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1. Giventhattheratioof 3z — 4toy + 15isconstant,andy = 3whenx = 2, then,
wheny = 12,z equals:

A 1
8
8
B —
7
7
C —
3
7
D —
2
E 8
Solution:
. . L 032-4 _ 1 _
The given pair makes the ratio 5357 = 5. Therefore, wheny = 12,
3xr —4

1
21 9’
so3x —4 =3andzx = %

Therefore, the correct answeris C.



2. Whenthe base of atriangleisincreased 10% and the altitude to this base is
decreased 10%, the changeinareais:

A 1%increase
1 .

B —%increase
2

c 0%
1

D 5% decrease

E  1%decrease

Solution:

Thenewareais1.1-0.9 = 0.99 times the old area. Itis therefore 1% smaller.

Thus, the correct answerisE.



3. If the arithmetic mean of two numbersis 6 and their geometric meanis 10, thenan
equationwith the given two numbers asrootsiis:

A x4+ 1224100 =0
B 2?46z +100=0
cC z2-12x—-10=0
D 2?2-12z+100=0

E 2 —6x+100=0

Solution:

If the numbers are r, s, then 152 = 6 gives + s = 12, while \/rs = 10givesrs =

100. Their monic root equationis > — (r + s)z + rs = 0,orz? — 12z + 100 = 0.

Therefore, the correct answeris D.



4. Circleliscircumscribed about a given square and circle Il isinscribed in the given
square. If ristheratio of the area of circle | to that of circle ll, then r equals:

A V2

B 2
c V3
D 22

E 23

Solution:
For square side s, the outer circle has radius % , While the inner circle has radius 3.
Hence
m(%5)?
r=_—Y2_ _ o

(3)

Therefore, the correct answeris B.



5. The number of values of x satisfying the equation

222 — 10z

=z —3
x2 — bz v

is:
A zero
B one
C two
D three

E  anintegergreaterthand

Solution:
The denominatorrequires z # 0, 5. On that domain,

2z(xz — 5)

z(x —5) =2

The remaining equation2 = & — 3 gives = 5, whichis excluded. Thus there are no
solutions.

Therefore, the correct answerisA.



6. ABisadiameterofacircle centeredat O. Cis apoint on the circle such that angle
BOC(C'is 60°. If the diameter of the circleis 5 inches, the length of chord AC,
expressedininches,is:

A 3
g 5V2
2

D 33

E none of these

Solution:

Theradiusis g, and ZAOC = 180° — 60° = 120°. Achord subtending 120° has

length
5 oV 3
2 (5) sin 60° = Tf

Therefore, the correct answeris C.



7. Let

35 — 29 . N1 i N2
2 —-32+2 -1 z—2

be anidentity in x. The numerical value of N1 Ny is:

A —246
B —210
C —29
D 210
E 246
Solution:

Combining the right side gives numerator
Ni(x —2) + No(z — 1)
= (N1 + Ng)a?
— (2N + Ny).

ThUSN1 + N2 = 35and 2N1 + N2 = 29. HenceN1 = —6, N2 = 41,andN1N2 =
—246.

Therefore, the correct answerisA.



8. Thelength of the common chord of two intersecting circlesis 16 feet. If the radiiare 10
feetand 17 feet, a possible value for the distance between the centers of the circles,
expressedinfeet,is:

A 27
B 21
c /389
D 15

E undetermined

Solution:

The half-chord has length 8. The two perpendicular distances from the centers toits
line are

V102 — 82 = 6,
V172 — 82 = 15.

If the centers lie on opposite sides of the chord, theirdistanceis 6 + 15 = 21, whichis
apossible value.

Therefore, the correct answeris B.



ifz = (logg 2)1°828) thenlog; x equals:

A -3
5 _ 1
3

1

C —

3

D 3

E 9
Solution:

We have logg 2 = %and log, 8 = 3. Thereforex = (%)3 =373 sologsz = —3.

Thus, the correct answeris A.



10. If the sum of two numbersis 1 and their product is 1, then the sum of their cubesiis:

A 2
5| _g_ 3v/3i
4
C 0
5 _3\/§i
4

E -2

Solution:

If the numbers are u, v, then

u? + v = (u+v)® — 3uv(u + )
=1°-3=-2.

Therefore, the correct answerisE.



