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1. Eachedgeofacubeisincreased by 50%. The percent of increase of the surface area
of the cubeis:

A 50
B 125
c 150
D 300
E 750
Solution:

If the original edge lengthis s, the new edge lengthis 1.5s. Thus the surface areais
multiplied by

(1.5)? = 2.25.

Theincreaseis 1.25 times the original area, or 125%.

Thus, the correct answeris B.



2. Throughapoint Pinside triangle ABC aline is drawn parallel to the base E, dividing

the triangle into two equal areas. If the altitude to AB has length 1,thenthe distance
from Pto ABis:

= N =

c 2—-42

D 2- V2
2
e 2+V2
8
Solution:

Let  be the requested distance. The triangle above the parallel line is similar to the
original triangle, withlinearratio1l — «. Its areais half the original area, so

(1—33)2 = %

Since0 <z < 1,wehavel —x = %,and therefore

1 2—-42
Ve o2

z=1-—

Therefore, the correct answeris D.



3. Ifthe diagonals of a quadrilateral are perpendicularto each other, the figure would
always be included under the general classification:

A rhombus

B rectangles

C square

D isosceles trapezoid

E none of these

Solution:

Akite can have perpendicular diagonals without being arhombus, rectangle, square,
orisosceles trapezoid. Therefore perpendicular diagonals alone do not force any of
the first four classifications.

Thus, the correct answerisE.



11
4. If 78 is divided into three parts which are proportionalto 1, §’ E,the middle partis:
1
A 99—
3
B | 13
1
C 17—
3
D 181
3
E 26
Solution:
Letthe partsbe z, $,and ¢. Then
x x 3
5 Tt = =52=T78,
TT3TE T2
sox = 52.The middle partis
xr 52 1
== 17z
3 3

Thus, the correct answeris C.



5. Thevalue of (256)%16 . (256)%9s:

A 4

B 16

c 64

D | 256.25

E —16
Solution:

Using the product rule for powers,

2560.16 . 2560.09 — 2560.25
— 2561 = 4.

Therefore, the correct answerisA.



6. Giventhetrue statement: If a quadrilateralis a square, thenitis arectangle. It follows
that, of the converse and the inverse of this true statement:

A only the converseis true

B only the inverseis true

C both are true

D neitheris true

E theinverseis true, but the converse is sometimes true
Solution:

The converse says that every rectangle is a square, whichis false. The inverse says that
every quadrilateral thatis not a square is not arectangle, whichis also false because a
nonsquare rectangleis a counterexample.

Thus neither statementis true, and the correct answeris D.



7. Thesidesof arighttriangle are a,a + d,anda + 2d, with a and d both positive. The
ratioofatodis:

A 1:3
B 14
c 21
D 3:1
E 34
Solution:

The Pythagorean theorem gives

a®+ (a +d)* = (a + 2d)%

Simplifying,
a’? — 2ad — 3d* =0,
(a —3d)(a+d)=0.
Positivity excludesa = —d,soa = 3d.

Thus theratiois 3 : 1,and the correct answerisD.



8. Thevalue of £2 — 6 + 13 canneverbe less than:

A 4

B 4.5

cC 5

D 7

E 13
Solution:

Completing the square,
z? — 6z + 13 = (z — 3)* + 4.

This expressionis at least 4, with equality atx = 3.

Thus, the correct answeris A.



9. Afarmerdivides his herd of n cows among his four sons so that one son gets one-half
the herd, a second son one-fourth, a third son one-fifth, and the fourth son 7 cows.
Thennis:

A 80
B 100
C 140
D 180
E 240
Solution:

The first three sonsreceive

1 1 1 19

+ -+ - ==
2 4 5 20
of the herd. Thus the remaining 21—0 of the herdis 7,son = 140.

Therefore, the correct answeris C.



10. Intriangle ABC, with AB = AC = 3.6, apoint D is taken on AB at a distance 1.2
from A. Point D is joined to point E in the prolongation of AC so that triangle AED is
equalinareatotriangle ABC.Then AE equals:

A 4.8
B 54
c 7.2
D 10.8
E 12.6
Solution:

Triangles AED and ABC use bases onthe sameline AC. Since

AD 1.2 B 1

AB 36 3
the perpendicular distance from D to line AC'is one-third the corresponding
distance from B. Equality of areas therefore requires

AE (g) _ AC(h),

soAE = 3AC = 10.8.

