1956 AMC 12 Solutions

Typeset by: LIVE by Po-Shen Loh
https://live.poshenloh.com/past-contests/amcl12/1956/solutions

Problems © Mathematical Association of America. Reproduced with permission.

1. Thevalueofz + z(z”) whenz = 2is:

A 10
B 16
c 18
D 36
E 64
Solution:

Substituting x = 2, and evaluating the exponent first, gives

z +z(z%) = 2+ 2(2%)
=2+ 8=10.

Thus, the correct answeris A.



2. Mr. Jones soldtwo pipes at $1.20 each. Based on the cost his profit on one was 20%
and hisloss on the other was 20%. On the sale of the pipes, he:

A broke even

B lost4¢

C  gained4¢

D lost10¢

E  gained10¢
Solution:

The pipe sold at a 20% profit cost

$1.20
— = $1.
1.20 $1.00,
while the pipe sold at a 20% loss cost
1.20
$— = $1.50.
0.80

Their combined cost was $2.50, but they sold for $2.40, so Mr. Jones lost 10 cents.

Thus, the correct answeris D.



3. Thedistancelight travelsin one yearis approximately 5,870,000,000,000 miles. The
distancelighttravelsin 100 yearsiis:

A | 587 x 10® miles
B 587 x 10 miles
C | 587 x 107 1%miles
D 587 x 102 miles

E 587 x 1012 miles

Solution:

The given distanceis 587 x 10° miles. Multiplying by 100 = 102 gives
(587 x 101%)10% = 587 x 10"

miles.

Thus, the correct answeris D.



4. Amanhas $10,000toinvest. Heinvests $4,000 at 5% and $3,500 at 4%. In order to
have ayearly income of $500, he must invest the remainder at:

A 6%

B 6.1%

c  6.2%

D 6.3%

E 6.4%
Solution:

The amount lefttoinvestis

10000 — 4000 — 3500 = 2500.

The first two investments earn 0.05(4000) + 0.04(3500) = 340 dollars, so the
remaining investment must earn 500 — 340 = 160 dollars. Itsrequiredrate is

160

—— = 0.064 = 6.4'%.
5500 0.06 6.4%

Thus, the correct answerisE.



5. Anickelisplaced onatable. The number of nickels which can be placed aroundiit,
eachtangenttoitandtotwo othersis:

A 4

B 5

cC 6

D 8

E 12
Solution:

The centers of the middle nickel and any two neighboring nickels are pairwise two radii
apart, so they form an equilateral triangle. Therefore consecutive outer centers
subtend 60° at the center of the middle nickel. Exactly

360°
60°

nickels fit aroundit.

Thus, the correct answeris C.



6. Inagroup of cows and chickens, the number of legs was 14 more than twice the
number of heads. The number of cows was:

A5

B 7

c 10

D | 12

E 14
Solution:

Counting two legs for every head accounts for both legs of each chicken and two of
each cow’s fourlegs. Thus every cow contributes exactly two of the 14 extralegs.
Hence the number of cows is

Thus, the correct answeris B.



7. Theroots of the equation az? + bz + ¢ = 0 will be reciprocal if:

A a=b
B a=bc
C c=a
D c¢c=b
E c=ab
Solution:

By Vieta’s formulas, the product of the two rootsis g . Reciprocalroots have product
1,s0

whichrequiresc = a.

Thus, the correct answeris C.



8. If8-2% = 5Y8 then,wheny = —8,2 =

A —4

B -3

c 0

D 4

E 8
Solution:

Wheny = —8, theright sideis 5° = 1. Therefore
82" =2 =1=2,

sox+3=0andz = —3.

Thus, the correct answeris B.



4 4
Simplify[3 \6/a9} [6 3a9} :theresultis:

A a16
B CL12
c a®
p at
E  a?
Solution:

For each of the two factors, the nested roots and outer fourth power multiply the
exponent of a by

Thus each factoris a?, and their product is a’a® = a?.

Therefore, the correct answerisD.