1. Thesides of triangle BAC areintheratio2 : 3 : 4. BD is the angle-bisector drawnto
the shortest side AC, dividingitinto segments AD and CD. If the length of AC'is 10,
then the length of the longer segment of AC'is:

A 31
2

B 5
C 55
7

D 6
E 71
2
Solution:

The sides adjacent to angle B areinratio 3 : 4. By the angle-bisectortheorem, AD :
DC = 3 : 4.Thelonger of the two partsis therefore

4 0 5
— . 10=— =5-.
3+4 7T

Therefore, the correct answeris C.



12. The number of real values of x that satisfy the equation

(26m+3)(43m+6) — 84m+5

is:
A zero
B one
C two
D three

E greaterthand

Solution:
Inbase 2, the left exponentis

(6 + 3) +2(3z + 6)
= 12z + 15,

and the right exponentis 3(4x + 5) = 12z + 15. The equationis an identity for every
real x, soit has more than three real solutions.

Therefore, the correct answerisE.



13. The number of points with positive rational coordinates selected from the set of
pointsinthe xy-plane suchthatz + y < 5, is:

A9

B 10

c 14

D | 15

E infinite
Solution:

Forexample, sety = 1. Every positive rational x < 4 then gives an allowed point
(z,1),and there are infinitely many such rationals.

Therefore, the correct answerisE.



14. Thelength of rectangle ABC' D is 5 inches and its width is 3 inches. Diagonal AC'is
divided into three equal segments by points E' and F'. The area of triangle BEF',
expressedinsquareinches, is:

A 3
2
5
B —_
3
5
C —
2
1
D §v34
1
E —4/68
3
Solution:

Take A = (0,0), B = (5,0),andC = (5,3).Then E = (23,1)and F = (3, 2).The
determinant formula gives

Therefore, the correct answeris C.



15. Ifx —y > xandzx + y < y, then:
A y<uz
B <y
C zz<y<o0
D z<0,y<0

E x<0,y>0
Solution:

Fromxz —y > xweget—y > 0,so0y < 0.Fromzx +y < ywegetx < 0.

Therefore, the correct answeris D.



16. If

4* g
2zty
9m+y
g = 243

x and y are real numbers, then zy equals:

3
A 11
B 4
cC 6
D 12
E —4
Solution:

The first equation becomes 27Y = 23, sox — y = 3. The second becomes
32273y = 35 502z — 3y = 5.Solvinggivesy = 1, z = 4,and hence zy = 4.

Therefore, the correct answeris B.



17. The number of distinct points common to the curves 22 + 4y = land4z? + y> = 4

is:

A0

B 1

c 2

D 3

E 4
Solution:

From the first equation, 2 = 1 — 4y?2. Substitutioninto the second gives
4(1—49%) +y* = 4,

soy = 0.Thenz? = 1, giving the two points (1,0) and (—1, 0).

Therefore, the correct answeris C.



18. In a given arithmetic sequence the first termis 2, the last termis 29, and the sum of alll
the termsis 155. The common differenceiis:

A 3
B 2
27
C -
19
13
D —_
9
23
E —
38
Solution:

The sum formula gives 155 = 317”,3071 = 10. Therefore 29 = 2 4 9d,and d = 3.

Thus, the correct answeris A.



19. Let s1 be the sum of the first n terms of the arithmetic sequence 8,12, . ..andlet s5 be
the sum of the first n terms of the arithmetic sequence 17,19, ....Thens; = s5 for:

A no value of n

B onevalue ofn

C two values of n

D fourvaluesofn

E more than fourvalues of n

Solution:

The two sums are
s1 = 2n® + 6n,
sy = n’? + 16n.

Equality givesn(n — 10) = 0. Since anumber of terms s positive, only n = 10 works,
sothereis one value.

Therefore, the correct answeris B.



20. If the proposition “a = 0”is true, the negation of the proposition “Forreal values of a
andb,ifa = 0,thenab = 0”is:

A | Ifa # 0,thenab # 0
B  Ifa# 0,thenab =10
C Ifa=0,thenab # 0
D Ifab# 0,thena # 0

E Ifab=0,thena # 0

Solution:

The stated premise a = 0 is assumed true. Negating the implication therefore
negatesits conclusion: ab = 0 becomes ab # 0. Thus the required statement is “If
a = 0,thenab # 0.”

Therefore, the correct answeris C.



