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1. Whenzisaddedto boththe numeratorand the denominator of the fraction %, a # b,
b £ 0, the value of the fractionis changed to g. Then x equals:

A 1
c—d
ad — be
B
c—d
o ad — be
c+d
bc — ad
D
c—d
bc — ad
E
c+d
Solution:
From
at+x c
b+x d

we obtainad + dx = bc + cz.Hence z(d — ¢) = bc — ad, so

_bc—ad_ad—bc
 d—c¢c  c—d’

Z

Therefore, the correct answeris B.



2. Ifanitemis soldforx dollars, thereis aloss of 15% based on the cost. If, however, the
same item s sold fory dollars, there is a profit of 15% based on the cost. Theratio y :
Tis:

Here at% loss or profit based on cost means 1—80 times the cost.

A 23:17
B 17y:23
c  23x:17

D dependent uponthe cost

E none of these

Solution:
If the costis C,thenx = 0.85C'andy = 1.15C'. Therefore

y:z = 1.15C": 0.85C
=115:85 =23 :17.

Therefore, the correct answeris A.



3. If N,writteninbase 2,is 11000, the integerimmediately preceding IV, writtenin base
2,is:

A | 10001
B 10010
c 10011
D 10110
E 10111
Solution:

Subtracting 1 from 110002 requires borrowing through the three trailing zeros. Thus
110005 — 15 = 101115.

Therefore, the correct answerisE.



4. Letabinary operation * on ordered pairs of integers be defined by (a, b) * (¢, d) =
(a — ¢,b+ d).Then,if (3,2) * (0,0) and (z, y) * (3, 2) representidentical pairs, =

equals:
A =3
B O
c 2
D 3
E 6
Solution:

The first pairis (3 — 0,2 + 0) = (3, 2). The secondis (x — 3,y + 2). Equality of the
first coordinates givesx — 3 = 3,sox = 6.

Therefore, the correct answerisE.



5. Ifanumber N, N =# 0, diminished by four times its reciprocal, equals a given real
constant R, then, for this given R, the sum of all such possible values of IV is:

A 1
R
B R
C 4
1
D —_
4
E —R
Solution:

Multiplying N — % = Rby N gives
N? - RN —4=0.

The sum of its two roots is R by Vieta’s formulas. Both roots are nonzero because their
productis —4.

Therefore, the correct answeris B.



0. The area of the ring between two concentric circlesis 12 §7r squareinches. The length

of achord of the larger circle tangent to the smaller circle, ininches; is:

L] 2
V2

B b

c  5v2

D 10

E | 10v2

Solution:

Let theradiibe Randr. Thering area gives

2
m(R* —r?) = ?571'.

The radius to the tangent point bisects the chord. If its lengthis L, then

2
L
<§> + 7"2 = R2.

ThusL = 2VR? —r?,s0L = 24/ %2 = 5/2.

Therefore, the correct answeris C.



7. Ifthepoints (1,y;)and (—1,s)lieonthe graphofy = az? + bz + c,andy; —
y» = —6,thenbequals:

A -3
B O
c 3
D \ac
£ a-+c
2
Solution:

Wehavey; = a+ b+ candys = a — b+ c.Thereforey; — y, = 2b = —6,s0b =
-3.

Therefore, the correct answerisA.



8. Triangle ABC'isinscribedina circle. The measures of the non-overlapping minorarcs
AB, BC,and C A are,respectively, x + 75°,2x + 25°,3x — 22°. Then one interior
angle of the triangle, in degrees, is:

1
A 575
B 59
c 60
D 61
E 122
Solution:

The arc sum gives

6x + 78 = 360,
T = 47.

The arcs thenmeasure 122°,119°, 119°. The angle intercepting the 122° arc
measures 61°.

Therefore, the correct answeris D.



9. Thearithmetic mean (ordinary average) of the fifty-two successive positive integers
beginning with 2 is:

A 27
1
B 27—
4
c o7l
2
D 28
E 281
2
Solution:

Theintegersrunfrom 2 through 2 + 51 = 53. Theirmeanis the average of the first and
last:
2+53 55

1
22— 972,
2 2 2

Therefore, the correct answeris C.



10. The number of points equidistant from a circle and two parallel tangents to the circle

is:

A0

B 2

c 3

D 4

E infinite
Solution:

Let the circle have center O andradius r. A point equidistant from the two parallel
tangents must lie on their midline, which passes through O. If its distance from O is t,
its distance from either tangent is r, while its distance from the circleis |t — r|. Thus
|t — r| = r,givingt = 0ort = 2r.Thereis one pointwitht = 0 and twowitht = 27,
foratotal of 3.

Therefore, the correct answeris C.