Thus, the correct answeris D.



11. Thelogarithm of 0.0625 to the base 2 is:

A 0.025

B 0.25

cC | 5

D —4

E —2
Solution:
Since

1 —4
0.0625 = — =274,

we have log,(0.0625) = —4.

Therefore, the correct answerisD.



12. By adding the same constant to each of 20, 50, 100 a geometric progression results.
The commonratiois:

5
A —_
3
4
B —_
3
3
C _
2
1
D —_
2
1
E —_
3
Solution:

The geometric-progression conditionis
(50 + ¢)* = (20 + ¢)(100 + c).

Expanding and cancelling ¢2 gives 500 = 20c¢, so ¢ = 25. The common ratio is

50+25 75 5

20+25 45 3°

Thus, the correct answeris A.



13. The arithmetic mean (average) of a set of 50 numbersis 38. If two numbers, namely, 45
and 55, are discarded, the mean of the remaining set of numbersiis:

A 36.5

B 37

c 372

D 37.5

E 37.52
Solution:

The original sumis 50 - 38 = 1900. After removing 45 and 55, the remaining sumiis
1800, so the new meanis

1800_375
48 7

Therefore, the correct answeris D.



14. Giventhe set S whose elements are zero and the even integers, positive and negative.
Of the five operations applied to any pair of elements: (1) addition, (2) subtraction,
(3) multiplication, (4) division, (5) finding the arithmetic mean (average), those
operations that yield only elements of .S are:

A all

B 1,2,3,4

c 1,2,3,5

D 1,2,3

E  1,3,5
Solution:

Evenintegers are closed under addition, subtraction, and multiplication. Division fails,
since 2 = 1 ¢ S. Averaging fails, since themeanof 0 and 2is 1 ¢ S.

Thus only operations 1, 2, and 3 always work, and the correct answeris D.



15. Inaright triangle the square of the hypotenuse is equal to twice the product of the
legs. One of the acute angles of the triangle is:

A 15°
B 30°
Cc 45°
D 60°
E 75°
Solution:

If the legs are a, b and the hypotenuseis ¢, then
a’ + b* = ¢? = 2ab.

Hence (a — b)2 = 0, sothelegs are equal. Theright triangle isisosceles and its acute
anglesare 45°.

Thus, the correct answeris C.



16. The expression

r? —3x+2 2> —bx+4
2 —5x+6 22— Tx+12’

when simplified, is:

. (x —1)(z — 6)
(x —3)(z —4)

5 T+ 3
Tz —3

o r+1
rz—1

D 1

E 2

Solution:

Factoring and multiplying by the reciprocal gives

(z—1)(z—2)

(z —2)(z —3)
(z-3)(z—4) 1
(z —1)(z —4)

for every value in the domain of the original expression.

Therefore, the correct answerisD.



17

" Ify = a + —,whereaandbare constants,andify = 1whenz = —1,andy = 5
whenx = iE5,‘chenoz + bequals:
A -1
B O
c 1
D 10
E 11
Solution:

The two conditions give

b
—b=1 — - =0.
a , a =

Subtractingyields %b = 4,so0b = 5anda = 6.Thereforea + b = 11.

Thus, the correct answerisE.



18. The arithmetic mean (average) of the first n positive integersiis:

A n
2
n>
B —
2
C n
n—1
D
2
e n+1
2
Solution:
The sum of the first n positive integers is @ Dividing by n gives the mean
n+1
5

Therefore, the correct answerisE.



19. With the use of three different weights, namely, 11b., 3 1b.,and 9 lb., how many objects
of different weights can be weighed, if the objects to be weighed and the given
weights may be placedin either pan of the scale?

A 15

B 13

c 11

D 9

E 7
Solution:

Using coefficients —1, 0, 1 forthe weights 1, 3, 9, balanced ternary represents every
integer weight from

1 through 1+4+3-+9=13.

Thus there are 13 different positive object weights that can be measured.

