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1. Thelengthsininches of the three sides of each of four triangles |, 11, lll, and IV are as
follows:

I 3,4,5
1 1
M 4,7-,8=
1977
I 7,24,25
1 1 1
IV 3=,4-,5-

Of these four given triangles, the only right triangles are:

A TandIl
B TandIII
C Iand1lV

D ILIIandIII

E  LII,andIV

Solution:

Fortriangles I, II, III, the relevant equalities are

32 1 42 — 52’

15\ 2 17\
2r=) ==

+<2) <2>’
72 + 242 — 252,

ForIV,
7 2+ 9\* 130
2 2) 4
11\* 121
2) 4

These values are unequal. Thus precisely I, II, and III are right triangles.



Therefore, the correct answeris D.

If a dealer could get his goods for 8% less while keeping his selling price fixed, his
profit, based on cost, would be increased to (z + 10) % from his present profit of %,
whichis:

A 12%
B 15%
c  30%
D 50%
E  75%
Solution:

The fixed selling price gives
1+ 0.01x = 0.92
+ 0.0092(z + 10).
Simplifyingyields
1+ 0.0z =1.012 + 0.0092z,
5s00.0008z = 0.012and z = 15.

Therefore, the correct answeris B.



Ifx = 5 —— ,wheret = \/_ then s is equal to:
A =2
B —1
c 1+iv3
D 1
E 2
Solution:
Directly,

lts reciprocalis therefore also —1.

Therefore, the correct answeris B.



4. Thenumberof solutionsto{1,2} C X C {1,2,3,4,5},where X is asubset of
{1,2,3,4,5},is:

A 2
B 4
c 6
D 38

E None of these

Solution:

Every valid X contains 1, 2, while each of 3, 4, 5 may be chosenindependently. Hence
there are

23— 8

possible sets.

Therefore, the correct answeris D.



1 1 .
5. Fromamong2:z,33, 8% , 95 , those which have the greatest and the next to the
greatestvalues, in that order, are:

A 33,22
B 33,85
C 35,9%
D 8%,95

E None of these

Solution:

Raising to convenient common powers gives

and
(27)® = 512 > 81 = (93)'8,

Thus 33 is greatest and 27 is next.

Therefore, the correct answerisA.



6. 1£3%% +9 = 10(3%), thenthevalue of £ + 1is:

A | lonly

B  5Sonly

C lorbd

D 2

E 10
Solution:

Letu = 3%.Then
u? —10u+9 = (u—1)(u —9)
= 0.

Thusz = Oorz = 2,sox? + lisrespectively 1 orb.

Therefore, the correct answeris C.



x
7. ifyz:zx:xy=1:2:3,then — : iisequalto:

Yz 2T
A 32
B 1:2
c 14
D | 2:1
E 41
Solution:

The requestedratio has quotient

332

Y2

ENE

Alsoyz:zz =y:x=1:2,s0x:y =2: 1.Thereforez? : y> = 4: 1.

Therefore, the correct answerisE.



8. If |z — logy| = x + log y, where x and log y are real, then:

C x=0andy=1
D z(y—1)=0
E None of these

Solution:

If £ — logy > 0, the equationgiveslogy = 0,hencey = 1.Ifx — logy < 0,itgives
x = 0.Therefore every solution satisfies eitherz = 0 ory = 1, whichis expressed by

z(y—1)=0.

Therefore, the correct answeris D.



9. Annand Sue bought identical boxes of stationery. Ann used hers to write 1-sheet
letters and Sue used hers to write 3-sheet letters. Ann used all the envelopes and had
50 sheets of paper left, while Sue used all of the sheets of paperand had 50 envelopes
left. The number of sheets of paperin each boxwas:

A 150
B 125
c 120
D 100
E 80
Solution:

Let S and E denote sheets and envelopes per box. The two accounts give

S — FE =50, E—§:50.

Addingyields % = 100,s0 .S = 150.

Therefore, the correct answerisA.



10. For z real, theinequality 1 < |z — 2| < 7isequivalent to:

A x<lorx >3

B 1<x<3

C —H<zr<9

D —H<zr<lord3<zx<9
E —-6<z<lor3<z<10
Solution:

The condition |z — 2| < 7gives —5 < & < 9.The condition |z — 2| > 1givesz <1
orxz > 3.Theirintersectionis

[_57 1] U [37 9]

Therefore, the correct answeris D.



11. The value(s) of y for which the following pair of equations

22 +y*> — 16 =0,
> —3y+12=0

may have areal common solution, are:

A 4only

B —T7,4

c 0,4

D noy

E ally
Solution:

From the second equation, 22 = 3y — 12. Substitution into the first gives

Y +3y—28=(y—4)(y+7)

Ify = 4,thenz = 0.1fy = —7,thenz®> = —33, sonoreal  exists. Thus only y = 4is
possible.