1. Givenpoints P(—1, —2) and Q(4, 2) inthe zy-plane, point R(1, m) is taken so that
PR + RQ@ is aminimum. Thenm equals:

A 3
5
2
B - —
5
1
C N
5
1
D —
)

1
E either —— or —
5 5

Solution:

By the triangle inequality, PR + RQ > P(Q), with equality when R lies on segment
PQ).The slope of PQ is % = %. Movingfromz = —1tox = lraisesthe y-
coordinate by (§)(2) = £, s0

Therefore, the correct answeris B.



12 6x2 + 16x + 3m

"LetF = 5 be the square of an expression whichislinearinx. Thenm

has a particular value between:

A 3and4
B 4andb
C Hand 6
D —4 and —3
E —6and —5
Solution:
We have
8 m
F=zx+—-x+ —.
x” + 3a3+ 9

For this to be a square, it must equal (z + %)2, whose constant termis %. Hence

m — 16 s5m = 32 whichliesbetween 3 and 4.

2 79 97

Therefore, the correct answerisA.



13. Acircle withradius r is contained within the region bounded by a circle with radius R.
The area bounded by the larger circle is % times the area of the region outside the
smaller circle and inside the larger circle. Then R : r equals:

A Va:vb

B ya:va-b
c Vb:va—b
D a:va—b
b:va—b

m

Solution:

The area conditionis

TR = %W(R2 —r?).

ThusbR? = aR? — ar?,soar? = (a — b) R?. Therefore

andR:r =,/a:+/a—b.

Therefore, the correct answeris B.



14 x2—4

" The complete set of x-values satisfying the inequality > Oisthesetofallx

2 —1
suchthat:

A x>2orzx< -2o0or—-1<ax<l1
B | x>2o0rx< —2
c x>lorx< -2
D x>1lorx<—1

E  xisanyrealnumberexceptlor—1

Solution:

Factorthe expression as

(x —2)(z + 2)
(x —1)(z+1)

Asignchartat —2, —1, 1, 2 showsiitis positive on
(—00,—2) U (=1,1) U (2, o).

The endpoints +2 give zero and £1 are undefined.

Therefore, the correct answerisA.



15. Inacircle with center at O andradius r, chord A B is drawn with length equal to r units.
From O aperpendicularto AB meets AB at M. From M aperpendicularto O A
meets O A at D. Interms of r, the area of triangle M D A, in appropriate square units,

is:
A 3
16
7'('7"2
B -
16
2
C 7T’I°\/§
8
2
D r’v3
32
E r’V6
48
Solution:

Triangle O AB is equilateral. Since OM 1. AB, M is the midpointof AB,so AM =
5 and ZOAM = 60°. Inright triangle AM D, the hypotenuseis AM = £, giving

Mpzﬂ.

r
AD = -,
4 4

Hence

(MDA| %(AD)(MD)

r2+/3
32

Therefore, the correct answeris D.



16. When (a — b)",n > 2,ab # 0,is expanded by the binomial theorem, it is found that,
whena = kb, where k is a positive integer, the sum of the second and third termsiis
zero. Thenn equals:

1

A —k(k -1
SRk —1)
1

B —k(k+1)
2

C 2k — 1

D 2k

E 2k +1

Solution:

The sum of the second and third terms is

—1
—na” b+ %a"‘%?

Substitutinga = kb and dividing by the nonzero quantity na™ 2b gives

n—l_

—k 0.
R

Thereforen = 2k + 1.

Therefore, the correct answeris E.



17. The equation2?® — 8 - 2% 4 12 = Ois satisfied by:

A log3

B % log 6

C  1+log %

D 1+ igig

E none of these
Solution:

Sett = 2%.Then

Theroott = 6 gives

t? —8t+12 =0,
(t—2)(t—6)=0.

z = log, 6
=1+ log, 3
log 3

=1 :
+10g2

(The equationis also satisfied by £ = 1, whichis not alisted choice.)

Therefore, the correct answeris D.



18. The number of points common to the graphs of

(z—y+2)3z+y—4) =0

and
(z+y—2)2z—5y+7) =0

is:

A2

B 4

c 6

D 16

E infinite
Solution:

The first graphisthepaire —y+2 =0, 3x + y — 4 = 0,andthesecondisx +
y—2 =0, 2 — by + 7 = 0. Eachlinein the first pairmeets eachline in the second
pair. Solving the four pairings gives four distinct points:

(0,2), (—1,1),
13 29
(171)7 (ﬁ)ﬁ) .

Thus there are 4 common points.

Therefore, the correct answeris B.



19. The number of distinct ordered pairs (z, y), where ¢ and y have positive integral
values satisfying the equation z*y* — 102%y? + 9 = 0, is:

A0

B 3

c 4

D 12

E infinite
Solution:

Letu = z2y>. Then

u? —10u+9=0,
(u—1)(u—9)=0.