10. Acircle of radius 10 inches has its center at the vertex C of an equilateral triangle ABC
and passes through the other two vertices. The side AC extended through C'
intersects the circle at D. The number of degrees of angle AD B is:

A 15
B 30
c 60
D 90
E 120
Solution:

Since ABC'is equilateral, the central angle ZACB is 60°. The inscribed angle ZAD B
intercepts the same minorarc AB, soits measure is half the central angle:

LZADB = % = 30°.

Thus, the correct answeris B.



1 1

n. The expression1 —

+ equals:
1+v3  1-y3 1

A 1-+3

B 1

cC V3

D V3

E 1++/3
Solution:
Combining the fractional terms,

1 1
— +
1+v3 1-+/3

(1++3)—(1—-+3)

1+ V3)1—VB)
23
-
Y

Adding the initial 1 gives 1 — /3.

Thus, the correct answeris A.



12. If ! — lisdivided by z — 1the quotientis:

A 1
5 1
r—1
- 1
r—1
1
D —_
xr
1
E -
xXr
Solution:

Where the quotientis defined,

z1—1 1_79”

r—1 z-—1
= (z-1)
- xz(z—1)
B 1
=

Thus, the correct answerisE.



13. Giventwo positive integers x and y withx < y. The percentthat zislessthanyis:

A 100(y — =)
x

5 100(z — y)
x

1 _

c 00(y — z)
Y

D 100(y — z)

E  100(z —y)

Solution:

The differenceisy — x. Measured as a fraction of the reference value y, thisis %
Multiplying by 100 converts the fraction to a percent:

100(y — =)
—

Thus, the correct answeris C.



14. The points A, B,and C are onacircle O. The tangentline at A and the secant BC
intersect at P, B lying between C and P. 1f BC = 20and PA = 10+/3, then PB

equals:
A5
B 10
c 1043
D 20
E 30
Solution:

Let PB = t. Since B liesbetween P and C', we have PC' = t + 20. The tangent-
secant theorem gives

(10v/3)% = t(t + 20).

Thust? + 20t — 300 = 0, or (t — 10)(¢ + 30) = 0. Alengthis positive, sot = 10.

Therefore, the correct answeris B.



15. Theroot(s) of 15 — 2
x2—4 -2

A —Hand3
B +2
C 2only
D —3andb
E 3only

Solution:

= lis(are):

Forz # 42, multiplying by 2 — 4 gives

15 —2(z +2) = 2 — 4.

Hencez? + 2z — 15 = 0, so

(x+5)(z—3)=0.

Bothax = —5andx = 3 satisfy the domain restriction.

Thus, the correct answeris A.



2
16. The sum of three numbers is 98. The ratio of the first to the second is g, and the ratio of

5
the second to the thirdis g . The second numberis:

A 15
B 20
c 30
D 32
E 33
Solution:

The first-to-secondratio 2 : 3 and second-to-thirdratiob : 8 combine to
first : second : third
=10:15: 24.

The 49 total parts equal 98, so each partis 2. The second numberis 15 - 2 = 30.

Thus, the correct answeris C.



bx — 11 , . ,
was obtained by adding the two fractions and

17. The fraction
2¢2 4+ 1 —6 x+ 2

.The values of A and B must be, respectively:

2z — 3
A bSx,—11
B —11,5x
c -13
D 3,-1
E 5,—11
Solution:

Combining the proposed partial fractions gives

A2z —3) + B(z +2)
(x+2)2z —3)

Matchingits numerator with 5z — 11 yields
2A+ B =5,
—3A+ 2B = —11.

Solvinggives A = 3and B = —1.

Thus, the correct answeris D.



18. If 10%¥ = 25,then107Y equals:

1
A S
5%
1
B —_
625
1
C —_
50
1
D —_
25
1
E —_
5
Solution:
We have

(10¥)? = 25.

Since 10Yis positive, 10Y = 5. Taking the reciprocal gives 1079 = %

Thus, the correct answerisE.



19. Two candles of the same height are lighted at the same time. The firstis consumedin 4
hours and the secondin 3 hours. Assuming that each candle burns at a constant rate, in
how many hours after being lighted was the first candle twice the height of the

second?
A 3hr
2
B 1-—hr
C 2hr
D 2—hr
E 2—nhr
Solution:

Let eachinitial height be 1. Aftert hours the remaining heightsare 1 — % and1 — %

The required conditionis
t
1—-=211- E .
4 3
2

Multiplyingby 12 gives 12 — 3t = 24 — 8t,s05t = 12andt = % = 25.