Therefore, the correct answeris B.



20. Itis given that x varies directly as y and inversely as the square of z,and thatz = 10
wheny = 4and z = 14.Then,wheny = 16and z = 7, x equals:

A 180
B 160
c 154
D 140
E 120
Solution:

k
Becausez = 3,

Toow 16 (142
— (=) =4-4=16.
10 4( ) 6

Hence T,ew = 160.

Thus, the correct answeris B.



21. If pisthe perimeter of an equilateral triangle inscribed in a circle, the area of the circle

is:
A TP
3
s | TP
9
c ™
27
5 TP
81
e | V3
27
Solution:

The side lengthis g, so the circumradiusis

Y4
R—3 __P

V3 3V3

Therefore the circle’s areais

2__
TR = 57 "

Thus, the correct answeris C.



22. Theline joining the midpoints of the diagonals of a trapezoid has length 3. If the longer
baseis 97, then the shorter base is:

A 94
B 92
c 91
D 90
E 89
Solution:

If the shorter base is b, the diagonal-midpoint segment has length half the difference
of the bases:

97 — b
SRR 3
2

Thus97 — b = 6andb = 91.

Therefore, the correct answeris C.



23. The set of solutions for the equationlog;,(a? — 15a) = 2 consists of:
A two integers
B oneintegerand one fraction
C two irrational numbers
D two non-real numbers
E no numbers, thatis, the setis empty

Solution:

The equationis equivalent to
a? — 15a = 100,

or(a —20)(a + 5) = 0.Thusa = 20ora = —5.Inboth cases the logarithm’s
argument is 100, so both solutions are valid integers.

Therefore, the correct answeris A.



24. A chemist has m ounces of salt water that is m% salt. How many ounces of salt must
he add to make a solution that is 2m% salt?

m
A 100 +m
2m
B —
100 — 2m
m2
C -
100 — 2m
m2
D -
100 4 2m
2m
E —
100 +m
Solution:

Let x ounces of salt be added. The concentration equationis

2
m

m -+ x 100°

Multiplying through and collecting the x-terms gives

(100 — 2m) = m?,

2

—_ m
SOT = 150—2m"

Therefore, the correct answeris C.



25. The symbol |a| means +a if a is greater than or equal to zero, and —a if ais less than or
equal to zero; the symbol < means “less than”; the symbol > means “greaterthan.”
The set of values z satisfying the inequality |3 — 2| < 4 consists of all z such that:

A 2 <49

B z2 > 1

c l<z?<49

D —-1<x< 7
E —T<xz<l1
Solution:

The absolute-value inequality is equivalent to
—4 <3 -z <4
Subtracting 3 and multiplying by —1 reverses the inequalities, giving
-1<z<T.

Thus, the correct answerisD.



26. The base of anisosceles triangle is 1/2. The medians to the legs intersect each other at
right angles. The area of the triangle is:

A 1.5
B 2
cC 25
D 3.5
E 4
Solution:

Put the base endpointsat A = (—@, 0)and B = (@,O),and let the third vertex be

C = (0, h). The median from A has direction

3v2 h
4 2

while the median from B has direction

3v2 h
iz)

Their dot productis zero, so

andh = 37‘/5 .Thusthe areais

2

1 3v2 3
2.2Y2 _ .
V2 2 2

Therefore, the correct answerisA.



27. Which one of the following statements is not true for the equation
. 9 .
' —x+21=0,

wherei = /—17

A  Thesumoftherootsis 2

B = Thediscriminantis9

C Theroots areimaginary

D Theroots can be found by using the quadratic formula

E Theroots canbe found by factoring, using imaginary numbers

Solution:

By Vieta’'s formula, the sum of the rootsis

-1 1
g

3 2 :_ia
1

not 2. Also the discriminantis
(—1)% —4(i)(21) =1 - 8* = 9.

The quadratic formula gives the imaginary roots —% and —21, so the remaining
statements are true.

Thus, the correct answeris A.



