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The givenvalueis therefore + = %.
1

Therefore, the correct answeris B.
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2. Forwhichrealvalues of m are the simultaneous equations

Yy =mzx + 3,
y=02m—-1)z+4

satisfied by at least one pair of real numbers (z, y)?
A allm
B  alm#0
1
D alm#1

E no values of m

Solution:

The lines fail tointersect only if m = 2m — 1, which givesm = 1. Their y-intercepts
are 3 and 4, so at that value they are distinct parallel lines. Every other m gives one
intersection.

Therefore, the correct answeris D.



3. Which of the following inequalities are satisfied for all real numbers a, b, ¢, , y, z which
satisfyx < a,y < b,andz < c?

. zy +yz + zx < ab+ bc + ca
a2 +1y2+ 22 <a?+b+¢2
. xyz < abc

A None are satisfied.

B Ionly
c IIonly
D | IIlonly

E All are satisfied.

Solution:

Takea =b=1, c= —1,andx = y = 0, z = —10. Therequired three coordinate
inequalities hold. But Ibecomes 0 < —1,llbecomes 100 < 3,andlllbecomes0 <
—1, allfalse. Thus none is universally true.

Therefore, the correct answerisA.



4. Iftheside of one squareisthe diagonal of a second square, what is the ratio of the
area of the first square to the area of the second?

A 2

B 2

c |
D 22
E 4
Solution:

Let the first square have side s. The second has diagonal s, soits side s % andits area
2
= 2.

V)

2
is %.The ratiois

M|°"M|

Therefore, the correct answerisA.



5. The polynomial (z + y)? is expanded in decreasing powers of . The second and third
terms have equal values when evaluated atx = pandy = q,wherepandgq are
positive numbers whose sumis one. What s the value of p?

A
5
c g
D §
N
Solution:

The terms are 9p8q and 36p” ¢2. Their equality, withp, g > 0, gives p = 4q. Sincep +
q =1,wegetdqg = landp = %.

Therefore, the correct answeris B.



6. The sum of the first eighty positive odd integers subtracted from the sum of the first
eighty positive evenintegersis

A0

B 20

c 40

D 60

E 80
Solution:

The desired differenceis

(2-1)+(4—3)+--
+ (160 — 159).

Itis the sum of 80 ones, hence 80.

Therefore, the correct answerisE.
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7. Forwhich nonzero real numbers x is |T||| apositiveinteger?

A fornegative x only

B forpositive x only

C only forx aneveninteger

D | forallnonzerorealnumbersx

E forno nonzerorealnumbers x

Solution:

If z > 0, the quotientis0.Ifz < 0,thenz — |z| = 22 < 0,s0 |z — ||| = —2x and
the quotientis —2. Neithervalue is a positive integer.

Therefore, the correct answerisE.



8. Ifthe statement “All shirtsin this store are on sale.” is false, then which of the following
statements must be true?

|. All shirts in this store are at non-sale prices.
Il. There is some shirtin this store not on sale.
lIl. No shirtin this storeis on sale.

IV. Not all shirts in this store are on sale.

Note: Originally, statement | read: All shirts in this store are not on sale.

A | Ilonly
B IVonly
c IandIIlonly
D IIandIVonly

E LIlandIVonly

Solution:

The negation of “Every shirtisonsale” is “Some shirtis not on sale,” whichis lland is
equivalently phrased by V. Statements | and lll make the stronger claim that no shirt is
onsale, which need not follow.

Therefore, the correct answeris D.



9. Letaj,as,...andbq,by,...bearithmetic progressions suchthata; = 25,b; = 75,
and aigg + b1gop = 100. Find the sum of the first one hundred terms of the progression
a, +bi,as +boy,. ...

A0
B 100

c 10,000
D 505,000

E not enoughinformation given to solve the problem

Solution:

Letc; = a; + b;. Thisis an arithmetic progressionwithc; = 25 + 75 = 100 and
c100 = 100. Equal endpoint terms force its common difference to be 0, so all 100
terms equal 100. Their sumis 10,000.

Therefore, the correct answeris C.



2
10. 1he sumof the digitsinbase ten of (104”24r8 + 1) ,where nis apositive integer, is

A 4

B  4n

C | 2+2n

D 4n?