Thus, the correct answeris D.



20. If (0.2)* = 2andlog 2 = 0.3010, then the value of  to the nearest tenthis:

A —10.0
B —0.5
c —-04
D —0.2
E 10.0
Solution:

Taking common logarithms gives
zlog(0.2) = log 2.

Sincelog(0.2) = log2 — 1 = —0.6990,

z= 230 0.4306.
—0.6990

To the nearest tenth, thisis —0.4.

Thus, the correct answeris C.



21. If each of twointersectinglinesintersects a hyperbola and neitherlineis tangent to the
hyperbola, then the possible number of points of intersection with the hyperbolais:

A2

B 2or3

C  2or4

D Jdor4

E 2,3,0r4
Solution:

Aline can meet a hyperbolain either one finite point, whenits directionis parallel to an
asymptote, or two finite points. Since neitherline is tangent, the two lines can
therefore contribute1 +1 = 2,1 + 2 = 3,0r2 4+ 2 = 4intersections with the
hyperbola.

Thus, 2, 3, or4 are possible, and the correct answerisE.



22. Jones covered a distance of 50 miles on his first trip. On alater trip he traveled 300
miles while going three times as fast. His new time compared with the old time was:

A three times as much
B twice asmuch

C the same

D half as much

E athirdas much

Solution:
If the first speed was v, the old time was 51}—0 . The later time was

300 100 (50)

3v v v

Thus the new time was twice the old time.

The correct answeris B.



23. About the equationaz? — 2z+/2 + ¢ = 0, with @ and creal constants, we are told
that the discriminantis zero. The roots are necessarily:

A equal andintegral

B equal andrational

C equal andreal

D equal andirrational

E equal andimaginary

Solution:

A quadratic with real coefficients and discriminant zero has the repeated root

_—(-2V3) _ o

2a a

Since ais anonzero real number, thisrootisreal. It need not always be rational or
always beirrational.

Thus, the roots are necessarily equal andreal, so the correct answeris C.



24. Inthe figure AB = AC,angle BAD = 30°,and AE = AD.Thenz equals:

A
309
E
B D C
10
A 7—
2
B 10°
10
C 12—
2
D 15°
E 20°
Solution:

Let /DAFE = a.Since AB = ACand AE = AD,

/ACB = T5° — %

/ADE = 90° — %

Triangle AC'D gives ZADC = 180° — o — LZACB,s0 ZADC = 105° — §.Since
LADC = ZADE + «,

Thus, the correct answerisD.



25. The sum of all numbers of the form 2k + 1, where k takes onintegral values from1ton

is:
A n?
B n(n+1)
c n(n+2)
D (n+1)2

E (n+1)(n+2)

Solution:
We compute
Y @k+1)=2) k+> 1
k=1 k=1 k=1
=nn+1)+n
=n(n + 2).

Thus, the correct answeris C.



26. Which one of the following combinations of given parts does not determine the
indicated triangle?

A base angle and vertex angle;isosceles triangle

B vertex angle and the base;isosceles triangle

C the radius of the circumscribed circle; equilateral triangle
D one arm and the radius of the inscribed circle; right triangle

E two angles and a side opposite one of them; scalene triangle

Solution:

Inanisosceles triangle, a base angle and the vertex angle determine all three angles,
but no side lengthis specified. Therefore triangles of every scale have the same given
data, so the triangle is not determined. Each other choice includes enough length
information, directly or through a radius, to fix the scale as well as the shape.

Thus, the correct answeris A.



27. If anangle of a triangle remains unchanged but each of its two including sides is
doubled, thenthe areais multiplied by:

A 2
B 3
c 4
D 6

E more than 6

Solution:

If the included sides are a and b, and theirunchanged angle is C, the original area is
%ab sin C'. After both sides are doubled, the areaiis

1

5(2a)(2b) sin C

= 2absinC

=4 (labsinC) .
2

Thus, the correct answeris C.



