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1. Thethree-digit number2adis added to the number 326 to give the three-digit number
5b9. If 5b9 is divisible by 9, thena + bequals:

A 2

B 4

cC 6

D 8

E 9
Solution:

Divisibility by 9 requires 5 + b + 9 to be a multiple of 9. Since bis a digit, this gives b =
4.The additionis then2a3 4+ 326 = 549,soa = 2.Hencea + b = 6.

Therefore, the correct answeris C.



2. Anequivalent of the expression

(=)
()2)

zy # 0,
is:
A 1
B  2xy
c  2x%2 42
D 2zy+ —
LY
20 2y
E — —
Y T
Solution:
The first productis
T
py+ -4+ 24—,
y < Xy
while the second s
T 1
TYy — — — J + —.
y < Yy

Adding gives 2zy + ﬁ—y

Therefore, the correct answeris D.



3. Theside of anequilateral triangleis s. A circleisinscribedin the triangle and a square is
inscribedinthe circle. The area of the squareiis:

S
A _
24
82
B _
6
2
c | V2
6
2
b s°4/3
6
82
E _
3
Solution:

Theinradiusisr = %g . Theinscribed square has diagonal 2r, soits areais half the

square of that diagonal:

2 2
CO
2
_ 9 svV3
- 6
6

Therefore, the correct answeris B.



4. Given

loga logb logc
) p q r
— = zY,thenyis:
ac
2
A q
p+r
p+r
B 2

C 2q—-p-—r

D 2q — pr
E q2 — pr
Solution:

= log z, alllogarithms to the same base and ¢ # 1. If

The given equalitiesimplya = xP, b = x,and ¢ = x". Therefore

b2

ac

= g2 P,

Sincethisisz¥ andx # 1,wehavey = 2q —p — .

Therefore, the correct answeris C.



5. Atriangleis circumscribed about a circle of radius r inches. If the perimeter of the

triangleis P inches and the areais K square inches, then % is:

A independent of the value of

s V2
T
2
C 7
2
D —_
”
r
3
Solution:

The three radii to the points of tangency split the triangle into smaller triangles whose
total areais

1 P
K:§r(a—|—b—|—c)=7r.

P _ 2
HenceK—T.

Therefore, the correct answeris D.



6. If f(x) =47, then f(x + 1) — f(x)equals:

A4
B f(x)
¢ 2f(z)
D 3f(z)
E 4f(z)

Solution:

Wehave f(z + 1) = 4*"! = 4f(z).Therefore f(z + 1) — f(z) = 3f(z).

Thus, the correct answeris D.

a c
7. Ifg < —C—l,wherea, b, c,d are real numbers and bd # 0, then:

A a must be negative

B a must be positive

C a mustnot be zero

D a can be negative orzero, but not positive

E a can be positive, negative, or zero

Solution:

Takeb = d = 1andc = —2.Theinequality becomesa < 2, whichis satisfied by
positive, zero, and negative values of a. Thus none of the three possible signsiis
forced.

Therefore, the correct answerisE.



8. Tom ounces of anm% solution of acid, ¢ ounces of water are added to yield an (m —
10)% solution.If m > 25, thenzis:

A 10m
m — 10

5 dm
m — 10

m

C m=10

5 dYm
m — 20

E not determined by the given information

Solution:

Conservation of acid gives

m?2 m — 10

00 — 100 T

Hencem? = (m — 10)(m + z),s010m = (m — 10)z and

10m
m—10"

Therefore, the correct answerisA.



9. Let K,insquare units, be the area of a trapezoid such that the shorter base, the
altitude, and the longer base, inthat order, are in arithmetic progression. Then:

A K mustbeaninteger

B = K mustbe arational fraction

C K must be anirrational number

D K must be aninteger or arational fraction

E takenaloneneither (A) nor (B)nor (C) nor (D) is true

Solution:
Let the shorter base, altitude, andlongerbase bea — d, a,anda + d. Then

K = %a((a—d) + (a+d))

= 0,2.

Depending on a, this can be aninteger, a nonintegral rational number, or anirrational
number. No one of choices (A) through (D) must hold.

Therefore, the correct answerisE.



10. If

a n b
10 —1 10 42
2-10% + 3

(10 — 1)(10° + 2)

is anidentity for positive rational values of , then the value of a — bis:

A 4
3
5
B —_
3
C 2
11
D S
4
E 3
Solution:

Clearing denominators gives
a(10® 4+ 2) + b(10° — 1)
=2-10" + 3.
Thereforea + b = 2and 2a — b = 3. Solving givesa = g, b= %,soa —b= %.