28. Intriangle ABC, AL bisects angle A and CM bisects angle C. Points L and M are

- AM
on BC and AB,respectively. The sides of triangle ABC' are a, b, and c. Then =

MB
kﬁ,wherek is:
A1
3 bc
a2
2
c &
bc
c
° %
c
E —_
a
Solution:

By the angle bisector theorem,

AM _AC b
MB CB a’
CL_AC b
LB AB ¢
Therefore
Q C
]{j: % _ a.

Thus, the correct answerisE.



29. Onanexamination of n questions a student answers correctly 15 of the first 20. Of the
remaining questions he answers one third correctly. All the questions have the same
credit. If the student’s mark is 50%, how many different values of n can there be?

A 4
B 3
C 2
D 1

E the problem cannot be solved

Solution:
The score condition gives

n—20
3 =

n
15 —.
* 2

Multiplying by 6 yields 90 + 2n — 40 = 3n,son = 50. This value also makes the
number of remaining correct answers aninteger. Hence there is exactly one possible
value of n.

Therefore, the correct answeris D.



30. A canrunaroundacirculartrackin40 seconds. B, running in the opposite direction,
meets A every 15 seconds. What is B’s time to run around the track, expressedin

seconds?

1
A 12—

2
B 24
C 25
D 271

2
E 55
Solution:

If B’slap timeist, theirrelative speedis

1,1_1
40  t 15

1 _ 1 _
Thus ; = 57,80t = 24 seconds.

Therefore, the correct answeris B.



31. Asquare, with anarea of 40, is inscribed in a semicircle. The area of a square that could
beinscribedin the entire circle with the same radiusiis:

A 80
B 100
c 120
D 160
E 200
Solution:

Let the semicircle have radius r and the square have side s, where s = 40.Atop
vertex of the square s % horizontally and s vertically from the center, so

2 5
2 2 3) 2 _
r°=s -] = -s"=50.
+ (2 4
A square inscribed in the full circle has diagonal 27, hence area 272 = 100.

Thus, the correct answeris B.



4
32. The lengthl of atangent, drawn from a point A to acircle, is § of theradius . The

(shortest) distance from A to the circleiis:

Al
=T
2
B r
1
C —1
2
2
D =1
3

E avalue betweenr andl

Solution:

If O is the centerand T the point of tangency, then OT' | AT'.Hence

AO = /712 + 2

1672
9

=4/r2+
o5r

5
The shortest distance from A to the circleis AO — r = %7" Sincel = 4—LQZ",this distance
equals %

Therefore, the correct answeris C.



33. Aharmonic progressionis a sequence of numbers such that theirreciprocals arein
arithmetic progression. Let S, represent the sum of the first n terms of the harmonic
progression; for example, S; represents the sum of the first three terms. If the first
three terms of a harmonic progression are 3, 4, 6, then:

A S;=20
B S;=25
c  S5=49
D S¢=49
E Sy==5,
Solution:

Thereciprocals begin

1 1 1
37 4’ 67

L

75, SO the fourth termis 12.

with common difference — % . The nextreciprocalis
Therefore

S4=3+4+6+12 = 25.

Thus, the correct answeris B.



34. Lettherootsof 2 — 3z + 1 = Ober and s. Then the expressionr? + s?is:
A apositiveinteger
B apositive fraction greater than 1
C apositive fractionlessthan 1
D anirrational number

E animaginary number

Solution:
Vieta’s formulas giver + s = 3andrs = 1. Therefore
r? 4+ 8% = (r +s)* — 2rs
=9-2=17,

whichis a positive integer.

Thus, the correct answeris A.



35. The symbol > means “greater than orequal to”; the symbol < means “less than or
equalto.” Inthe equation (z — m)? — (z — n)? = (m — n)?, mis afixed positive
number, and n is a fixed negative number. The set of values x satisfying the equation

is:
A x>0
B r<n
c x=0

D the set of allreal numbers

E none of these

Solution:
Factoring the left side gives
(n—m)(2x —m —n)
= (m —n)>.

Sincem # n,divisionbyn — myields 2z — m —n = n — m,sox = n.Thissingle
negative value is not any of choices A through D.

Therefore, the correct answerisE.



