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1. Achordwhichisthe perpendicular bisector of aradius of length 12 in a circle has

length
A 33
B 27
c 63
D 1243

E none of these

Solution:

Let M be the midpoint of the chord and also the midpoint of the radius. The distance
fromthe center O to M is 6, while the circle’sradiusis 12. If A is one endpoint of the
chord, then

AM = /122 — 62 = 6+/3.

The full chord has length 2AM = 124/3.

Therefore, the correct answeris D.



2. Onethousandunit cubes are fastened togetherto form alarge cube with edge length
10 units; thisis painted and then separated into the original cubes. The number of
these unit cubes which have at least one face painted is

A | 600
B 520
C 488
D 480
E 400
Solution:

The unpainted cubes are precisely the interior8 x 8 x 8 cube. Therefore the number
having at least one painted face is

10% — 8% = 1000 — 512 = 488.

Therefore, the correct answeris C.



3. Thestronger Goldbach conjecture states that any eveninteger greater than 7 canbe
written as the sum of two different prime numbers. For such representations of the
even number 126, the largest possible difference between the two primesis

Note: The regular Goldbach conjecture states that any eveninteger greater than 3 is
expressible as a sum of two primes. Neither this conjecture nor the stronger version
has been settled.

A 112
B 100
c 92
D 88
E 80
Solution:

Forprimesp < gwithp + g = 126, the differenceq — p = 126 — 2pislargest when
pis as small as possible. The complements of 3,5, 7,and 11 are 123,121, 119, and
115, none prime. Forp = 13, the complementis 113, whichis prime. Thus the largest
differenceis

113 — 13 = 100.

Therefore, the correct answeris B.



4. Two congruent 30°-60°-90° triangles are placed so that they overlap partly and their
hypotenuses coincide. If the hypotenuse of each triangleis 12, the areacommon to
both trianglesis

A 643
B 8v3

c 93

D 123

E 24
Solution:

Put the common hypotenuse from A = (0,0) to B = (12, 0). The two triangles have

their third vertices at (9, 3v/3) and (3, 31/3). Their common regionis the triangle with
base AB and apexwhere

2z and _ 12—z
NV

y - \/g

meet. Thisoccurs atz = 6, with height 24/3. Hence the common areaiis
1

5(12)(2\/5) = 12v/3.

Therefore, the correct answeris D.



5. Ofthe following five statements, Ito V, about the binary operation of averaging
(arithmetic mean),

I. Averagingis associative

II. Averaging is commutative

III. Averaging distributes over addition
IV. Addition distributes over averaging
V. Averaging has anidentity element

those which are always true are

A Al

B IandIlonly
C IIandIIlonly
D IIandIVonly

E IIandVonly

Solution:

Leta xb = “T*b Commutativity isimmediate. Also

2 b
a-l—(b*c):%—’_c

= (a+0b)*(a+c).

so addition distributes over averaging.

Associativity fails because

b+ 2

(a*b)*c:%,
2

a*(b*c)zm_

4



Averaging does not distribute over addition since generally

ax*x(b+c)# (a*xb)+ (axc).

Finally, anidentity e would require ‘EJFT‘L = aforeverya,ore = a,whichisimpossible

forafixede. Thus only Il and IV always hold.

Therefore, the correct answeris D.

If 554 is the base brepresentation of the square of the numberwhose base b
representationis 24, then b, when writtenin base 10, equals

A 6

B 8

C 12

D 14

E 16
Solution:
Inbase ten,

24, = 2b+ 4,
554, = 5b% + 5b + 4.

Therefore

(2b + 4)? = 5b* 4 5b + 4,
b’ —11b— 12 =0,
(b—12)(b+1) =0.

Abaseis positive and must exceed 5,sob = 12.

Therefore, the correct answeris C.



7. The sum of all the integers between 50 and 350 whichendin1is

A 5880
B 5539
Cc 5208
D 4877
E 4566
Solution:

The sequenceis
51,61,...,341.

It has

terms. Its sumis therefore

30(51 + 341)

= 15-392
2

= 5880.

Therefore, the correct answeris A.



8. If1pintof paintis neededto paint a statue 6 ft. high, then the number of pints it will
take to paint (to the same thickness) 540 statues similar to the original but only 1 ft.
highis

A 90
B 72
c 45
D 30
E 15
Solution:

A 1-ft. statue haslinearscale % relative to the original, soits surface area and paint

requirement are 3—16 aslarge. The 540 small statues therefore require
1

540 - — =15
36
pints.

Therefore, the correct answerisE.