Therefore, the correct answerisA.



12. The number of cubic feetin the volume of a cube is the same as the number of square
inchesinits surface area. The length of the edge expressed as a number of feetis:

A 6

B 864

c 1728

D  6x1728

E 2304
Solution:

Let the edge lengthbe f feet, or 12 f inches. The stated numerical equality is
£* = 6(12f)".
Since f > 0, division by f? gives
f=06-144 = 864.

Therefore, the correct answeris B.



13. Inside square ABC D with sides of length 12 inches, segment AFE is drawn, where E
is the pointon DC whichis 5inches from D. The perpendicular bisectorof AE is
drawn andintersects AE, AD, and BC atpoints M, P, and (Q, respectively. The ratio
of segment PM to MQ) is:

D E C

A B
A 5:12
B | 5:13
c 5:19
D 14
E 5:21
Solution:

Because M is the midpoint of AF, its horizontal distance from AD is g Its distance
from BC'is

5 19
12— - = —.
2 2
The two right triangles cut from line PQ) by the horizontal through M are similar, so

theirhypotenuses are in the ratio of these horizontal legs:

1
PM:MQ:2:79=5:19.

Therefore, the correct answeris C.



14. Atriangle has angles of 30° and 45°. If the side opposite the 45° angle has length §,
then the side opposite the 30° angle has length:

A 4

B 4v2

c | 43

D 46

E 6
Solution:

If sis the side opposite 30°, the Law of Sines gives

S 8

sin30°  sin45°’

Therefore

= 44/2.

l\.’)l%|l\.’)||—l
[\

Therefore, the correct answeris B.



15. A contractor estimated that one of his two bricklayers would take 9 hours to build a
certain wall and the other 10 hours. However, he knew from experience that when they
worked together, their combined output fell by 10 bricks per hour. Beingin a hurry, he
put both men on the job and found that it took exactly 5 hours to build the wall. The
number of bricks in the wall was:

A 500
B 550
c 900
D 950
E 960
Solution:

If the wall contains N bricks, the individual rates are % and 1—]\6.Thus

N N
5(=+—-10) =N.
<9+10 )

Multiplying by 18 and simplifying gives 19N — 900 = 18 NV, hence N = 900.

Therefore, the correct answeris C.



16. There are two positive numbers that may be inserted between 3 and 9 such that the
first three are in geometric progression while the last three are in arithmetic
progression. The sum of those two positive numbersiis:

A 133
B 113
c | 103
D 10
E | 93
Solution:

The progression conditions give
:c2:3y, 2y =x + 9.
Eliminating y yields
22% — 3z — 27 = (22 — 9)(z + 3)
= 0.
Positivity gives x = %, andtheny = 2%.Theirsumis

0, T _8_ 1
2 4 4 4

Therefore, the correct answeris B.



17. Apiece of stringis cutintwo at a point selected atrandom. The probability that the
longer pieceis at least x times as large as the shorter piece is:

1
A —_
2
2
B —_
xXr
o 1
r+1
1
D —_
xXr
2
E
r+1
Solution:

Take the string to have length 1. Near one endpoint, the conditionis
1—1t> xt,

sot < #1 The same interval occurs at the other endpoint. Their total length, hence
the probability, is

x+1

Therefore, the correct answerisE.



18. Let ABC' D be atrapezoid with the measure of base A B twice that of base DC', and
let E be the point of intersection of the diagonals. If the measure of diagonal AC'is
11, then that of segment EC'is equal to:

2
A 3§

3
B 33
C 4

1
D 31
E 3

Solution:

Since AB || DC, triangles ABE and C DE are similar. Hence
AE:EC =AB:DC =2:1.

Thus AC = AE + EC = 3EC =11,s0

11 2
EC =— =3-.
3 3

Therefore, the correct answerisA.



19. The sum of the first n terms of the sequence

1, (142), (1+2+2%),
e, (L2422 4 27 h

interms of nis:
A 2"
B 2" —n
C ontl _ .
D 2ntl _n —2
E n-2"

Solution:

The k-thtermis the geometric sum 2k _ 1. Therefore the desired total is

n

Y @F-1)=@2"""-2)-n
k=1

—omtl 2.

Therefore, the correct answeris D.



20 2ab

“Iftanx = 2—b2,wherea > b > 0and0° < x < 90°, thensin x is equal to:
a[ R—
a
A%
b
B —
a
2 _ 12
c a*—b
2a
5 VaZ — b2
2ab
2ab
E —
a? 4+ b2
Solution:

Use aright triangle with opposite leg 2ab and adjacent leg a? — b?. Its hypotenuse is

v/ (2ab)? + (a2 — b2)?

