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1. If one minus the reciprocal of (1 — x) equals the reciprocal of (1 — x), then z equals

A =2

B -1

c

D 2

E 3

2. Forhowmany realnumbers zis v/ —(z + 1)2 arealnumber?

A | none

B one

C two

D a finite number greater than two

E infinitely many



3. The sum of the distances from one vertex of a square with sides of length two to the
midpoints of each of the sides of the squareis

A 25
B 2443

C | 2423
D 2++5
E 24+2v5

4. Letageometric progressionwithn terms have firstterm one, commonratio 7 and sum
s, where r and s are not zero. The sum of the geometric progression formed by
replacing each term of the original progression by its reciprocalis

AL
B |
c =4




5. Howmanyintegers greater thanten andless than one hundred, written in base ten
notation, are increased by nine when their digits are reversed?

A0
B 1
c 8
D 9
E 10

6. Ifcisarealnumberand the negative of one of the solutions of 2 — 3z + ¢ = Ois a
solutionof 2% + 3z — ¢ = 0, thenthe solutionsof 2 — 3z 4+ ¢ = O are

A 1,2

B —1,-2
c 0,3

D 0,-3



7. Ifzisarealnumber, thenthe quantity (1 — |z|)(1 + z) is positive if and only if

A x| <1
B z<1

cC  |z/>1
D z<-1

E r< —-lor—-1l<x<l1

8. Apointinthe plane, both of whose rectangular coordinates are integers with absolute
value less than or equal to four, is chosen at random, with all such points having an
equal probability of being chosen. What is the probability that the distance from the
point to the originis at most two units?

D 1§

E the square of arational number



9. Intriangle ABC, D is the midpoint of AB; E is the midpoint of D B; and F'is the
midpoint of BC'. If the area of AABC'is 96, thenthe areaof AAEF'is

A 16
B 24
c 32
D 36
E 48

10. If m, n, pand g arerealnumbers and f(z) = mz + nand g(z) = pz + ¢, thenthe
equation f(g(x)) = g(f(x)) has asolution

A | forallchoicesof m,n,pandq

B ifandonlyifm = pandn = q

c ifandonlyifmqg—np =20

D ifandonlyifn(l —p) —q(1—m) =20

E ifandonlyif(l1—n)(1—p) —(1—¢q)(1—m)=0



11. Which of the following statementsis (are) equivalent to the statement “If the pink
elephant on planet alpha has purple eyes, then the wild pig on planet beta does not
have alongnose”?

l. “If the wild pig on planet beta has along nose, then the pink elephant on planet alpha
has purple eyes.”

Il. “If the pink elephant on planet alpha does not have purple eyes, then the wild pig on
planet beta does not have alongnose.”

1. “If the wild pig on planet beta has along nose, then the pink elephant on planet
alpha does not have purple eyes.”

IV. “The pink elephant on planet alpha does not have purple eyes, or the wild pig on
planet beta does not have alongnose.”

The word “or” isused here in the inclusive sense (as is customary in mathematical
writing).

A | TandIIlonly

B  IIIandIV only
c | ITandIVonly
D | ITandIIlonly

E Illonly



12. Asupermarket has 128 crates of apples. Each crate contains atleast 120 apples and
at most 144 apples. What is the largestinteger n such that there must be atleastn
crates containing the same number of apples?

A4
B 5
c 6
D 24
E 25

13. If x cows give ¢ + 1 cans of milkinx + 2 days, how many days will it take  + 3 cows
to give  + 5 cans of milk?

z(z+2)(z+5)

A @) (z+3)

B z(z+1)(z+5)
(z+2)(z+3)
(z+1)(z+3)(z+5)

C z(xz+2)
(z+1)(z+3)

D 2@

E none of these



14. The measures of the interior angles of a convex polygon are in arithmetic progression.
If the smallest angle is 100° and the largest angle is 140°, then the number of sides the
polygonhasis

A 6
B 8
c 10
D 11
E 12

15. If ris the remainder when each of the numbers 1059, 1417 and 2312 is divided by d,
where dis aninteger greater than one, thend — r equals

A1

B 15

c 179

D d-—15



16. Intriangles ABC and DEF',lengths AC', BC', DF and EF are allequal. Length AB
is twice the length of the altitude of AD EF from F' to D E. Which of the following
statementsis (are) true?

|. ZACB and ZD FFE must be complementary.