E ni+n+2
Solution:
Fork = 4n® + 8,

(10* +1)% = 10%* + 2. 10 + 1.

Its only nonzero digitsare 1, 2, 1, so theirsumis 4.

Therefore, the correct answerisA.



11. Let P be aninterior point of circle K otherthanthe center of K. Form all chords of K
which pass through P, and determine their midpoints. The locus of these midpoints is

A acircle with one point deleted

acircleif the distance from P to the center of K isless than one half the radius
of K; otherwise a circular arc of less than 360°

C a semicircle with one point deleted
D a semicircle

E acircle

Solution:

If M is achord midpoint and O is the center, then OM is perpendicular to the chord,
so ZOMP = 90°. Thus M lies on the circle with diameter O P. Conversely, for every
M onthatcircle, the line PM is perpendicularto OM and cuts a chord of K whose
midpointis M. The endpoint case M = P also gives the chord through P
perpendicularto OP.

Therefore, the correct answerisE.



12. Ifa # b,a® — b = 1923,anda — b = x, which of the following conclusions is

correct?
A a=3zx
B a=3xora=—2z
C a= —3zxora=2x

D a=3xora=2x

E a=2x

Solution:

Factoring and dividing by & # 0 givesa? + ab + b = 192%. Withb = a — z,
3a® — 3azx + 2% = 1922,

o)

az—ax—6x2:O,

(a —3z)(a+2z) = 0.

Hencea = 3xora = —2zx.

Therefore, the correct answeris B.



13. The equationz® — 32° — 622 — £ + 8 = Ohas
A norealroots
B exactly two distinct negative roots
C exactly one negative root
D no negative roots, but atleast one positive root

E none of these

Solution:

Forz < 0,eachof 2%, —32°, —623, —x, and 8 is positive, so there is no negative root.
Atz = 0the polynomialis 8, while atz = 1itis —1. Continuity therefore gives a
positive root between0and 1.

Therefore, the correct answeris D.



14. If the whatsisis so when the whosisisis and the soand soisis - so, whatis the whosis -
whatsis when the whosisis so, the soand soisso - so,and theisis two (whatsis, whosis,
is and so are variables taking positive values)?

A whosis - is - so

B whosis

C is

D so

E soandso
Solution:

The first conditionsaysthat H = Iand2S = IS imply W = S.Since S > 0, the
latter equation gives I = 2.Intherequestedcase, H = S, 25 = 8?,and I = 2,s0
positivitygives H =1 =S = 2.HenceW =S =2and HW =4= 8 + §S.

Therefore, the correct answerisE.



15. Inthe sequence of numbers1,3,2,. .., eachterm afterthe first two is equal to the
term preceding it minus the term preceding that. The sum of the first one hundred
terms of the sequenceiis

A 5

B 4

c | 2

D 1

E -1
Solution:

The sequence begins
1,3,2,-1,-3,-2,1,3, ...

andrepeats every 6 terms, with period sum 0. The first 96 terms sumto 0, and the last
foursumtol +3+2 —1 =25.

Therefore, the correct answerisA.



16. If the first term of an infinite geometric series is a positive integer, the commonratio is
the reciprocal of a positive integer, and the sum of the series is 3, then the sum of the
first two terms of the seriesis

A3
B3
e
D 2
Solution:

Let the first term be a and theratio % Convergence givesn > 1,and

3
®o=3 a=3-".
1—-= n

Thus n divides 3,son = 3anda = 2. The firsttwo terms sumto 2 + % = %.

Therefore, the correct answeris C.



17. Aman can commute either by train or by bus. If he goes to work on the trainin the
morning, he comes home on the businthe afternoon; andif he comes homeinthe
afternoon onthe train, he took the busin the morning. During a total of  working days,
the man took the bus to work in the morning 8 times, came home by busin the
afternoon 15 times, and commuted by train (either morning or afternoon) 9 times. Find

xI.
A 19
B | 18
c 17
D 16

E not enoughinformation given to solve the problem

Solution:

Therewere 8 + 15 = 23 bus trips and 9 train trips, hence 32 one-way tripsin all. Since
each working day contributes two trips, 2¢ = 32 and z = 16. The conditional
statements are consistent but not needed for this count.