28. Mr. Jleft his entire estate to his wife, his daughter, his son, and the cook. His daughter
and son got half the estate, sharingin the ratio of 4 to 3. His wife got twice as much as
the son. If the cook received a bequest of $500, then the entire estate was:

A $3500
B $5500
c  $6500
D $7000
E  $7500
Solution:

Let the daughterreceive 4 and the son 3x. Together they receive 7x, whichis half the
estate. The wife receives 6, so the other half gives

Tz = 6z + 500.

Thus = 500, and the whole estateis 2(7z) = 14(500) = 7000 dollars.

Therefore, the correct answeris D.



29. The points of intersection of xy = 12and 22 + y? = 25 are joined in succession. The
resulting figureis:

A a straightline

B an equilateral triangle
C aparallelogram

D arectangle

E  asquare

Solution:
At anintersection,

(z+y)’ =2"+y° + 2zy
— 95+ 24 = 49,

sox + y = £7.Togetherwithaxy = 12, this gives the four points

(3,4), (4,3),
(_3’ _4)a (_47 _3)

In their cyclic order around the circle, adjacent side vectors are perpendicular, so the
quadrilateralis arectangle. Its adjacent side lengths are unequal, soitis not a square.

Thus, the correct answerisD.



30. If the altitude of an equilateral triangle is \/6, thenthe areais:

A 242

B 23
c  3v3
D 642
E 12
Solution:

Letthe sidelengthbe s. From

we get s = 24/2. Hence the areais
1 1
5.sx/é = 5(2\/5)(x/6) — 2v/3.

Thus, the correct answeris B.



31. Inour number system the base is ten. If the base were changed to four you would
countasfollows:1,2,3,10,11,12,13, 20, 21, 22,23, 30, . . . The twentieth number
would be:

A 20
B 38
c 44
D 104
E 110
Solution:

The twentieth positive integer has ordinary value 20. Since
20=1-424+1-4+0,

its base-fourrepresentationis 110.

Thus, the correct answerisE.



32. George and Henry started arace from opposite ends of the pool. Afteraminute and a
half, they passed each otherinthe center of the pool. If they lost no time in turning and
maintained theirrespective speeds, how many minutes after starting did they pass
each otherthe second time?

A 3
B 4-—

cC 6
D 71
2

E 9
Solution:

Because they started simultaneously from opposite ends and first met at the center,
their speeds are equal. Eachreaches the opposite end after 3 minutes. They turn
immediately, and each then needs another 1.5 minutes to return to the center, where
they meet again. The second meeting occurs after

1
3+15=4.5=4—
2
minutes.

Thus, the correct answeris B.



33. The number +/2is equal to:

A arational fraction

B a finite decimal

C 1.41421

D aninfinite repeating decimal

E aninfinite non-repeating decimal

Solution:

The number 4/2 s irrational. A rational number has a decimal expansion that either
terminates or eventually repeats, whereas anirrational number has an infinite non-
repeating decimal expansion. The finite decimal 1.41421 is only an approximation.

Thus, the correct answerisE.



34. If nis any whole number, n?(n? — 1) is always divisible by:

A 12
B 24

C | anymultiple of 12

D 12 —n

E 12and 24
Solution:
We have

n*(n®* —1) =n*(n — 1)(n + 1).

Amongn — 1,n,n + 1,oneis divisible by 3. If nis even, n? is divisible by 4; if nis odd,
bothn — 1andn + 1are even, so their product is divisible by 4. Thus the expressionis
always divisible by 12. Itis not always divisible by 24, sincen = 2 gives 12.

Therefore, the correct answerisA.



35. Arhombus is formed by two radii and two chords of a circle whose radiusis 16 feet.
The area of therhombus in square feet is:

A 128

B 1283

C 256

D 512

E 5123
Solution:

All four sides of the rhombus equal the circle’s radius, 16. A chord of length equal to
the radius forms an equilateral triangle with the two radii to its endpoints, so the
included central angle is 60°. Therefore the rhombus has area

V3

162 sin 60° = 256 - -

— 128+/3.

Thus, the correct answeris B.



36.Ifthesum1 + 2 4 3 + - - - + K isaperfect square N2 andif N isless than 100, then
the possible values for K are:

A | onlyl

B land8

C only8

D 8and49

E 1,8,and49
Solution:

The conditionis

K(K+1) _ o
2 Y
or

(2K +1)? —8N? = 1.