Therefore, the correct answeris A.



1. If the perimeter of rectangle ABC D is 20 inches, the least value of diagonal AC, in

inches, is:
A0

B /50
c 10

D | /200

E none of these

Solution:
Let adjacent sidesbe x and 10 — x. Then
AC* = 2% + (10 — z)?
= 2(z — 5)* + 50.

This is minimized atz = 5, giving AC = 4/50.

Therefore, the correct answeris B.



12. If the (convex) area bounded by the z-axis and thelinesy = ma + 4,z = 1,andz =
4is7,thenm equals:

A 1
2
2
B - —
3
3
C R
2
D -2

E none of these

Solution:

The boundedregionis a trapezoid with parallel sidesm + 4 and 4m + 4, separated
by 3. Thus

(m+4)+ (4m+4)) =7.

N W

Henceldom + 24 = 14,som = —%. The endpoint heights are positive, as required
forthe stated convexregion.

Therefore, the correct answeris B.



13. Atriangle ABC'is to be constructed given side a (opposite angle A), angle B, and k..,

the altitude from C.. If N is the number of noncongruent solutions, then N

A is1

B is 2

C must be zero

D must be infinite

E must be zero orinfinite
Solution:

Fix BC = a and draw the ray from B that makes the prescribed angle B. Its distance
from C'is fixed. If that distance is not h., there is no solution. If it is h., then A may be
chosen atinfinitely many positions on the ray, producing infinitely many noncongruent
triangles. Thus IN must be zero orinfinite.

Therefore, the correct answerisE.



t
4. Let f(t) = ——,t # 1.Ify = f(), thenx can be expressed as:

1—-t’
~ ()
B —f(y)
c  —f(-y)
D f(-y)
E . f(y)
Solution:

Fromy = - weobtainy — yr = z,so

r=——-.:
1+y

Since f(—y) = — 11, thisis — f(—y).

Therefore, the correct answeris C.



15. The differenceinthe areas of two similar triangles is 18 square feet, and the ratio of the
larger area to the smalleris the square of aninteger. The area of the smaller triangle, in
square feet, is aninteger, and one of its sides is 3 feet. The corresponding side of the
larger triangle, in feet, is:

A 12
B 9
c 642
D 6

E | 32

Solution:

Let the side-scale factorbe theinteger k > 1 andthe smallerareabe theintegerT'.
Then

T(k* —1) = 18.

Thus k2 — 1is a positive divisor of 18. The only resulting square k?is 4, so k = 2. The
corresponding sideis 3k = 6.

Therefore, the correct answeris D.



16. Let the product (12)(15)(16), each factorwrittenin base b, equal 3146 inbase b. Let
s =12 + 15 + 16, eachtermexpressedinbase b. Then s,inbase b, is:

A 43
B 44
c 45
D | 46
E 47
Solution:

The product equationis

(b+2)(b+5)(b+ 6)
= 3b% + b2 + 4b + 6.
It simplifies to
b — 6b% — 24b— 27 =0,
(b—-9)(* +3b+3) =0.

Thus the valid baseisb = 9. The required sumis 3b 4+ 13 = 4b + 4, whichis 44,,.

Therefore, the correct answeris B.



17. If 1 and 1y are the distinct real roots of 2 + px 4 8 = 0, then it must follow that:
A |r 4o > 442
B | |ri| > 3or|ry| >3
C |ri| > 2and|rg| > 2
D r;<0andry <0

E |7°1—|—7“2| <4\/§

Solution:

The discriminant conditionis p> — 32 > 0,so |p| > 44/2. By Vieta's formulas, 1 +
r9 = —p,andtherefore

|T‘1 —|—7‘2‘ = \p\ > 4\/5.

Therefore, the correct answeris A.



18. If22 — 52 4+ 6 < 0and P = 2% + 52 + 6, then

A | Pcantakeanyrealvalue
B 20<P <30

c 0<P<20

D P <0
E P > 30
Solution:

The inequality (z — 2)(z — 3) < Ogives2 < z < 3.Onthisinterval P = z? + 5z +
6 isincreasing, with endpointvalues P(2) = 20and P(3) = 30.The endpoints are
excluded, so20 < P < 30.

Therefore, the correct answeris B.



1
19. The area of arectangle remains unchanged whenitis made 25 incheslongerand —

1
inch narrower, orwhenitis made 25 inches shorterand § inchwider. Its area, in square

inches, is:
A 30
80

B PR

3

C 24
45

D -

2

E 20
Solution:

The two conditions are

e (+2) (o).
- (-5) o)

After expanding, these give —4l + 15w = 10and 8] — 15w = 20.Hencel =

%, w = %,andlw = 20.