21. An “n-pointed star” is formed as follows: the sides of a convex polygon are numbered
consecutively1,2,...,k,...,n,n > 5;forallnvalues of k, sideskand k + 2 are
non-parallel, sidesn + 1 andn + 2 beingrespectively identical with sides 1 and 2;
prolong the n pairs of sides numbered k and k 4 2 until they meet. (A figure is shown
forthecasen = 5.)

Let S be the degree-sum of the interior angles at the n points of the star; then S
equals:

A 180
B 360
c 180(n+2)
D 180(n — 2)
E 180(n —4)
Solution:
Let the original polygon’sinterioranglesbeay,. .., a,. The starangle made from

sides kand k + 2 equals

ar + ap1 — 180°.



22.

Summing cyclically counts each aj twice. Hence

S = 2Zak — 180n
k=1

—2.180(n — 2) — 180n
— 180(n — 4).

Therefore, the correct answerisE.

Consider the statements:
(I) Va2 4+ b? = 0and (II) va? + b% = ab,
(IIT) vVa? + b*> = a + band (IV) va? + b* = a — b,

where we allow a and bto be real or complex numbers. Those statements for which
there exist solutions otherthana = 0andb = 0, are:

A (), D), (1), (IV)

w

(IT), (I11), (IV) only
c | (I),(I), (IV) only
p | (II), (IV) only

e (T)only

Solution:

Every statement has a nonzero solution. For (l), use (a, b) = (1, ). For(ll),usea =
b = /2, giving v/4 = 2 = ab. Forboth (lll)and (IV), use (a, b) = (1, 0). Thus all four
statements qualify.

Therefore, the correct answeris A.



23. If xisrealand 4y2 + 4xy + x + 6 = 0,thenthe complete set of values of x for which
yisreal,is:

A r< —2orx >3
B r<2o0rx >3

cC x< —-3orx>2

D —3< <2
E —2<z<3
Solution:

As a quadratic iny, the equation has discriminant

(42)? — 16(z + 6)
= 16(z — 3)(z + 2).

Thisis nonnegative exactlywhenz < —2orz > 3.

Therefore, the correct answerisA.



24. Iflog,; N =logy M, M # N,MN > 0,and M # 1, N # 1,then MN equals:

Al 1
B 1
c | 2
D 10

E  anumbergreaterthan2andlessthan10

Solution:

Change of base gives
InN InM
InM InN’

so (In M)? = (In N)2. Equality of the logs themselves would give M = N, whichis
excluded.Henceln M = —In N,andIn(MN) = 0.Thus MN = 1.

Therefore, the correct answeris B.



25\ F(n+1) =
A 49
B 50
c | 51
D 52
E 53
Solution:

2F(n) +

1

forn =1,2,...,and F(1) = 2,then F'(101) equals:

Each step adds % There are 100 steps from F'(1) to F'(101), so

1
F(101) =2+ % = 52.

Therefore, the correct answeris D.



26. Letm be apositiveintegerandletthelines 13x + 11y = 700andy = ma — 1
intersectinapoint whose coordinates are integers. Thenm canbe:

A | 4only
B Honly
C ©Gonly
D T7only

E  oneoftheintegers4,5,6,7and one otherpositive integer

Solution:

Substitution gives
(13 + 11m)z = 7T11.

Thus 13 4 11m must be a positive divisorof 711 = 32 - 79. Among divisors greater
than 13, only 79is congruentto 13 (mod 11).Hence 13 + 11m = 79,som = 6.

Therefore, the correct answeris C.



27. At his usual rate amanrows 15 miles downstream in five hours less time than it takes
himto return. If he doubles his usual rate, the time downstreamis only one hourless
than the time upstream. In miles per hour, the rate of the stream’s currentis:

A 2
5 5
2
C 3
7
D —_
2
E 4
Solution:

The two time differences give

15 15 _5
v—2cC U—|-C_ ’
15 15

21}—0_2v+c_

These simplify to v? — ¢ = 6cand4v? — ¢ = 30c. Substituting v? = ¢ + 6¢into
the second gives 3¢2 — 6¢ = 0. Sincec > 0, ¢ = 2.

Therefore, the correct answerisA.