The positive solutions of this Pell equation are generated from the fundamental
solution 3 4 v/8. Their first pairs (2K + 1, N) are

(3,1), (17,6),
(99, 35), (577,204),. ..

Thus thevalueswith N < 100are K = 1, §,49.

Therefore, the correct answeris E.



37. Onamap whose scaleis 400 miles to aninch and a half, a certain estate is represented
3
by arhombus having a 60° angle. The diagonal opposite 60° is 6 in. The area of the

estateinsquare milesis:

A 2500
V3
1250
B —_—
V3
C 1250
b 5625\/5
2
E 125043
Solution:

The diagonal opposite the 60° angle divides the rhombus into two equilateral
800

triangles, so itslength equals the rhombus side. The map scale is = miles perinch,

hence the actual side lengthis

3 800
6 3 0

miles. Therefore the rhombus areais

>

502 sin 60° = 2500 -
— 1250/3.

Thus, the correct answerisE.



38. Inaright triangle with sides a and b, and hypotenuse ¢, the altitude drawn on the
hypotenuseis x. Then:

A | ab=z?
5 +1_1
a b =z

1 1 1
SO R R )

1 b
E - ==

xr a
Solution:

Equating two area formulas gives
1 1
—ab = —czx,
2 2
soab = cx. Squaring andusing ¢ = a? + b? yields
a’b? = z*(a® + b?).

Dividing by a?b?z? gives

Thus, the correct answeris D.



39. The hypotenuse cand one arm a of aright triangle are consecutive integers. The

square of the second armis:

A ca
c
B —
a
C c+a
D c—a

E none of these

Solution:
By the Pythagorean theorem,
b’ =c*—a*=(c—a)(c+a).
Since cand a are consecutiveandc > a,wehavec — a = 1.Henceb? = ¢ + a.

Thus, the correct answeris C.



1
40. IfV =gt + Vpyand § = §gt2 + Viut, thent equals:

25
S 7 74
o 285
V-W
- 25
Vo—-V
28
D —_
V
E 25 -V
Solution:

Fromthe first equation, gt = V' — V. Therefore
1
S = §(gt)t + Vot

1
=5 (V= TWo)t + Vot

—_

= S(V + Vo)t
28

Solving givest = ViV

Thus, the correct answeris A.



41. Theequation3y? + y + 4 = 2(6z? + y + 2) wherey = 2z is satisfied by:

A novalue of x

B allvalues of

C x=20only

D allintegral values of x only

E allrational values of x only

Solution:

Substitutingy = 2x gives
122° + 2z + 4 = 122° + 4z + 4.

Cancelling the common quadratic and constant termsleaves 2x = 4x,sox = 0. This
value satisfies both equations.

Thus, the correct answeris C.



42. Theequationy/x +4 — vx — 3+ 1 = Ohas:

A no root

B onerealroot

C onerealrootand oneimaginary root
D twoimaginary roots

E tworealroots

Solution:

Forarealsolution,z > 3.Thenxz +4 > = — 3, s0

Ve +4>+/xz—3.

Consequentlyy/z +4 — v/ — 3 + 1 > 1,andit cannot equal zero. The original
equationis arealradical expression, so nonreal roots are outside its domain.

The correct answerisA.



43. The number of scalene triangles having all sides of integral lengths, and perimeterless
than 13 is:

A1

B 2

c 3

D 4

E 18
Solution:

Write the distinct integer sidesinincreasing order. Checking the small possibilities
under the triangle inequality and perimeter bound gives

(2,3,4), (2,4,5),
(3,4,5).

Forc > 6, the smallest new scalene candidate satisfyinga + b > cis (3,4, 6), whose
perimeteris already 13, and larger choices cannot qualify. Thus there are 3 triangles.

The correct answeris C.



44. If x < a < Omeansthatx anda are numbers suchthatzislessthanaandaisless
than zero, then:

A z2<ar<O0

B z2 > ax > a?

c z2<a’<0

D 22> azbutax <0
E | x2>a’buta’ <0

Solution:

Sincex < a < 0, multiplyingx < a by the negative number x reverses the inequality
and gives £2 > ax. Multiplying the same inequality by the negative number a gives
ax > a’. Therefore

:c2 > ax >a2.