36. The base of atriangle is 80, and one of the base anglesis 60°. The sum of the lengths
of the other two sidesis 90. The shortest sideis:

A 45
B 40
c 36
D 17
E 12
Solution:

Let the side adjacent to the 60° base angle be x, and let the opposite side be 90 — x.
The law of cosines gives

(90 — z)* = 80% + 22
— 2(80)(x) cos 60°.
Simplifying yields 8100 — 1802 = 6400 — 80x,sox = 17.The side lengths are
17, 73,and 80, and the shortestis 17.

Thus, the correct answeris D.



1 1 1 1
37. When simplified the product { 1 — = 1— - 1—-]---1{1— — ) becomes:
3 4 5 n

1
A J—
n
2
B —
n
c 2(n—1)
n
2
P n(n + 1)
3
E S —
n(n+ 1)
Solution:

The product telescopes:

3 4 n—1 2
4 5 n n

Wl N

Therefore, the correct answeris B.



38.Ifdx 4+ +/2x = 1,thenz :
A isaninteger
B is fractional
C isirrational
D isimaginary
E may have two different values

Solution:

2
Letu = v/2x > 0.Sincezx = %,the equationbecomes
2ul +u=1,

or(2u—1)(u+1) =0.Thusu = 3 andz = “72 = £.The other quadratic root is
inadmissible becauseu > 0. Hence x is fractional.

Therefore, the correct answeris B.



39. Let S be the sum of the first nine terms of the sequence

z+a, z°+2a,

z® + 3a,
Then S equals:
50a + x + 28
z+1
10
B 50a — T
rz—1
9
—1
C :1: + 45a
r+1
x0 —
D + 45a
r—1
11
e 2 "% 445
x —
Solution:

Adding the first nine terms gives

S=(z+z*+---+2°
+ (1424 +9a.

Therefore

.1710—5!3

S = + 45a.

r—1

The expressionis understood by continuity atx = 1, where bothforms equal 9 +
45a.

Thus, the correct answerisD.



40. Intriangle ABC, BD is amedian. CF intersects BD at E sothat BE = ED. Point
Fison AB.Then,if BF = 5, BAequals:

A | 10
B 12
c 15
D 20

E none of these

Solution:

Usevectorswith A = 0, B = b,andC' = c.Since D = § and E is the midpoint of
BD,

1 1
E=-b+ -c.
2 + 4
Apoint F'on AB hastheform F' = tb. Since FE lies on CF', comparison of the c-

coefficient shows that B = %LC + %F. Hence

3 1
==
4 2’
sot = %.Thusj—g = %,and% = %.SinceBF =5,BA = 15.

Therefore, the correct answeris C.



41. Onthe same side of a straight line three circles are drawn as follows: a circle with a
radius of 4inchesis tangent to the line, the other two circles are equal, and eachis
tangent to the line and to the other two circles. The radius of the equal circlesis:

A 24
B 20
c 18
D 16
E 12
Solution:

Let the equal circles have radius R. Their centers are 2R apart, so the center of the
radius-4 circle lies midway between them. The horizontal and vertical separations
betweenits center and eitherlarge centerare Rand R — 4. Tangency gives

R?+(R—-4)>=(R+4)

Simplifyingyields R? — 16 R = 0, and positivity gives R = 16.

Thus, the correct answeris D.



42. Giventhree positive integers a, b, and c. Their greatest common divisoris D; their
least common multiple is M. Then, which two of the following statements are true?

(1) The product M D cannot be less than abc.

(2) The product M D cannot be greater than abc.

(3) M D equals abcif and only if a, b, c are each prime.
(

4) M D equals abcif and only if a, b, c are relatively prime in pairs. (This means: no two
have acommon factor greaterthan1.)

A 1,2
B 1,3
c 1,4
D 2,3
E 2,4
Solution:

Forany prime, letits exponentsina, b,cbeu < v < w.Itsexponentin M Disu + w,
while its exponentinabcisu + v + w.Thus M D < abc, proving statement (2).
Equality holds exactly whenv = 0 for every prime, meaning no prime divides two of
a, b, c. Thatis precisely pairwise relative primality, proving statement (4).

Therefore, the correct answeris E.