V@Y

—a® + b2

Hence

2ab

sin = ————.
a? + b2

Therefore, the correct answeris E.



21. If the sum of the measuresin degrees of angles A, B, C, D, E/, and F'inthe figure is
90n, thennis equal to:

B C
A
A / D
F E
A 2
B 3
C 4
D 5
E 6
Solution:

Let P = AD N BF and@Q = AD N CE.Inquadrilateral EFPQ),
E+F+ ZP+ Z@Q = 360°.
The triangles BP D and AQC give
B+D=/P, A+C=/Q,
using the supplementary angles at P and (). Adding yields
A+B+C+D+E+F
= 360° = 90° - 4.

Thusn = 4.

Therefore, the correct answeris C.



22. If a = bi (b # 0) areimaginary roots of the equation x> + gz + r = 0, wherea, b, q,
andr are realnumbers, thenginterms of aandbis:

A a®+b?
B 202 — b?
C b2 — a?

D b2 — 2a?

E b? — 3a?

Solution:

The conjugaterootis a — bi. Since the sum of the three rootsis 0, the third root is
—2a. By Vieta’s formulas,

q = (a+bi)(a — b)
— 2a(a + b)
— 2a(a — bi)
= a® + b* — 4a’

= b — 3a>.

Therefore, the correct answerisE.



23. Theradius of the smallest circle containing the symmetric figure composed of 3 unit
squares shownis:

A V2
B +/1.25

c  1.25
5 5v 17
16

E None of these

Solution:

Put the midpoint of the bottom edge at O = (0, 0). Alower outer corneris A =

(1,0),and anupperouter corneris B = (%, 2). By symmetry the center of the

smallest enclosing circleis P = (0, k). At the optimum both types of outer corner lie
onthecircle, so

1+ k%= (%)2+(2—k)2.

This givesk = %. Hence

Therefore, the correct answeris D.



24. Amanwalked a certain distance at aconstant rate. If he had gone % mile per hour
faster, he would have walked the distance in four-fifths of the time; if he had gone %
mile per hour slower, he would have been 2% hourslongerontheroad. The distancein
miles he walked was:

1

A 135
B 15

1

C 175
D 20
E 25
Solution:

Let the actual speed andtime be v, t. The faster case gives

; +1 4t
vt= v+ - | —,
2) 5

sov = 2.The slower case then gives

3 5
2% = > °
: 2(t+2>,

whencet = 175.The distance was

15
t=9.-2 _ 15.
v 2

Therefore, the correct answeris B.



25. Inscribedin a circle is a quadrilateral having sides of lengths 25, 39, 52, and 60 taken
consecutively. The diameter of this circle has length:

A 62
B 63
cC 65
D 66
E 69
Solution:

The consecutive sides may be labeled

AB =25 BC = 39,
CD =52, DA =60.

Since
252 + 60? = 65> = 39% + 522,

triangles ABD and BC D are right triangles with common hypotenuse BD = 65.
Theirunionis the cyclic quadrilateral, and aright triangle’s hypotenuse is a diameter of
its circumcircle. Thus the diameteris 65.

Therefore, the correct answeris C.



26. Inthe circle shown, M is the midpoint of arc C AB, and segment M P is perpendicular
to chord AB at P. If the measure of chord AC'is x and that of segment APisx + 1,
then segment PB has measure equal to:

M
| TN\ .
P
C
A 3 + 2
B 3z +1
C 2z + 3
D 2x + 2
E 2z + 1
Solution:

Choose N onarc MB sothatarcs MN and C A are equal,anddrop NQ L. AB.Then
MN = AC = z.Theremaining equal arcs AM and NB give equal corresponding
chord projections,so QB = AP = z + 1. Also MNPQ) is arectangle, hence PQ) =
MN = z.Therefore

PB = PQ + QB
=z + (z+1)
=2z + 1.

Therefore, the correct answerisE.



27. If the area of AABC'is 64 square inches and the geometric mean (mean proportional)
between sides AB and AC is12inches, thensin A is equal to:

N

2
3
B —_
5
4
C —_
5
8
D —_
9
15
E —_
17
Solution:

The geometric-mean condition says
AB - AC =12° = 144.
Therefore
1

= T2sin A,

sosin A = g.

Therefore, the correct answeris D.



28. Acircular disc with diameter D is placed onan 8 x 8 checkerboard with width D so
that the centers coincide. The number of checkerboard squares which are completely
covered by the disc is:

A 48
B 44
c 40
D 36
E 32
Solution:

The 28 border squares are not fully covered. Consider the remaining 6 x 6 interior grid
and measure distances in square side lengths, so the disc has radius 4. The four outer
corners of thisinterior grid are at distance

V324+32=3V2>14

from the center, so those four corner squares are not fully covered. Every otherinterior
square lies within the disc: its farthest possible corneris at distance at most

V32422 =1+/13 < 4.