Therefore, the correct answeris E.



20. Acircleisinscribedin a square of side m, then a square isinscribed in that circle, then
acircleisinscribedin the latter square, and so on. If S,, is the sum of the areas of the
first n circles soinscribed, then, as n grows beyond all bounds, S,, approaches:

m™m
A -
2
3mm?
B
8
c 7'('77”1,2
3
7Tm2
D -
4
7Tm2
E -
8
Solution:

m

2
™)? = L. Eachinscribed square reduces the next circle’s
squaredradius, and hence its area, by a factor of % Thus the limiting sumis

LRy U
1 271

The first circle has area 7 (

Therefore, the correct answerisA.



21. Inright triangle ABC the hypotenuse AB = 5andleg AC' = 3. The bisector of angle
A meets the opposite side in A;. Asecondright triangle PQ) R is then constructed
with hypotenuse P() = A; B andleg PR = A,C'.If the bisector of angle P meets
the opposite sidein P;, thelengthof PP, is:

316

A
4
B _3\/3
4
C _3\/5
4
o 3V2
2
c 152
16
Solution:

Since BC' = 4, the angle-bisectortheoremgives A1 B : A1C' = 5 : 3.Hence
A;B = gand AC = %,so triangle PQ R is a half-scale copy of ABC.

Forthe angle bisector from A in the original triangle,

2 42
AA1:5-3<1—§>
45
=7
soAA; = 3—‘2/5.Therefore PP, is half of this, or 3T\/3'
Thus, the correct answeris B.



22. For natural numbers, when P is divided by D, the quotientis () and the remainderis R.
When Q is divided by D', the quotientis Q' and the remainderis R'. Then, when P is
divided by DD’, the remainderis:

A R+RD

B R +RD

C RR

D R

E R
Solution:

Substitution gives

P=(QD'+R)D+R
= Q'(DD') + (R'D + R).

The remainder boundsimply R'D + R < DD', sothisisindeed the remainder.

Therefore, the correct answerisA.



23. If zisreal and positive and grows beyond all bounds, thenlogs (6 — 5) — log,(2z +
1) approaches:

A0
B 1
c 3
D 4

E no finite number

Solution:

The differenceis

The fraction approaches 3, so the expression approacheslogs 3 = 1.

Therefore, the correct answeris B.



24. The number of solution-pairs in positive integers of the equation 3x + 5y = 501 is:

A 33
B 34
c 35
D 100

E none of these

Solution:
Modulo 5, the equationgives3x = 1,sox = 2 (mod 5). Writex = 2 + 5k.Then

B 501 — 3z

=99 — 3k.
c 99 —3

Y

Positivity requiresk = 0,1, ..., 32, giving 33 pairs.

Therefore, the correct answeris A.



25. Forevery odd numberp > 1we have:

p—1
2

A (p—1)7 — lisdivisiblebyp — 2

B (p— 1)%1 + lisdivisible by p
c  (p—1)7 isdivisiblebyp

D (p—1)7 + lisdivisiblebyp + 1
E (p—1)= — lisdivisiblebyp — 1
Solution:

Becausep > lisodd,n = ’%1 is a positive integer. Modulop — 2,wehavep — 1 =
1. Therefore

p-1)"—-1=1"-1
=0 (modp—2).

Thus choice (A) always holds.

Therefore, the correct answeris A.



26. If one uses only the tabular information 10® = 1000, 10* = 10,000, 2'° = 1024,
211 = 2048, 2% = 4096, 23 = 8192, then the strongest statement one can make for
log,, 2isthatitlies between:

3 4
A — and —
10711
B 3 nd 4
10 " 12
¢ 3 angl
10 "9 13
o 3,42
10 "9 132
E 3 nd 4—0
11 "% 132
Solution:

30 .From 2% < 10* we get

From10® < 2'%we get3 < 101log,,2,s0log;; 2 > =
13log;p2 < 4,s0logqy 2 < 1%) . Thisis the narrowest listed interval justified by the

table.

Therefore, the correct answeris C.



27. Two candles of the same length are made of different materials so that one burns out
completely at auniformrate in 3 hours and the otherin 4 hours. At what time P.M.
should the candles be lighted so that, at 4 P.M., one stub is twice the length of the

other?
A 1:24
B 1:28
c 1:36
D  1:40
E 148
Solution:

Aftert hours, the faster and slower candles have fractions 1 — % and1l — i remaining.
The slower stub must be twice the faster:

t t
1—2—2(1—5).