9. InAABC withrightangle at C, altitude C'H and median CM trisect therightangle. If
the areaof ACH M is K ,thenthe areaof AABC'is

A 6K

B 4V3K

c  3V3K

D 3K

E 4K
Solution:

SinceCH 1 AB,both ACH M and ACH B areright at H. The trisection gives
equal acute angles at C', and the triangles share side C'H, so they are congruent.
Hence HM = HB.

Because M is the midpoint of AB, AM = MB. Along the hypotenuse the orderis
A M,H,B,andMB = MH + HB = 2M H.Thus

AB =2MB =4MH.

Triangles ABC' and C'H M have bases on the same line and the same altitude from C,
sotheirareasareintheratio AB : HM = 4 : 1. Therefore the areaof AABC'is4K.

Therefore, the correct answerisE.



10. If nis areal number, then the simultaneous system

ne+y=1,
ny + z =1,
r+nz=1

has no solutionif and only if nis equal to

A —1

B O

C 1

D  Oorl

c 4
Solution:

Adding the equations gives

(n+1)(z+y+2)=3.

Whenn = —1, thisbecomes 0 = 3, so no solution exists. If n #= —1, the symmetric
assignment
1
Tr = =z =
Y n+1
satisfies all three equations. Hence the system has no solution exactlywhenn = —1.

Therefore, the correct answeris A.



1. Acircle with a circumscribed and aninscribed square centered at the origin O of a
rectangular coordinate system with positive - and y-axes OX and QY is shownin
eachfigureIto IV below.

I Y II Y III Y 1V Y
AN

AN AN ZA

R .
\9/’){ 701/)( 9/’X oV X

The inequalities

[z + [y < v2(2* + ¢?)

< 2 Max(|z, [y)-

are represented geometrically by the figure numbered

Geometric representation: Aninequality f(x,y) < g(z,y) forallz, yisrepresented
by a figure showing, for a typical real number a, the containment

{(z,y) : 9(z,y) < a}
C {(z,y) : f(z,y) < a}.

N |

B II
c III
D IV

E none of these

Solution:

For a fixed positive a, the set

2Max(|z,|y|) < a



is an axis-aligned square. The set

V222 +y?) <a

isits circumscribed circle, and
z| + |y| < a

is the diamond circumscribed about that circle. Thus the required nestingis aninner
axis-aligned square, then a circle, then an outer diamond, which s figure I1.

Therefore, the correct answeris B.

. The average (arithmetic mean) age of a group consisting of doctors and lawyers is 40.
If the doctors average 35 and the lawyers 50 years old, then the ratio of the number of
doctors to the number of lawyers is

A 32
B 3:1
c 23
D 2:1
E 1:2
Solution:

If there are d doctors and £ lawyers, then
35d + 504 = 40(d + £).
Thus 5d = 104, so
d:{=2:1.

Therefore, the correct answeris D.



13. The fraction

isequal to
A 2V2
3
B 1
L
3
4
D —
3
c 16
9
Solution:

2(v2 + V/6)
3v/24+ 3

The fractionis positive, andits square is

4

Therefore the original fractionis 3.

3

Therefore, the correct answeris D.

(V2 +v6)°

9(2 + V/3)
 4(8 +4v/3)
924 3)
~ 16(2+/3)
92+ 3)
16

9



14. Eachvalve A, B, and C, when open, releases waterinto a tank at its own constant rate.
With all three valves open, the tank fills in 1 hour, with only valves A and C open it takes
1.5 hour, and with only valves B and C' openit takes 2 hours. The number of hours
required with only valves A and B openis

A 1.1
B 1.15
C 1.2
D  1.25
E 1.75
Solution:

Leta, b, cbe the hourly rates in tankfuls. Then

a+b+c=1,
N 2
a+c=—,

3

1

b = —.
+c 5

Twice the first equation minus the other two gives

9 1
b—9_ 2 _ =
at 372

5
=5
Thus valves A and B fill the tankiin

1
a+b

6
=-=12
)

hours.

Therefore, the correct answeris C.



15. Asectorwith acute central angle € is cut from a circle of radius 6. The radius of the
circle circumscribed about the sectoris

A | 3cosf
B 3sech
C 3cos %0
D 3sec %9
E 3
Solution:

The two radii and the sector’s chord form anisosceles triangle with equal sides 6 and
vertexangle 6. Its base has length 12 sin(g). If Ris the triangle’s circumradius, the
extended sine rule gives

oR — 12s.in(g).
sin 0
Sincesin @ = 2sin(g) cos(g),
0
R = 3sec 2"

Therefore, the correct answeris D.