Therefore, the correct answeris D.



18. Apositive integer N with three digitsinits base tenrepresentationis chosen at
random, with each three-digit number having an equal chance of being chosen. The
probability thatlog, IV is anintegeris

A0
B 5
C | 33
D 3
E
Solution:

Thereare 999 — 100 + 1 = 900 three-digitintegers. The three powers of 2among
them are 128, 256, and 512. Thus the probability is % = ﬁ.

Therefore, the correct answerisD.



19. Which positive numbers x satisfy the equation (log; ) (log,, 5) = log; 57

A | 3andbonly
B 3,5and15only
C | onlynumbers of the form 5™ - 3™, where n.and m are positive integers
D allpositivex # 1
E none of these
Solution:

Forz > 0, x # 1,change of base makes the left side

logx logh
log3 logzx
Cancelinglog x leaves }ggg = log; 5. The expressionisundefinedatx = 1.

Therefore, the correct answeris D.



20. Inthe adjoining figure triangle ABC'issuchthat AB = 4and AC = 8.If M isthe
midpoint of BC'and AM = 3, whatis the length of BC'?

A
B M C
A 24/26
B 231
c 9
D  4+2v13

E not enoughinformation given to solve the problem

Solution:
Let BM = CM = x,so BC = 2x.By Apollonius’ theorem,

4 48 =2(3° + 2°).

Hence 80 = 18 + 222, z? = 31,and BC = 2v/31.

Therefore, the correct answeris B.



21. Suppose f(z)is defined forallrealnumbersx; f(x) > Oforallz;and f(a)f(b) =
f(a 4+ b) foralla and b. Which of the following statements are true?

L £(0) =1

I. f(—a) = 53 foralla

Il. f(a) = ¥/ f(3a)foralla

~—1

V. f(b) > f(a)ifb>a
A IITandIV only
B I, IITandIV only
c I IIandIV only
D L IIandIllonly

E All are true.

Solution:

Takinga = 0 and using positivity gives f(0) = 1.Takingb = —agives f(a)f(—a) =
1. Also f(3a) = f(a)3, so positivity permits the positive cube rootinlll. But f(z) = 1
satisfies the functional equation andis not strictly increasing, so IV need not hold.

Therefore, the correct answerisD.



22. If pand g are primes and > — pz + g = 0 has distinct positive integral roots, then
which of the following statements are true?

[. The difference of the rootsis odd.

Il. At least onerootis prime.

III.p2 — qisprime.
IV.p + qisprime.
A | Tonly
B Ilonly

c IIandIIlonly
D I, IIandIV only

E All are true.

Solution:

The positive integerroots have product g, so they are 1 and q. Theirsumisp = q + 1,
whichis prime only whenq = 2, givingp = 3 androots 1, 2. Their differenceis 1, one
rootis prime,p2 — q = 7,andp + q = 5;therefore all four statements hold.

Therefore, the correct answeris E.



23. Inthe adjoining figure AB and B(' are adjacent sides of square ABC'D; M isthe
midpoint of AB; N isthe midpoint of BC'; and AN and CM intersect at O. Theratio
of the area of AOC D tothe areaof ABC' D is

D C
N
Q
A M B
B 3§
c 3
Solution:

Take A = (0,0),B = (1,0),C = (1,1), D = (0,1). Since O is the centroid of
triangle ABC, O = (%, %) Triangles AOB and COB each have area %. Removing
them from the unit square leaves
1 1
[AOCD)|=1—- = — = .
6 6 3

Therefore, the correct answeris C.



24. Intriangle ABC, ZC = @ and LB = 260, where 0° < 8 < 60°. The circle with center
A andradius AB intersects AC at D andintersects BC, extended if necessary, at B
and at E (EZ may coincide with B). Then EC = AD

A | fornovaluesoff

B  onlyifd = 45°

C onlyif0° < 8 < 45°
D onlyif45° <6 < 60°

E forall@suchthat0° < 6 < 60°

Solution:

Since AB = AFE,triangle ABF isisosceles. For0° < 6 < 45°, F liesbetween B, C
: the exterior-angle theoremin triangle AEC gives 20 = L/ZEAC + 0,s0 ZEAC =
0.For45° < 6 < 60°, F liesbeyond B;then ZAEC = 180° — 26, hence

/EAC = 180°
— (180° — 260) — 6
= 0.