Thust = % = 2 hours 24 minutes. Counting back from4 P.M. gives 1:36 P.M.

Therefore, the correct answeris C.



28. Giventhe two hypotheses: | Some Mems are not Ens and I No Ens are Vees. If “some”
means “atleast one”, we can conclude that:

A Some Mems are not Vees

B Some Vees are not Mems

C NoMemisaVee

D Some Mems are Vees

E  Neither (A4)nor (B)nor (C)nor (D) is deducible from the given statements
Solution:

The hypotheses say only that some element of M lies outside N,andthat NNV =
. Amodelwith M = V makes (A), (B), and (C) false while satisfying the hypotheses.
Amodelwith M NV = @ makes (D) false. Hence none of choices (A) through (D) is

forced.

Therefore, the correct answeris E.



29. ABisadiameterof acircle. Tangents AD and BC are drawn so that AC' and BD
intersectinapointonthecircle.If AD = aand BC' = b, a # b, the diameter of the

circleis:
A Ja—1D
1
B 5(0, + b)

ab
D
a+b
1 ab
E —_ .
2 a+b
Solution:

Letd = AB be the diameter. Since the intersection of AC and BD lies on the circle,
those two lines are perpendicular by Thales’ theorem. Also the tangents AD and BC'
are parallel. The resulting right triangles AD B and BC' A are similar, so

d b

a d
Henced? = abandd = v ab.

Therefore, the correct answeris C.



30. Adealerboughtnradios ford dollars, d, a positive integer. He contributed two radios
to a community bazaar at half their cost. The rest he sold at a profit of $8 on eachradio
sold. If the overall profit was $72, then the least possible value of n for the given
informationis:

A 18
B 16
C 15
D 12
E 11
Solution:

Then — 2regularsales bring (n — 2)(% + 8), while the two bazaar radios bring %
together. Since the totalintakeisd + 72,

d d
(n—2) (—+8)+—
n n

=d+ 72

Thisreducestod = 8n(n — 11). Positivity requiresn > 11,andn = 12 gives the
positive integerd = 96.

Therefore, the correct answerisD.



31. Let D = a2 + b? + ¢2, where a, bare consecutive integers and ¢ = ab. Thenv/Dis:
A always aneveninteger
B sometimes an oddinteger, sometimes not
C always an oddinteger
D sometimesrational, sometimes not

E alwaysirrational

Solution:
Withdb = a + landc = a(a + 1),
D =a’+ (a+1)* +a*(a+ 1)
= (a* +a+1)%

Thusv/ D = a? + a + 1.Since a(a + 1) is even, thisinteger s always odd.

Therefore, the correct answeris C.



32. In quadrilateral ABC' D with diagonals AC and B D intersectingat O, BO = 4,
OD =6,A0 = 8,0C = 3,and AB = 6.Thelengthof ADs:

A 9
B 10
c 63
D 8v2
E 1/ 166
Solution:
Intriangle AOB,
8% + 4% — 6°
/AOB =
cos O 5 8.4
11
16

Therefore cos ZAOD = — ié . Applying the law of cosines in triangle AOD gives

AD? = 8° 467
11
+2(8)(6) 74

16
= 166.

Hence AD = /166.

Therefore, the correct answerisE.



33. Inthis diagram semi-circles are constructed on diameters AB, AC, and CB, so that
they are mutually tangent. If CD 1 AB,thentheratio of the shaded areato the area
of acircle with C'D asradiusis:

D

A 1:2
B 1:3
C  V3:7
D 1:4
E | v2:6

Solution:

Let AC = uwand CB = v.The shaded areais the large semicircle minus the two
smallerones:

s
g((u—|—v)2 — u? —fv2) = —.
Since D lies on the semicircle with diameter AB, triangle AD B isright, and its

altitude satisfies CD? = uw. Acircle of radius C'D therefore has area muv. The

requiredratiois1 : 4.

Therefore, the correct answeris D.



34. Points D, E, F are takenrespectively onsides AB, BC, and C' A of triangle ABC' so
that AD : DB =1:n,BE:CE =1:n,andCF : FA =1 : n.Theratioof the
area of triangle D E'F' to that of triangle ABC'is:

n?2—n+1
(n+1)2
1
G ESE
c on3
(n+1)2
D TL3
(n+1)2
n(n — 1)
n—+1
Solution:

At eachvertex, the two adjacent side fractions used by the corner triangle are n+r1 and
ni1 - Thus each corner triangle has area 1y times [ABC. Therefore

n+1°
[DEF| _1 3n
[ABC] (n+1)2
B n2—n+1
(n+1)2

Therefore, the correct answerisA.