16. If the sum of all the angles except one of a convex polygonis 2190°, then the number
of sides of the polygon must be

A 13
B 15
c 17
D 19
E 21
Solution:

If the omitted angleis °, then convexity gives 0 < x < 180.Hence
180(n — 2) = 2190 + «z,

SO

2190 2370
— <n—-2< —.
180 180

Thisis

121 < 2 < 131
—<n-— —.
6 6
The only possibleintegerisn — 2 = 13,son = 15.

Therefore, the correct answeris B.



17. If @isanacute angle and

1 rz—1
. _0 — ,
sin 5 \/ 5
then tan @ equals

A

8| = 8
8
I
—

z+1

)
| ﬂ
a [\V]
|
—

Solution:

The half-angle identity gives

cosf =1 — 2sin? -

rz—1

1 —
T
1
o
Therefore
tan? 0 = sec’ — 1 = 2% — 1.
Because f is acute, its tangent is positive, so

tanf = v/ 2 — 1.

Therefore, the correct answerisE.



18. If p > Hisaprime number, then 24 divides p?> — 1 without remainder

A never

B sometimes only
C always

D onlyifp=25

E none of these

Solution:

Aprimep > Sisodd,sop — 1andp + 1 are consecutive evenintegers. Oneiis

divisible by 4, making their product divisible by 8. Among the three consecutive
integersp — 1, p, p + 1, oneisdivisible by 3. It cannot be p, since p > 5isprime,so 3
also divides (p — 1)(p + 1). Because 3 and 8 are relatively prime,

24| (p-1)(p+1)=p" -1

always.

Therefore, the correct answeris C.



19. Definen,! for positive n and a to be

ne! = n(n —a)(n — 2a)
-(n—3a)---(n— ka),

where k is the greatest integer forwhichn > ka. Then the quotient

724!
185!

isequalto

A 45

B 46

c 48

D 4°

E 412

Solution:

The two products are

72! =T72-64---8 = 8°(9),
18! =18 -16---2 = 2°(9!).

Their quotientis therefore

89(91)
29(91)

Therefore, the correct answeris D.



20. A cowboy is 4 miles south of a stream which flows due east. He is also 8 miles west and
7 miles north of his cabin. He wishes to water his horse at the stream and return home.
The shortest distance (in miles) he can travel and accomplish thisis

A 4+4+/18b

B 16
c 17
D 18
E V324137

Solution:

Take the stream as the x-axis and put the cowboy at C' = (0, —4). His cabinis then
H = (8, —11).Reflect C across the streamto D = (0,4). Forany point S on the
stream, CS = DS, so minimizing C'S 4+ S H is the same as minimizing D.S + SH.
Thisoccurswhen D, S, H are collinear. The minimum distance is

DH = /82 + 152 = /289 = 1T7.

Therefore, the correct answeris C.



21. The number of sets of two or more consecutive positive integers whose sumis 100 is

A1

B 2

c 3

D 4

E 5
Solution:

Fork > 2 consecutive positive integers starting at a,
200 = k(2a + k —1).

Positivity gives k < +/200, so the possible divisors k of 200 are

2,4,5,8,10.
From
2
2a = % —k+1,

only k = 5and k = 8 give positive evenright-hand sides. They yield the sets
18,19, 20,21,22and 9,10, ...,16.Hence there are 2 sets.

Therefore, the correct answeris B.



22. The set of all real solutions of the inequality

z—1+|z+2 <5

A {z:-3<z<2}
B {z:-1l<z<2}

c {z:—2<z<l1}

D :1:'—§<ar:<Z
T2 2

E < (empty)

Solution:

For—2 < z < 1,thesumof thedistances fromaxto —2and 1is 3. If x lies adistance u
outside thisinterval, the sumis 3 + 2u. Thus

3+2u<d <<= u<l
Extending the interval [—2, 1] by 1 at each end gives
-3 <z <2

Therefore, the correct answerisA.



23. There are two cards; oneisred on both sides and the otheris red on one side and blue
onthe other. The cards have the same probability (%) of being chosen, and oneis
chosenand placed onthe table. If the upper side of the card onthe tableisred, then
the probability that the under-sideis alsoredis

1
A —_
4
1
B —_
3
c 1
2
2
D —
3
3
E —
4
Solution:

Among outcomes having ared upper side, either of the two red faces of the red-red
card orthered face of the red-blue card can be uppermost. These three visible red
faces are equally likely. The underside isred in the first two cases and blue in the third,
so the conditional probability is

Therefore, the correct answeris D.