28. Five points O, A, B, C, D are taken in order on a straight line with distances OA = a,
OB =b,0C = ¢,andOD = d. Pisapointontheline between B and C' and such
that AP : PD = BP : PC'.Then OP equals:

b2 — be
A
a—b+c—d
ac — bd
B
a—b+c—d
bd + ac
C _
a—b+c—d
5 bc + ad
a+b+c+d
c ac — bd
at+b+c+d
Solution:

Letp = OP.The givenratio becomes

p—a p—>
d—p c—p

Cross-multiplication cancels the p? terms and yields

pla —b+c—d) =ac— bd.

ac—bd

Thereforep = a—brc—d*

Thus, the correct answeris B.



29. The number of positive integers less than 1000 divisible by neither 5 nor 7 is:

A 688
B 686
cC 684
D 658
E 630
Solution:

By inclusion-exclusion, the countis

o 2|22

999
|5
=999 — 199 — 142 4 28
= 686.

Therefore, the correct answeris B.



30. If three of the roots of 4 + ax? + bz + ¢ = 0are 1, 2,and 3, thenthe value of a + ¢

is:
A 35
B 24
c  -—12
D —61
E —63
Solution:

The fourthroot is —6 because the root sumis zero. The sum of pairwise productsis
a=2+3—-6+6
— 12 — 18 = —25,

while the productisc = (1)(2)(3)(—6) = —36.Thusa + ¢ = —61.

Therefore, the correct answerisD.



31. Triangle ABC'isinscribedin a circle with center O'. A circle with center O isinscribed
intriangle ABC'. AQ isdrawn, and extended to intersect the larger circle in D. Then
we must have:

A CD=BD=0D
B AO=CO0=0D
¢ CD=CO=BD
b CD=0OD=BD
E OB=0C=0D

Solution:

Because AO is an angle bisector, the inscribed angles ZBAD and ZC AD are equal.
Hence arcs BD and C D, and therefore chords BD and C' D, are equal.

Let /BAD = aand ZBCO = B.Then ZOCD = a + B.Intriangle AOC, the
exteriorangle ZCOD alsoequalsa + 8.ThusCD = OD,soCD = OD = BD.

Therefore, the correct answeris D.



32. Let M be the midpoint of side AB of triangle ABC'. Let P be apointon AB between
Aand M, andlet M D be drawn parallel to PC' andintersecting BC at D. If the ratio
of the area of triangle BP D to that of triangle ABC'is denoted by r, then:

1
A 5 < r < 1depending upon the position of P

1
B r = 3 independent of the position of P

1

C 2 < r < 1depending upon the position of P
1 2 : o

D 5 <r< § depending upon the position of P

1
E r= gindependent of the position of P

Solution:

Since M D || PC,triangles M D P and M DC have the same base M D and equal
altitudes, so their areas are equal. Hence

[BPD] = [BMD] + [MDP]
— [BMD] + [MDC]
[BMC].

[ABC]

Because C'M isamedian, [ BMC| = 5

.Thusr = %forevery allowed P.

Therefore, the correct answeris B.



33. Ifab # 0and |a| # |bl, the number of distinct values of z satisfying the equation

is:
A | zero
B one
C two
D three
E four
Solution:

Let N = (a + b)z — a® — b?. Combining each side gives

N<alb‘(w—a>1<w—b>):“

a’+b?
a+b °
a —b) = 0,givingx = 0andx = a + b. The hypotheses ensure that all three are

defined and distinct.

The first factor gives ¢ = The second gives (z — a)(z — b) = ab,orz(z —

Therefore, the correct answerisD.



34. Letr be the speedin miles perhour at whichawheel, 11 feetin circumference, travels.
1
If the time fora complete rotation of the wheelis shortened by 1 of asecond, the

speedrisincreased by b miles perhour. Thenris:

A9
B 10
C 101
2
D 11
E 12
Solution:
Since 11 feetis % mile, one rotation at  mph takes
3600-11 7.5
5280r
seconds. Thus
7.5 B 7.5 1
r r+5 4
This reduces tor? + 5r — 150 = 0, or (r — 10)(r + 15) = 0. The positive speed is

r = 10.

Therefore, the correct answeris B.



35. Let O be aninterior point of triangle ABC',andlets; = OA + OB + OC.If s5 =
AB + BC + CA,then:

A forevery triangle s1 > 552,51 < 89

1

B forevery triangle s; > 552,51 < 89
_ 1

C forevery triangle s1 > 582,81 < 89
1

D forevery triangle s > 532,31 < 89
E  neither (A)nor (B)nor (C)nor (D) applies to every triangle

Solution:
Adding the three strict triangle inequalities
AB < OA + OB,

BC < OB + 0OC,
CA<OC+O0A

gives §9 < 2s;.