Thus, the correct answeris B.



45. Awheelwith arubber tire has an outside diameter of 25 in. When the radius has been
decreased a quarter of aninch, the number of revolutions of the wheel in one mile will:

A  beincreasedabout 2%
B  beincreasedabout1%

C  beincreasedabout20%
. 1
D beincreased 5%

E remain the same

Solution:

The originalradiusis 12.5inches and the new radiusis 12.25 inches. For a fixed
distance, the number of revolutions varies inversely with radius, so the relative

increaseis
12.5 50
———1=—-1
12.25 49
B 1
49
~ 2.04%.

Thisis about 2%.

Thus, the correct answeris A.



1+ N+1
46. Forthe equation 1 = N to be true where N is positive,  can have:
—T

A any positive value less than 1
B  anyvaluelessthanl

C the value zero only

D any non-negative value

E any value

Solution:

Cross-multiplication gives
N(1+z)=(N+1)(1-z),

sox(2N +1) =1and

1
TToOAN+ 1

Every positive [N gives0 < & < 1. Conversely, forany0 < x < 1,

1—=x
2x

N =

> 0,

sosuchan NN exists.

Thus, £ may be any positive value less than 1, and the correct answeris A.



47. An engineer said he could finish a highway sectionin 3 days with his present supply of a
certain type of machine. However, with 3 more of these machines the job could be
donein 2 days. If the machines all work at the same rate, how many days would it take
to do the job with one machine?

A 6

B 12

c 15

D 18

E 36
Solution:

If there are presently m machines, the job requires 3m machine-days. With three
more machines it requires 2(m + 3) machine-days, so

3m = 2(m+ 3),

givingm = 6. The job therefore requires 3m = 18 machine-days, so one machine
would take 18 days.

Thus, the correct answerisD.



48. If pis a positive integer, then 2p—5 canbe apositive integer, if and only if pis:
14

A | atleast3

B equaltod,5,9,0r35
C = nomorethan3b

D equalto3dd

E equalto3or3b

Solution:

Setq = 2p — 5. Apositive quotient requiresq > 0,and gis odd. Sincep = %,

3p+25 3q+65
20 —5  2q
65
_ 3ty
2

Thus g must be a positive divisor of 65. The possibilitiesq = 1, 5, 13, 65 give
p=3,5,9,35,

respectively, and each works. No other positive integer p works.

Therefore the mathematically correct setis 3, 5, 9, 35, shown in the adjusted choice
B.



49. Triangle P A B is formed by three tangents to circle O and ZAPB = 40°;thenangle
AOB equals:

A 45°
B 50°
C | b55°
D 60°
E 70°
Solution:

The circle lies opposite P across side AB, so O is the excenter opposite P. Thus AO
and BO bisect the exterior angles at A and B. If the interior angles at A and B are «
and 3, thentriangle AOB has angles 90° — 5 and 90° — g at Aand B.Hence

/AOB = 180° — (900 _ 3)

2
[¢] /

a+fB  180° —40°
2 2
= 70°.

Thus, the correct answerisE.



50. Intriangle ABC,C A = CB.On(CB square BCDFE is constructed away from the
triangle. If z is the number of degreesinangle DAB, then

A  xdependsupontriangle ABC
B x isindependent of the triangle
C | xmayequalangle CAD

D  xcanneverequalangle CAB

E  xisgreaterthan45° butlessthan90°

Solution:
Scale the equal sidesto 1 and place

C =(0,0), B = (1,0),
A = (cos#,sin0).

Since square BC D E is constructed away from the triangle, D = (0, —1).Putc =
cosfand s = sin . Then

—
AB = (1 —c¢,—s),

AD = (—c,—1—s).

|

Theirdot productis 1 4+ s — ¢, while the absolute value of their two-dimensional
cross productisalsol + s — c. Therefore

tan ZDAB =1,

so ZDAB = 45°,independent of # and hence independent of the triangle’s shape.

Thus, the correct answeris B.
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