43. The sides of a triangle are 25, 39, and 40. The diameter of the circumscribed circle is:

133
A —_
3
125
B —_
3
C 42
D 41
E 40
Solution:

The semiperimeteris 52, so Heron’s formula gives

K = +/52-27-13-12 = 468.

If Risthe circumradius, then

~25-39-40 125
 4-468 6

Hence the diameteris2R = %

Thus, the correct answeris B.



44. Theroots of % + bz + ¢ = O are bothrealand greaterthanl.Lets = b+ ¢ + 1.
Thens :

A may beless thanzero

B may be equal to zero

< must be greater than zero
D must be less than zero

E must be between —1and 1

Solution:

If therootsarew, v > 1,thenb = —(u 4 v) and ¢ = uw. Therefore

s=1—u—v+uv
=(u—1)(v—1)>0.

Thus s must be greaterthan zero, and the correct answeris C.



45. If (log; z) (log, 2z) (log,, y) = log, =, theny equals:

9
A —

2
B 9
C 18
D 27
E 81

Solution:

The logarithms telescope:
(logs z)(log, 2z)(log,, y)
= logz y.
Alsolog, x*> = 2,s0logs y = 2andy = 3% = 9.

Therefore, the correct answeris B.



46. A student onvacation ford days observed that
(1) itrained 7 times, morning or afternoon;
(2) whenitrained in the afternoon, it was clear in the morning;
(3) there were five clear afternoons;
(

4) there were six clear mornings.

Thendequals:
AT
B 9
c 10
D 11
E 12
Solution:

There are d — 6 rainy mornings and d — 5 rainy afternoons. By condition (2), these are
distinct rainy occasions, and their totalis 7. Hence

(d—6)+ (d—5) =1,

so2d = 18andd = 9.

Thus, the correct answeris B.



47. Assume that the following three statements are true:
l. All freshmen are human. |l. All students are human. lll. Some students think.
Given the following four statements:
(1) All freshmen are students.
(2) Some humans think.
(3) No freshmen think.

)

(4) Some humans who think are not students.

Those which are logical consequences of |, Il, and Il are:

A 2

B 4

c 2,3

D 24

E 1,2
Solution:

Statement lll supplies at least one student who thinks. By statement I, that student is
human, so some human thinks and statement (2) follows. Nothing relates freshmen to
students, says whether freshmen think, or guarantees a thinking human outside the
students. Thus none of (1), (3), or (4) follows.

Therefore, the correct answeris A.



48. Giventhe polynomial agz™ + a12" ' + - - - +a,_1 + a,, where nis a positive
integer orzero, and a is a positive integer. The remaining a’s are integers or zero. Set
h=n+ag+ |ai| + |as| + - - - + |a,|. [See example 25 for the meaning of |z|.] The
number of polynomials with h = 3is:

A 3

B 5

cC 6

D 7

E 9
Solution:

We countby degree. If n = 0, thenay = 3, giving one polynomial. If n = 1, then
a -+ ’CLl’ = 2

Thisgivesag = 2,a1 = 0orag = 1,a; = *1, forthree polynomials. If n = 2, then
ap = landa; = as = 0, givingone more. No higher degree is possible. The total is
1+3+1=5.

Thus, the correct answeris B.



1 1 1 1 1
+-————+4+————.-. ,letSbethe

49, infini i L
t -5 -7
For the infinite series 2 4 '8 16 32 64 1928

(limiting) sum. Then S equals:

A 0
2
B —
7
6
C —
7
9
D —_
32
27
E —_
32
Solution:

Group the series as

Therefore, the correct answeris B.



50. Aclub with z membersis organized into four committeesin accordance with these
tworules:

(1) Each member belongs to two and only two committees.
(2) Each pair of committees has one and only one member in common.

Thenzx :

A cannot be determined

B has a single value between 8 and 16
C has two values between 8 and 16

D has a single value between 4 and 8

E has two values between4 and 8

Solution:

Each memberbelongs to exactly one unordered pair of committees. Conversely,
each pair of committees has exactly one common member. Thus the members arein
one-to-one correspondence with the pairs of four committees, so

()

Thisis a single value between 4 and 8.

Therefore, the correct answeris D.

Problems: https://live.poshenloh.com/past-contests/amc12/1959