Hence 36 — 4 = 32 squares are completely covered.

Therefore, the correct answeris E.



29. if f(z) = log (i——z) for—1 < x < 1,then f (?a;—gzj
A —f(z)
B 2f(z)
c  3f(x)
D [f(z)]?

Solution:

_ 3z+2
Letu = 11527 .Then

1+u 1+ 322 + 3z + 2°
1—uw 1+32%2—3x—23

[ 1+= 3
S \1-z/ °

Consequently

) interms of f(x)is:

fu) = 3105 (1 ) = 3/(a)

Therefore, the correct answeris C.



30. Arectangular piece of paper 6 inches wide is folded as in the diagram so that one
corner touches the opposite side. The lengthininches of the crease L interms of
angle @ is:

A 3sec’fcsch
B 6sinfsech
C 3secfcsch
D 6secfcsc’d

E None of these

Solution:

Let h be the sheet’s height. The congruent right triangles created by reflecting the
folded corneracross the crease give

% = sin(26) = 2sinf cos 0,

3

, L
sin@cos@* Theyalso give = sec §.Hence

soh =

L = hsecf
3sech

sin @ cos 6
— 3sec?fcsch.

Therefore, the correct answerisA.



31. When the number 219 s divided by 13, the remainderin the divisionis:

A1

B 2

c 3

D 7

E 11
Solution:

Since2® = 64 = —1 (mod 13),

21000 — 26-166+4

— (_1)16624
=16
=3 (mod 13).

Therefore, the correct answeris C.



32. Chords AB and C' D inthe circle shownintersect at E and are perpendicular to each
other.If ssgments AE, EB, and E D have measures 2, 6, and 3 respectively, then the
length of the diameter of the circle is:

C
A 2 |E 6
\\3
D
A 45
B V65
c 217
D 37
E | 62
Solution:

The intersecting-chords theorem gives
2-6=CFE -3,

s0CE = 4.PutE = (0,0), A = (—2,0), B = (6,0),C = (0,4),and D =
(0, —3). The perpendicular bisectors of AB and C' D meet at

o-(:1)

2
r2:0A2:42+<1> _ o

and the diameteris 2r = 4/65.

Thus



Therefore, the correct answeris B.

33. The minimum value of the quotient of a (base ten) number of three different nonzero
digits divided by the sum of its digitsis:

A 9.7
B | 10.1
c 10.5
D 10.9
E 205
Solution:

Let ) denote the quotient. Then

99H + 9T

L
Q=1+ 770

Interchanging U with a larger digit in either earlier position decreases the quotient, so

the units digit must be the largest. Increasing that units digit lowers a quotient greater
than1l,soU = 9.Then

T+HH'_1+ 10H — 9
T+H+9 T+H+9

This is minimized by taking the largest available T' = 8 and then the smallest H = 1.
The numberis 189, and

189 189

= = 10.5.
1+8+9 18

Therefore, the correct answeris C.



34. Three times Dick’s age plus Tom’s age equals twice Harry’s age. Double the cube of
Harry’s ageis equal to three times the cube of Dick’s age added to the cube of Tom’s
age. Theirrespective ages are relatively prime to each other. The sum of the squares
of theiragesis:

A 42
B 46
c 122
D 290
E 326
Solution:

The equations are

3D+ T = 2H,
2H?® = 3D° + T3,

Rewrite them as
2(H — D) =D+T
and

2(H — D)(H? + HD + D?)
=(D+7T)
(D* — DT +T?).

Canceling the equal positive factors gives

H>+ HD+ DT —-T? =0,
(H+T)(H+D-T) =0,

soT = H + D.Thelinearequationthengives H = 4D, and pairwise relative



primality forces
(D,H,T) = (1,4,5).

The requested sumis 12 + 42 + 52 = 42.

Therefore, the correct answerisA.



35. Equilateral triangle ABP with side AB of length 2inches s placed inside square
AXY Z withside of length 4 inches so that Bis onside AX . The triangle is rotated
clockwise about B, then P, and so on along the sides of the square until the triangle
returns to its original position. The length of the pathininches traversed by vertex P is

equal to:
A Y
P
A B X
207
A -
3
327
B —_
3
C 127
407
D —_
3
E 157
Solution:

One circuit of the square uses 8 pivots and changes the triangle’s orientation by % of a
full turn. Therefore 3 circuits, or 24 pivots, are required to restore the entire triangle. In
8 of those pivots the rotationis about P, so P does not move. Inthe other 16, eight
arcs subtend 120° and eight subtend 30°, all with radius 2. Hence the total path length



1 1
8. .
(3 47r)+8<12 47r)

_ 32 8n
3 3
_407r
==

Therefore, the correct answeris D.
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