Atf = 45°, E = B andthe conclusionisimmediate. Thus triangle AEC is always
isosceles,so EC = FA = AD.

Therefore, the correct answerisE.



25. Awoman, her brother, her son and her daughter are chess players (all relations by
birth). The worst player’s twin (who is one of the four players) and the best player are of
opposite sex. The worst player and the best player are the same age. Who is the worst

player?

A

the woman
herson
herbrother
her daughter

No solutionis consistent with the given information.

Solution:

If the sonisworst, the daughter can be his twin and the brother can be best; the son
and brother may have the same age, so all conditions can hold. If the womanis worst,
the brotheris her twin and the daughter must be best, but mother and daughter
cannot be the same age. If the brotheris worst, the woman is his twin and the son must
be best, againimpossibleinage. If the daughteris worst, hertwinis the sonand the
woman must be best, alsoimpossible in age. Thus only the son works.

Therefore, the correct answeris B.



26. Inacute triangle ABC the bisector of Z A meets side BC' at D. The circle with center
B andradius BD intersects side AB at M ; and the circle with center C and radius
CD intersects side AC at N.Thenitis always true that

ZCND + ZBMD
— /DAC =120°

B AMDN isatrapezoid
C BC(isparallelto MN

__ 3(DB-DC)
D AM — AN = =——

E | AB - AC = 3200

Solution:

The angle bisectortheorem gives

BD AB
CD AC’
Since BM = BD andCN = C'D,wehave % = j—g.ThereforeMandeivide

AB and AC proportionally from B and C, so the converse of the side-splitter
theorem gives MN || BC.

Therefore, the correct answeris C.



27. If p, q,and 7 are distinctroots of 3 — 22 + 2 — 2 = 0, thenp® + ¢* + r3 equals

A —1
B 1
c 3
D

E none of these

Solution:

Vietagivesp + g+ r = landpq + pr + gqr = 1.Thus

PP+@+r=(p+qg+r)
— 2(pg + pr + qr)
— 1.

Eachroot t satisfiest® = t2 — ¢ 4+ 2. Summing over the three roots yields
P+ +rP=—-1-1+6=4.

Thisis notamong choices A-D.

Therefore, the correct answerisE.



28. Intriangle ABC shownin the adjoining figure, M is the midpoint of side BC', AB =
12,and AC = 16. Points E and F' are taken on AC' and AB, respectively, and lines
EF and AM intersectatG.If AE = 2AF, then g—G equals

F
C
L M

AN

T
)

Ny

5 |
c

E not enoughinformation given to solve the problem

Solution:

Put A at the origin and write the position vectors of B, C'as b, c.If F' = tb, then
AF = 12tand AE = 24t,50 E = (¥)c.Write G = (1 — u)F + uE.Because G
alsolies onthe median AM, its b and ¢ coefficients are equal:

(1 —-u)t= gut.

FG _
'FE —

_ 2 2 EG _ 3 JEG _ 3
Henceu = £.Along FE sand 7o = £,80 55 = 5.

Therefore, the correct answeris A.



29. What is the smallest integer larger than (v/3 + 1/2)%?

A 972
B 971
c 970
D 969
E 968
Solution:

Leta = \/§ + \/iandﬁ = \/5 — \/§ Adding their sixth powers cancels all odd
radical terms:

o’ + 8% =2(3* + 15(3%)(2)

+15(3)(2%) + 2°)
= 970.

Since0 < B < 1,wehave 969 < ab = 970 — 8% < 970. Thus the smallest larger
integeris 970.

Therefore, the correct answeris C.



30. Letxz = cos 36° — cos 72°. Then x equals

1
A3

1
2

cC 3-+6
D 2v3-3

E none of these

Solution:

Setw = cos 36° andy = cos 72°. The double-angle identities give
y = 2w? — 1, w=1—2y>°
Addingyields

w+y =2(w’ —y°)
=2(w —y)(w +y).

Sincew + y # 0, divisiongivesw — y = %.Thusx = %

Therefore, the correct answeris B.
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