Since z, y are positive integers, thismeans zy = 1orzy = 3. The pairsare
(1,1),(1,3),(3,1),foratotal of 3.

Therefore, the correct answeris B.



20. Let P equal the product of 3,659,893,456,789,325,678 and 342,973,489,379,256.
The number of digitsin Pis:

A 36
B 35
c 34
D 33
E 32
Solution:

The factors satisfy

3.6-10"% < A < 3.7-10'8,
3.4.-10" < B < 3.5-10".

Hence
12.24-10% < AB < 12.95 - 10%,

s010%% < P < 10%*. Therefore P has 34 digits.

Therefore, the correct answeris C.



21. Ifthe graphof 2 + y? = mistangenttothatof 4+ y = +/2m, then:

1
A m must equal B

B m mustequal —

V2

C m must equal V2
D  mmustequal2

E m may be any nonnegative real number

Solution:

The circle hasradius 4/m. The distance from the origin to the line is
|—v2m|
V1?4 12

Thus the lineis tangent foreverym > 0 (withthe m = 0 case degenerate at the
origin).

NS

Therefore, the correct answerisE.



22. Let K be the measure of the area bounded by the x-axis, the line x = 8, and the curve
defined by

f=A{(=y)]
y==x
when 0 < z <5,
y=2r—95

when 5 < z < 8}.

Then K is:
A 215
B 364
c 36.5
D 44

E less than 44 but arbitrarily close to it

Solution:

Fromz = 0to 5, theregionis atriangle of area 5 (5)(5) = 12.5.Fromz = 5t08, the

endpointheightsare 5 and 11, so the trapezoid has area
1
5(5 +11)(3) = 24.

Thus K = 12.5 + 24 = 36.5.

Therefore, the correct answeris C.



23. Forany integer n greater than 1, the number of prime numbers greaterthann! + 1 and
lessthann! + nis:

Heren! =1-2.--(n — 1)n.

A O

n n
C — forn even,

5 5 forn odd
D n—1
E n
Solution:

Every integerintheinterval has the formn! + kforsome 2 < k < n — 1.Because
k| n!,wealsohavek | (n! + k),andn! + k > k.Thus every suchintegeris
composite. (Forn = 2, theintervalis empty.) Hence there are no primes in the interval.

Therefore, the correct answerisA.



24. When the natural numbers P and P’, with P > P’, are divided by the natural number
D, theremainders are Rand R/, respectively. When PP’ and RR' are divided by D,
the remainders are r and ', respectively. Then:

A 7> r always
B r <r'always
C 7> r’'sometimes,and” < r’ sometimes
D r > r'sometimes,andr = r’ sometimes
E r=r"always

Solution:
By definition of the remainders,
P=R (mod D),
P'=R' (mod D).
Multiplying gives PP’ = RR' (mod D). Since each has a unique remainder

between0and D — 1, theirremainders must be equal:r = 7’.

Therefore, the correct answerisE.



25. Ifitisknown thatlog, a + log, b > 6,thenthe leastvalue that canbe takenonby a +
bis:

A 26
B 6
c 82
D 16

E none of these

Solution:
The logarithm condition gives log, (ab) > 6,soab > 64. By AM-GM,
a-+b>2vab> 2v64 = 16.

Equality is attainedata = b = 8.

Therefore, the correct answeris D.



26. Aparabolic arch has a height of 16 inches and a span of 40 inches. The height, in
inches, of the arch at a point 5 inches from the center M, is:

- ~
~ ~
e ~
A& ~ B
M

A 1
B 15
C 151
3
D 151
2
E 153
4
Solution:

Place M at the origin with the span on the x-axis. The arch has equationy = 16 —
az?. Since (20, 0) liesonit,0 = 16 — 400a,s0a = 5. Atz = 5,

_16-2 15
TS

Therefore, the correct answeris B.



27. A particle moves so that its speed for the second and subsequent miles varies
inversely as the integral number of miles already traveled. For each subsequent mile
the speedis constant. If the second mile is traversedin 2 hours, then the time, in hours,
neededto traverse the nth mileis:

A 2
n—1
n—1

B

2
2
C .
n
D 2n
E 2(n-—1)
Solution:

Forthe nthmile,v,, = % Since the distance is one mile, the time is

1 n—1

The condition Ty = 2 gives + = 2.Therefore T}, = 2(n — 1).

Therefore, the correct answeris E.



28. Let n be the number of points P interior to the region bounded by a circle with radius
1, such that the sum of the squares of the distances from P to the endpoints of a
givendiameteris 3. Thennis:

A0

B 1

C 2

D 4

E infinite
Solution:

Let P = (z, y) and take the diameter endpoints as (—1,0) and (1, 0). The condition
becomes
PA? + PB* =3,
222 4 2y% +2 = 3.

