a. The two right triangles are congruent with theirlegs
interchanged. Thus theirrelevant acute angles are complementary, so the full vertex
angles ZACB and ZDFFE sumto 180°. The corresponding half-areas are equal as
well, hence the full triangle areas are equal. Statements Il and lll hold.

Therefore, the correct answeris E.



17. If @is anacute angle andsin 260 = a, thensin 6 + cos 6 equals

A Va+1
B (vV2-1)a+1

c Va+1—+va:—a

D +Va+1l++va2—a

E Ja+1l4ad®>—a

Solution:
We have
(sin @ + cos #)? = sin? § + cos? 6
+ 2sin 6 cos 6
=1+a.

Both sine and cosine are positive foracute 8, so the sumis y/a + 1.

Therefore, the correct answerisA.



18. Inthe adjoining figure, AB is tangent at A to the circle with center O; point D is
interior to the circle; and D B intersects the circleat C. If BC' = DC = 3,0D = 2
and AB = 6, thenthe radius of the circle s

A 3443
D 26
E V22
Solution:

Extend BD through D to meet the circle at E. Since BC' = 3and BD = 6, the
tangent-secant theorem gives

3. BE = AB? = 36,
soBE = 12and DE = 6. The power of D gives
DC-DE=(R—-—OD)(R+0OD)
= R* - 0D?,

hence3 -6 = (R —2)(R+2) = R? — 4.Thus R? = 22and R = /22.

Therefore, the correct answerisE.



19. Apolynomial p(z) has remainder three when divided by  — 1 and remainder five
when divided by z — 3. The remainderwhen p(z) is divided by (z — 1)(z — 3)is

A x—2

B 42

c 2

D 8

E 15
Solution:

Let the remainderbe r(z) = ax + b.Sincep(1) = 3andp(3) = 5,
a+b=3, 3a +b=0>5.

Thusa = 1, b = 2,andtheremainderis x + 2.

Therefore, the correct answeris B.



20. Leta, band x be positive real numbers distinct from one. Then

4(log, z)* + 3(log, =)
= 8(log, z)(log, )

A | forallvaluesofa,bandz
B | ifandonlyifa = b?
c ifandonlyifb = a?
D ifandonlyifz = ab

E none of these

Solution:
Factoring gives

2log, x — log, x
a b
- (2log, z — 3log, z) = 0.

Sincez # 1, change of base shows that the first factor vanishes whena = b2, while
the second vanishes when a® = b%. Thus the equation holds under either of two
conditions, and no listed “if and only if” statement describes their union.

Therefore, the correct answeris E.



21. Whatis the smallest positive odd integern such that the product

2n+1

3
27 ...277

1=

2

is greaterthan 10007 (In the product the denominators of the exponents are all
sevens, and the numerators are the successive oddintegersfrom1to2n + 1.)

AT

B 9

C 11

D 17

E 19
Solution:

The productis

143+ - +(2n+1) (n+1)?
2 7 =2 7 .

, , 19
Forn = 7,the exponent % islessthan 12—9, sothe productislessthan22 =

5124/2 < 768 < 1000. All smaller positive odd n also fail. Forn = 9, the exponent is
B0 > 10, so the product exceeds 2! = 1024. Thus the first allowable odd nis 9.

Therefore, the correct answeris B.



22. Given an equilateral triangle with side of length s, consider the locus of all points P in
the plane of the triangle such that the sum of the squares of the distances from P to
the vertices of the triangle is a fixed number a. This locus

A isacircleifa > s?

B contains only three pointsif a = 2s? andisacircleifa > 252
C is a circle with positive radius only if s < a < 252

D contains only a finite number of points forany value of a

E isnone of these

Solution:

Forvertices A, B, C with centroid G, put T = GA? + GB? 4+ GC?. The standard
centroid identity gives

PA% + PB?>+ PC? =3PG*+T.

Inan equilateral triangle, eachGA = %,SOT = s2.Hence3PG? = a — s%.The

locusis empty fora < s?, one pointfora = s2, and a circle of positive radius fora >
p y ) Y

s2.

Therefore, the correct answerisA.



23. Forintegers kandnsuchthatl < k < n,let

Then (”ﬁf{l) (Z) isaninteger
A forallkandn
B  forallevenvalues of k andn, but not forall kandn
Cc  foralloddvalues of k andn, butnotforallkandn

D ifk =1orn — 1,butnotforalloddvaluesof kandn

E ifnisdivisible by k, but not forallevenvalues of k andn

Solution:

Using

n _n—k n
E+1) k+1\k)’

n—2k—1_n—k 1
E+1  k+1 ’

(kil)_@

Thisis aninteger for every permitted k, n.

and writing

the given expression becomes

Therefore, the correct answerisA.