Forthe upper bound, extend AO to D on BC'.Then AO + OD < AC + CD and
OB < OD + DB, socancellationgivesOA + OB < AC + CB. Cyclingand
addingyields 2s; < 2s5.Therefore s; > ﬁzz and sy < 8s.

Thus, the correct answeris C.



36. Let

(14+z+2°)" =ay+ a1z
+ agz? + - - -

4+ alzann

be anidentityinz.Ifwelets = ap + a2 + a4 + - - - + a2, thensequals:

A 2"
B 2" +1
c 3" -1
2
3n
D -
2
n
. 3"+1
2
Solution:

Let P(z) = (1 + = + z%)". Then P(1) = 3"is the sum of all coefficients, while
P(—1) = listhe even-coefficient sum minus the odd-coefficient sum. Therefore

_ P1)+P(-1) 3"+1
N 2 2

Therefore, the correct answerisE.



37. Three men, Alpha, Beta, and Gamma, working together, do ajob in 6 hours less time
than Alpha alone, in 1 hour less time than Beta alone, and in one-half the time needed
by Gamma when working alone. Let h be the number of hours needed by Alpha and
Beta, working together, to do the job. Then h equals:

5
A —_
2
3
B —_
2
c 4
3
5 5
4
3
E _
4
Solution:

If all three togethertake t hours, then

1 N 1 +1_1
t+6 t+1 2t t

This simplifiesto 3t + 7t — 6 = 0,s0t = %.Alpha and Beta alone take % andg
hours, so theircombinedrateis 2% + % = %. Henceh = %.

Therefore, the correct answeris C.



38. Intriangle ABC the medians AM and CN to sides BC' and AB, respectively,
intersectinpoint O. P is the midpoint of side AC, and MP intersects CN in Q. If the
area of triangle OMQ) is n, then the area of triangle ABC'is:

A | 16n
B 18n
c  21n
D 24n
E  27n
Solution:

Arearatios are affine-invariant, so take A = (0,0), B = (2,0),and C = (0, 2).Then

M=(1,1),
O = (%7 g)v
P = (0,1).

Line MPisy = 1,andit meets median CN at @ = (3,1). Thus [OMQ)] = 75, while
[ABC] = 2.Theirratiois 24, so [ABC| = 24n.

Therefore, the correct answeris D.



39. Inbase R; the expanded fraction F; becomes 0.373737 . .. and the expanded
fraction I, becomes0.737373 ... .Inbase R, fraction F}, when expanded,
becomes0.252525. .., while fraction F5 becomes (0.525252. ... The sum of Ry and

Ry, eachwritteninbase ten, is:

A 24
B 22
C 21
D | 20
E 19
Solution:

The two descriptions give
P — 3Ry + 7
R? -1
2Ry +5
T RI-1°
B TRy +3
‘T R -1
_ 5Ry+2
- R3-1°

3

Addingyields Rio_l = R27_1,or 10Ry; — 7R, = 3. Subtractingyields R14+
4Ry — 3Ry = —1.Solvinggives R; = 11, Ry = 8, whose sumis19.

Therefore, the correct answerisE.

1~ Rytl’

or



40. Inthis figure AB is a diameter of a circle, centered at O, withradius a. Achord AD is
drawn and extended to meet the tangent to the circle at B, in point C'. Point E' is
takenon AC sothat AE = DC. If the coordinates of E are (z, y), then:

Y

A 2_ _*
¥y = 20 — x
3
B y2 = T
20 + x
2
T
C 4 —
Y 20 — x
2
Y
D x2 =
20 — x
2
E w2: y
2a +x
Solution:

Drop perpendiculars EM and DN to AB. Since AE = DC andthe tangents
through A, B are parallel, their projections give NB = x.Hence AN = 2a — x.In
right triangle AD B, the altitude theorem gives

DN? = z(2a — x).

Similar triangles AME and AN D give 2% = %,so DN = @.Substitution

2a—zx



and cancellationyield

Therefore, the correct answerisA.
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[m] 2 ¥ [m]

[=] 324 A