35. Theroots of 64z3 — 1442 4+ 92z — 15 = 0 are in arithmetic progression. The
difference between the largest and smallest rootsiis:

A 2
B 1
1
C —
2
5 3
8
c 1
4
Solution:
Lettherootsbet — d, t,t + d.Theirsumis 3t = X = 2 sot = 2. Theirproductis
15
tit* —d*) = =.
( )= &1

Substitutingt = 2 givesd” = 1, so the difference between the extreme rootsis
2ld| = 1.

Therefore, the correct answeris B.



36. Given a geometric progression of five terms, each a positive integerless than 100. The
sum of the five termsis 211. If S'is the sum of those terms in the progression which are
squares of integers, then S'is:

A0

B 91

C 133

D 195

E 211
Solution:

Letthe commonratio be 5 inlowest terms and the middle term be a. Since all five
terms are integers, c>d? | a,sowritea = kc?d?. The sum 211 is then divisible by k.
Since 211 is prime and the terms are positive, k = 1.

Thus
d* + d%c + d*c?
+dc® + ¢t = 211.

The bound gives ¢, d < 4. If eitheris 1, the possible sums are 31 or121, not 211.

Coprimality therefore leaves ¢, d = 2, 3in either order. The progressionis
16,24, 36, 54, 81. Its square termssumto 16 + 36 + 81 = 133.

Therefore, the correct answeris C.



37. Segments AD = 10, BE = 6,C'F = 24 are drawn from the vertices of triangle
ABC,eachperpendicularto astraightline RS, notintersecting the triangle. Points
D, E, F are the intersection points of RS with the perpendiculars. If z is the length of
the perpendicular segment G H drawn to RS from the intersection point G of the
medians of the triangle, then x is:

40

A R
3

B 16

56

C R
3

80

D R
3

E undetermined

Solution:

Because RS does notintersect the triangle, the three perpendicular distances have
the same sign. Signed distance to a fixed line is affine, and the centroid is the average
of the vertices. Therefore its distance is the average

_10+6+24 40

X —_—.

3 3

Therefore, the correct answeris A.



38. Givenaset S consisting of two undefined elements “pib” and “maa”, and the four
postulates:

P, :Everypibis acollection of maas.

P, : Any two distinct pibs have one and only one maain common.

P; : Every maabelongs to two and only two pibs.

P, : There are exactly four pibs.

Considerthe three theorems:

T : There are exactly six maas.

T : There are exactly three maasin each pib.

T3 : Foreach maathereis exactly one other maanot in the same pib withiit.

The theorems which are deducible from the postulates are:

A | Tsonly

B  TyandTsonly
C T and T only
D  T;andTjonly

E all

Solution:

Labelthe fourpibs 1, 2, 3, 4. By Ps and P3, every maa s exactly the common maa of
one unordered pair of pibs. Thus there are (;1) = 6 maas, proving T}.

A fixed pib 7 contains the three maas ij with j # 4, proving Ts. For maaij, the unique
maa sharing neither pib is the one belonging to the complementary pair of pibs,
proving Ts. All three follow.

Therefore, the correct answeris E.



39. Giventhe sets of consecutive integers {1},{2, 3},{4,5,6},{7,8,9,10},...,where
each set contains one more element than the preceding one, and where the first
element of each succeeding setis one more than the last element of the preceding
set. Let S,, be the sum of the elements in the nth set. Then Sy; equals:

A 1113

B 4641

c 5082

D 53361

E none of these
Solution:

(n+1)

The nthsetends at nT and contains n consecutive integers. Its sumis

2
n(n —1)
2
n(n®+1)
—

5, (M0

21(442)

Thus S21 = 5 = 4641.

Therefore, the correct answeris B.



40. Locatedinside equilateral triangle ABC'is apoint P suchthat PA = 6, PB = 8, and
PC = 10.To the nearest integer the area of triangle ABC'is:

A 159
B 131
c 95
D 79
E 50
Solution:

Rotate P by 60° about A to P’. Since this rotation sends C'to B, we have P'B =
PC =10,PP' = PA = 6,and PB = 8.Thus triangle PP’ Bisright. Also triangle
APP'isequilateral, so ZAPB = 60° + 90° = 150°.

If the equilateral triangle has side s, the law of cosines in triangle APB gives

s> = 6% + 8% — 2(6)(8) cos 150°

— 100 + 48+/3.
lts areais
3
%32 = 36 + 251/3,

whose nearestintegeris 79.

Therefore, the correct answeris D.
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