24. The check foraluncheon of 3 sandwiches, 7 cups of coffee and one piece of pie came
to $3.15. The check for aluncheon consisting of 4 sandwiches, 10 cups of coffee and
one piece of pie came to $4.20 at the same place. The cost of a luncheon consisting
of one sandwich, one cup of coffee and one piece of pie at the same place willcome

to
A $1.70
B $1.65
c $1.20
D $1.05
E  $0.95

Solution:

Let s, ¢, pbe the prices of a sandwich, coffee, and pie. The checks give
3s+ 7c+ p = 3.15,
4s 4+ 10c + p = 4.20.
Three times the first equation minus twice the second gives
s+ c+p=3(3.15) — 2(4.20)
= 1.05.

The requested luncheon costs $1.05.

Therefore, the correct answeris D.



25. Acircular grass plot 12 feetin diameteris cut by a straight gravel path 3 feet wide, one
edge of which passes through the center of the plot. The number of square feetin the
remaining grass areais

A | 36m — 34

B 30m—15

c 36w —33

D 357 —9v3

E  30m—9v3
Solution:

The plot hasradius 6. At the path’s other edge, the perpendicular distance from the
centeris 3, so theradius to anintersection point makes a 30° angle with the edge
through the center. Half of the path consists of a 30° sector of radius 6 and a right
triangle withlegs 3 and 34/3. Its areaiis

30

o 1
2607 (69) + 5(3)(3v3)

9v3
:37T+Tf.

Thus the whole path has area 67 + 9\/5, and the remaining grass areais
36m — (6 + 9v/3) = 30T — 9v/3.

Therefore, the correct answeris E.



26. The number of termsin an A.P. (Arithmetic Progression) is even. The sums of the odd-
and even-numbered terms are 24 and 30, respectively. If the last term exceeds the
firstby 10.5, the number of termsinthe A.P.is

A 20
B 18
c 12
D 10
E 8
Solution:

Let the progression have 2n terms and common difference d. Pairing each odd-
numbered term withits successor shows that

nd =30—24 = 6.
The difference between the last and first terms is
(2n — 1)d = 10.5.

Since 2nd = 12, subtractiongivesd = 1.5.Hencen = 1‘%5 = 4, and the progression
has2n = 8terms.

Therefore, the correct answerisE.



27. Cars A and B travel the same distance. Car A travels half that distance at u miles per
hour and half at v miles per hour. Car B travels half the time at u miles per hour and half
at v miles perhour. The average speed of Car A is © miles per hour and that of Car Bis
y miles per hour. Then we always have

A z<y
B 2>y
C r=1y
D <y
E T >y
Solution:

Car A’s equal-distance average and Car B’s equal-time average are

2uv u—+v

w:u+v’ ¥y=

Their differenceis

(u +v)? — duv
2(u + v)

_wop
2(u + v)

> 0.

y—z=

Thusz < y,with equality possible whenu = v.

Therefore, the correct answerisA.



28. If a, b, and care in geometric progression (G.P.)with1l < a < b < candn > lisan
integer, thenlog, n,log, n,log, n formasequence

A whichisa G.P.
B whichis an arithmetic progression (A.P.)
C inwhich the reciprocals of the terms forman A.P.

inwhich the second and third terms are the nth powers of the first and second
respectively

E none of these

Solution:
By change of base,
1
= log,, a,
log, n
1
= log,, b,
log, n O8n
1
= log,, c.
log.n

Since a, b, c are in geometric progression, b2 = ac. Taking logarithms to base n gives
2log, b = log, a + log, c.

Hence thereciprocals of the three given terms form an arithmetic progression.

Therefore, the correct answeris C.



29. Two boys start moving from the same point A on a circular track but in opposite
directions. Their speeds are 5 ft. per sec. and 9 ft. per sec. If they start at the same
time and finish when they first meet at the point A again, then the number of times
they meet, excluding the start and finish, is

A 13
B 25
c 44
D infinity

E none of these

Solution:

Let the track length be L. Since gcd (5, 9) = 1, the first positive time when both boys
arebackat Aist = L:theyhave completed 5and 9 laps. Theirrelative speedis b +
9 = 14, so before time L they meet at

kL

t=—, k=12,...,13.
14

Thus there are 13 meetings excluding the start and finish.

Therefore, the correct answerisA.



30. Let [t] denote the greatest integer < t,wheret > 0, and

S={(z,y): (z-T) +y
< T%3,
T=1t—[t.