II. ZACB and Z D FFE must be supplementary.

lll. The area of A ABC must equalthe areaof ADEF'.

IV. The area of A ABC must equal twice the areaof ADEF'.

A

ITonly
IIIonly

IV only
IandIIlonly

IIandIII only

17. If @isanacute angle andsin 20 = a, thensin @ + cos 0 equals

A

(@)

O

m

Jati
(V2 —1)a+1

Va+1l-+va>—a
vVa+1++a?—a

\/a+1—|—a2—a



18. Inthe adjoining figure, AB is tangent at A to the circle with center O; point D is
interior to the circle; and D B intersects the circleat C. If BC' = DC = 3,0D = 2
and AB = 6, thenthe radius of the circle s

O
N

D 26
E \/ 22

19. Apolynomial p(x) has remainder three when divided by  — 1 and remainder five
when divided by z — 3. The remainder when p(z) is divided by (x — 1)(z — 3)is

A -2
B 42
c | 2
D 8



20. Leta, band x be positive real numbers distinct from one. Then

4(log, x)* + 3(log, )
= 8(log, z)(log; x)
forallvaluesofa,band x
ifand only if @ = b?
ifand onlyif b = a?
ifandonlyifx = ab

none of these

21. Whatis the smallest positive odd integern such that the product

2n+1

3
27 ... D77

=

2

is greaterthan 10007 (In the product the denominators of the exponents are all
sevens, and the numerators are the successive odd integersfrom1to2n + 1.)

A

7

11

17

19



22. Given an equilateral triangle with side of length s, consider the locus of all points P in
the plane of the triangle such that the sum of the squares of the distances from P to
the vertices of the triangle is a fixed number a. This locus

A isacircleifa > s?

B contains only three pointsif a = 2s? andisacircleifa > 252
C is a circle with positive radius only if s < a < 252

D contains only a finite number of points forany value of a

E isnone of these

23. Forintegers kandnsuchthatl < k < n,let

Then (”_szl_l) (Z) is aninteger

A  forallkandn

B  forallevenvalues of k andn, but notforall kandn

C forall odd values of k and n, but not forall k andn

D ifk=1orn — 1,butnotforalloddvaluesof kandn

E ifnisdivisible by k, but not for alleven values of k andn



24. Inthe adjoining figure, circle K has diameter AB;circle Lis tangent to circle K andto
AB at the center of circle K'; and circle M is tangent to circle K, to circle L and to
AB.Theratio of the area of circle K to the area of circle M is

L
M
A B

K
A 12
B 14
C 16
D 18
E not aninteger

25. Forasequence ui, u2, .. .,define Al(un) = Up+1 — Up and, forallintegersk > 1,

AF(u,) = AY(A* Y (u,,)). fu, = n® + n,then A*(u,) = Oforalln
A ifk=1
B ifk=2butnotifk =1
c ifk=3,butnotifk =2
D ifk =4,butnotifk =3

E fornovalueof k



26. Inthe adjoining figure, every point of circle O’ is exterior to circle O. Let P and Q be
the points of intersection of aninternal common tangent with the two external
common tangents. Then the length of PQ) is

g l
A the average of the lengths of the internal and external common tangents

equal to the length of an external common tangent if and only if circles O and
O’ have equal radii

C always equal to the length of an external common tangent
D greater than the length of an external common tangent

the geometric mean of the lengths of the internal and external common
tangents



27. If

_ VVE+2+ V52

N
V5 +1
—1/3-2v2,
then N equals

A1l
B 2v2-1

V5
ST

5
D \/;
E none of these
28. Lines Ly, Lo, . .., Ligg are distinct. Alllines Ly,,, n a positive integer, are parallel to

each other. Alllines Ly,,_3,n a positive integer, pass through a given point A. The

maximum number of points of intersection of pairs of lines from the complete set
{L1, Ly, ..., Lip}is

A | 4350
B 4351
Cc 4900
D 4901

E 9851



29. Ann and Barbara were comparing theirages and found that Barbarais as old as Ann
was when Barbara was as old as Ann had been when Barbara was half asold as Annis. If
the sum of their present agesis 44 years, then Ann’s age is

A 22
B 24
c 25
D 26
E 28

30. How many distinct ordered triples (z, y, 2) satisfy the equations

x+2y+4z =12,
xy + 4yz + 2xz = 22,
xyz = 67

A none
B 1
c 2
D 4



Solutions: https://live.poshenloh.com/past-contests/amcl12/1976/solutions