Thus 2 + y2 = %.This is an entire circle of radius %, lyinginside the given unit circle.

It contains infinitely many points.

Therefore, the correct answeris E.



1

29.Ifx =t+1andy = tﬁ,t > 0,t # 1, arelationbetweenx andyis:

N

T

A yY==z

8 |~

E none of these

Solution:

Dividing the definitions gives

8 <
I
(o
I
I
~

Also,
t 1\t "
y:ttfl = (ttl) = .

Substitutingt = %givesy — g, Raising both sides to the power z yields y* = Y.

Therefore, the correct answeris C.



30. Let P be apoint of hypotenuse A B (orits extension) of isosceles right triangle ABC'.
Lets = AP? + PB2. Then:

A s < 2CP?forafinite number of positions of P
B s < 2CP?foraninfinite number of positions of P
Cc s =2CP?onlyif Pisthe midpoint of AB oranendpoint of AB
D s=2CP?always
E s> 2CP?%if Pisatrisection point of AB
Solution:

Take A = (—a,0), B = (a,0)and C = (0,a), P = (p,0). This describes every
point on the hypotenuseline. Then

s=(p+a)+(p-a)’
= 2p% + 242,
2CP? = 2(p* + d?)
= 2p® + 2a°.

Thus s = 2C P2 for every position of P.

Therefore, the correct answeris D.



31. Let OABC be aunit square in the zy-plane with O(0, 0), A(1,0), B(1,1), and
C(0,1).Letu = z? — y?> andv = 2zy define a transformation of the zy-plane into
the uv-plane. The transform (orimage) of the squareis:

v(0,2)
A Lo /T0)
(07 _2)
v(0,2)
B (—1,070] Jit'o)
(07 _2)
v(0,2)
C L1\,
v(0,2)
D L1,
v(0,1)
E
(—1,0) (1 0)
(07 _1>
Solution:
The vertices map as
O — (0,0),
A~ (1,0),
B — (0,2),
C— (—1,0)



32.

Side O A maps to the segment from (0, 0) to (1, 0), and cO mapstothesegment
from(—1,0)t0(0,0).OnAB, z = 1,sou =1 — —,onBC y=1,sou = Z —
1. These are the two upper parabolic arcs joining (il, 0)to(0,2).

Therefore, the correct answeris D.

Let asequence {u, } be definedbyu; = 5andtherelationu, .1 —u, = 3+ 4(n —
1),n =1,2,3,....Ifuy,isexpressed as a polynomial in n, the algebraic sum of its
coefficientsis:

A3

B 4

cC 5

D 6

E 11
Solution:

For any polynomial p(n), the sum of its coefficients is p(1). Here the polynomial

represents u,,, and the initial condition gives u; = 5. Therefore the coefficient sumis
5.

Therefore, the correct answeris C.



33. Let S,, and T;, be the respective sums of the first n terms of two arithmetic series. If
Sp: T, = (Tm+ 1) : (4n + 27) foralln, the ratio of the eleventh term of the first
series to the eleventh term of the second series is:

A 4:3

B 3:2

c T7:4

D T78:71

E undetermined

Solution:

For an arithmetic sequence, the eleventh termis the average of the first 21 terms. Thus

therespective eleventh terms are %211 and 121211 Theirratiois

Sop  T(21)+1 148 4
Toy  4(21)+27 111 3

Therefore, the correct answerisA.



34. The remainder R obtained by dividing £'%° by 22 — 32 + 2is a polynomial of degree
less than 2. Then R may be written as:

A 2100 g

B 200z —1)—(z-2)

c 2%z —3)

D x(210 —1)+2(2% —1)
E 219z +1)— (z+2)

Solution:

Write R(x) = ax + b. Since the divisoris (x — 1)(x — 2), evaluating the division
identity atitsroots gives

R(1) =1, R(2) = 2,
Therefore

R(z)=1+2" - 1)(z—-1)
=210z — 1) — (z — 2).

Therefore, the correct answeris B.



35. Let L(m) be the z-coordinate of the left endpoint of the intersection of the graphs of
[L(=m)—L(m)]

- .Then,asmis

y = x2 — 6andy = m,where —6 < m < 6.Letr =
made arbitrarily close to zero, the value of r is:

A arbitrarily close to zero

1
B arbitrarily close to —

V6

2
C arbitrarily close to —

V6

D arbitrarily large

E undetermined

Solution:

The leftintersection satisfies
L(m) = —v/6 + m.

Hence

—v/6—m++6+m

m
2

VeF+Fm+46—m

- 2 _ 1
As m approaches 0, this approaches 3 = 75

Therefore, the correct answeris B.
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