24. Inthe adjoining figure, circle K has diameter AB;circle Lis tangent to circle K andto
AB at the center of circle K'; and circle M is tangent to circle K, to circle L and to
AB.Theratio of the area of circle K to the area of circle M is

A 12
B 14
c 16
D 18

E not aninteger

Solution:
Take K tohave center (0, 0) and radius 2, with A B the z-axis. Then L has center (0, 1)

andradius 1. If M has center (z, t) and radius ¢, internal tangency to K and external
tangency to L give
2 12 = (2 —t)%
>+ (t— 1) = (1 +t)2

)=4:

DN =

These simplify to > = 4 — 4tandz? = 4t,s0t = %.The radiusratiois 2 : (
1,hence the arearatiois 16.

Therefore, the correct answeris C.



25. Forasequence u, us, . . . ,define Al(un) = Upi1 — Uy and, forallintegersk > 1,
AF(u,) = AY(A* Y (u,)). fu, = n® + n,then A*(u,) = Oforalln

A ifk=1

B ifk=2,butnotifk =1
c ifk=3,butnotifk =2
D ifk =4,butnotifk =3

E fornovalue of k

Solution:

Directly,

Au, = 3n® + 3n + 2,

A%y, = 6n + 6,
A3u,, =6,
A*u, = 0.

Thus the fourth differences vanish for all n, but the third differences do not.

Therefore, the correct answeris D.



26. Inthe adjoining figure, every point of circle O’ is exterior to circle O. Let P and Q be
the points of intersection of aninternal common tangent with the two external
common tangents. Then the length of PQ) is

i [
A the average of the lengths of the internal and external common tangents

equal to the length of an external common tangent if and only if circles O and
O’ have equal radii

C always equal to the length of an external common tangent
D greater than the length of an external common tangent

the geometric mean of the lengths of the internal and external common
tangents

Solution:

Let the internal tangent touch O and O’ at Rand S. Let the external tangent through
P touchthemat X, Y, andlet the one through Q) touchthemat V', W. Equal tangent
segments from a point give

PR = PX, PS=PY,
QR=QV, QS=QW.

Along the internaltangent, PR + QR = PQ and PS + QS = P(Q).Adding,

PR+ QR+ PS +QS = 2PQ.

Along the externaltangents, PX + PY = XY andQV + QW = VW . Therefore



27.

2PQ) = XY + VW.The two external common tangent segments have equal length,
so XY = VW andhence PQQ = XY = VIV.

Therefore, the correct answeris C.

If

VB +2+ /45 -2
VV/E+1

—1/3—2V2,

N =

then N equals

A 1
B 2v2-1
C V5

O
% |
ot

E none of these

Solution:

LetT" be the first fraction. Its numerator squared s
(V5 +2) + (V5 —2)

12/ (VB+2)(VE—2)
= 24/5 + 2.

Thus T? = 2\/‘€+2— ,andT = 1/2.Also0/3 — 24/2 = /2 — 1.Hence N = /2 —
(V2-1)=1.

Therefore, the correct answerisA.




28. Lines Ly, Lo, . .., Ligg are distinct. Alllines Ly4,,, n a positive integer, are parallel to
each other. Alllines Ly,,_3,n a positive integer, pass through a given point A. The
maximum number of points of intersection of pairs of lines from the complete set

{L1, Ly, ..., Ligo}is

A | 4350
B 4351
c | 4900
D 4901
E 9851
Solution:

There are 25 indices divisible by 4 and 25 congruentto 1 (mod 4). Starting from
(1(2)0) = 4950, the parallel group contributes no intersections, removing (225) = 300.
The concurrent group’s 300 pairs all give one point rather than 300 distinct points,
removing another 299. Allremaining intersections can be chosen distinct, so the

maximum is
4950 — 300 — 299 = 4351.

Therefore, the correct answeris B.



29. Ann and Barbara were comparing theirages and found that Barbarais as old as Ann
was when Barbara was as old as Ann had been when Barbara was half asold as Annis. If
the sum of their present agesis 44 years, then Ann’s age is

A 22
B 24
c 25
D 26
E 28
Solution:

Let Ann’s and Barbara’s present ages be x and y, and let their constant age difference
bed = x — y. Atthe firstreferenced time Annwas y, so Barbarawasy — d. At the
earlierreferenced time Annwas that agey — d, so Barbarawas y — 2d. The final
clause says thislast age was % Hence

Z

y—2(ﬂ3—y):§,

which gives 6y = bx. Togetherwithx + y = 44, thisyieldsx = 24 andy = 20.

Therefore, the correct answeris B.



30. How many distinct ordered triples (z, y, z) satisfy the equations

x+2y+4z =12,
xy + 4yz + 2xz = 22,
xyz = 67

A none

B 1

c 2

D 4

E 6
Solution:

Setx = 2u, y = v, z = §.Dividing the first two equations by 2 gives

u+v+w=0~6,

uv + vw + uw = 11,

while uvw = 6. Thus u, v, w are the three roots of p(t) = t* — 6t + 11t — 6. This
polynomial factors as

p(t) = (t = 1)t - 2)(t - 3),

sotheyare 1,2, 3inany order. Their 3! = 6 permutations produce 6 distinct ordered
triples (z, y, 2).

Therefore, the correct answerisE.
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