Thenwe have

A | thepoint (0, 0)doesnotbelongto S foranyt
B 0<AreaS <mforallt

C  Siscontainedinthe first quadrantforallt > 5
D  thecenterof Sforanytisontheliney = x

E none of the other statementsis true

Solution:
The fractional part satisfies0 < T' < 1. The set S'is the closed disk centered at (T', 0)
withradiusT'. Its area s

T2,

so0 < Area S < m,whichinparticulargives0 < Area S < . The originlies on
every such disk, the disk extends below the z-axiswhenT' > 0, andits centeris
generallynotony = .

Therefore, the correct answeris B.



31. Inthe following equation, each of the letters represents uniquely a different digitin

base ten:
(YE)- (ME) =TIT.

ThesumE + M + T + Y equals

A 19

B 20

c 21

D 22

E 24
Solution:
Since

TIT = 111T = 3-37- T,

the prime 37 dividesone of Y E and M E. A two-digit multiple of 37is 37 or 74. The
value 74 isimpossible: the other two-digit factorendingin4is atleast 14,and 74 -
14 > 999. Hence one factoris 37,so . = 7.

The units digit of the product is the units digit of 72, so0 T' = 9. Thus the product is 999,
and the other factoris

999
— = 27.
37

The four digitsare 2, 3, 7,9, whose sumis 21.

Therefore, the correct answeris C.



32. The volume of a pyramid whose base is an equilateral triangle of side length 6 and
whose other edges are each of length4/15is

A 9
9

B_
2

C27
2

E none of these

Solution:

The base areais

?(62) = 9/3.

Because the apexis equally distant from all three base vertices, its perpendicular
projectionis the base circumcenter. The circumradius of the equilateral base is 5 —

V3
24/3.If his the pyramid’s height, then
R+ (23)? = (VIB),
soh = v/3.Thevolumeis

%(9\/3)(\/5) —9.

Therefore, the correct answerisA.



33. When one ounce of wateris added to a mixture of acid and water, the new mixture is
20% acid. When one ounce of acid is added to the new mixture, the resultis 33 %%
acid. The percentage of acid in the original mixture is

A 22%
B | 24%
c 25%
D 30%
E 3331%
Solution:

Let the original mixture contain « ounces of water and y ounces of acid. The two
additions give

These simplify to
x+ 1 =4y, Tz =2y+1.
Hencey = 1andx = 3. The original acid percentage was

(]
r+vy

100 -

1
=100 - 1= 25%.

Therefore, the correct answeris C.



34. Aplane flew straight against a wind between two towns in 84 minutes and returned
with that wind in 9 minutes less than it would take in still air. The number of minutes (two
answers) for the return trip was

A 540rl8
B  60orld
C 63orl2
D T72o0r36
E 7bor20
Solution:

Let the distance be d and the return time be x minutes. The against-wind and with-

wind speeds are 8% and %.Their average is the still-air speed x;iQ . Therefore

2 1 1

r+9 84 <z’
Clearing denominators gives
168z = (z + 9)(z + 84),
z? — 75z + 756 = 0,
(x — 63)(x — 12) = 0.
Both positive values are consistent with the stated conditions, so the two return times

are 63 and 12 minutes.

Therefore, the correct answeris C.



35. Inthe unit circle shownin the figure, chords PQ) and MN are parallel to the unit radius
OR of the circle with centerat O. Chords M P, P(),and NR are each s units long and
chord MN is d units long.

Of the three equations

I. d—s=1,
II. ds=1,
. d2—s2=+/5

those which are necessarily true are

A | Tonly

B Ilonly

c  IIonly

D  IandIlonly

E ILIIandIIl
Solution:

Let K be the left endpoint of the horizontal diameter. Reflection across the vertical
diametershowsthat KM = NR = sand QN = MP = s.Togetherwith the given
equal chords, the upper semicircle is split into five equal arcs. Each subtends 36° at O.



Thus

s = 2sin18°,
d = 2sin b4°
= 2cos 36°.

Using the double-angle identities,
d =2(1 — 2sin® 18°)
=2 — s%,
s =2cos72°
= 4cos? 36° — 2
=d* - 2.

Adding these equations gives
d+s=d>—s>=(d—s)(d+s).

Sinced + s > 0, itfollowsthatd — s = 1. Substitutingd = s + lintod = 2 — s?
yields

NG

2
S—‘—S:]_, S =
2

Therefore
ds=s(s+1)=1
and

d? — s* = (d — s)(d + s)
=2s+1

_ 5.

All three equations are necessarily true.

Therefore, the correct answeris E.
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