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1. Thepercentthat M is greaterthan IV is:

100(M — N)
M
5 100(M — N)
N
M — N
C -
N
M — N
D -
M
e 100(M + N)
N
Solution:
Theincrease from N to M is M — N. Dividing by the original quantity and multiplying
by 100 gives
100(M — N)
N .

Thus, the correct answeris B.



2. Arectangularfieldis half aswide asitislongandis completely enclosed by x yards of
fencing. The areainterms of x is:

2

xr
A _
2
B 212
2
o 2
9
2132
D R
18
CIZ2
E _
72
Solution:

Let the width be w, so the lengthis 2w. The fencing gives 2(w + 2w) = 6w = «,
hencew = %.Therefore

Thus, the correct answeris D.



3. Ifthelengthof adiagonal of asquareisa + b, thenthe area of the square is:

A (a+b)?
1
B §(a+b)2
c | a?®+ b
1 2 2

E None of these

Solution:
If sis the side lengthand d = a + bis the diagonal, thend = s+/2. Thus

2 1
2=E:§(a—|—b)2

S

Thus, the correct answeris B.



4. Abarnwithaflatroofisrectangularinshape, 10yd. wide, 13 yd.long, and 5 yd. high. It
is to be paintedinside and outside, and on the ceiling, but not on the roof or floor. The
total number of square yards to be paintedis:

A 360
B 460
c 490
D 590
E 720
Solution:

The four walls have one-sided area
2(13 . 5) + 2(10 . 5) = 230.

Painting them inside and outside contributes 2(230) = 460. The ceiling adds 10 -
13 = 130, so the total is 460 + 130 = 590.

Thus, the correct answeris D.



5. Mr. Aownsahome worth $10,000. He sellsit to Mr. B ata 10% profit based on the
worth of the house. Mr. B sells the house back to Mr. A ata 10% loss. Then:

A Acomesouteven

B  Amakes$1100onthe deal
C = Amakes $1000 onthe deal
D  Aloses$900onthe deal

E  Aloses$1000 onthe deal

Solution:

The first sale price is 10,000(1.10) = 11,000. The return sale is 11,000(0.90) =
9,900. Mr. Areceives 11,000 and pays back 9,900, so he gains 1,100.

Thus, the correct answeris B.



6. Thebottom, side, and front areas of arectangularbox are known. The product of these
areasis equal to:

A The volume of the box

uy)

The square root of the volume
C Twice the volume
D The square of the volume

E The cube of the volume

Solution:

If the edge lengths are l, w, h, the three face areas are lw, wh, and hl. Their product is
(lw)(wh)(Al) = Pw?h? = (lwh)?,

the square of the volume.

Thus, the correct answeris D.



7. Anerrorof0.02"” ismadeinthe measurement of aline 10” long, while an error of only
0.2” ismade in ameasurement of aline 100” long. In comparison with the relative error
of the first measurement, the relative error of the second measurementiis:

A | Greaterby0.18
B The same

C Less

D  10timesasgreat

E  Correctly described by both (A) and (D)

Solution:

The two relative errors are Oi—%2 = 0.002and % = 0.002. They are equal.

Thus, the correct answeris B.



8. Theprice of anarticleis cut 10%. To restore it to its former value, the new price must
beincreased by:

A 10%
B 9%
1
D 11%
E None of these answers
Solution:

Let the original price be 1. The reduced price is 0.9. The required fractional increase is

1-09 1
09 9

1
whichis 115%.

Thus, the correct answeris C.



9. Aneaquilateral triangle is drawn with a side of length a. A new equilateral triangle is
formed by joining the midpoints of the sides of the first one. Then a third equilateral
triangle is formed by joining the midpoints of the sides of the second; and so on
forever. The limit of the sum of the perimeters of all the triangles thus drawniis:

A Infinite

w
VR
ot
N
N~~~
Q

C 2a
D 6a
1
E (45) a
Solution:

The first perimeteris 3a, and every later perimeteris half the preceding one. Hence the
totalis

Thus, the correct answeris D.



10. Of the following statements, the one thatisincorrectis:

A Doubling the base of a givenrectangle doubles the area.
B Doubling the altitude of a triangle doubles the area.
C Doubling the radius of a given circle doubles the area.
5 Doubling the divisor of a fraction and dividing its numerator by 2 changes the
quotient.
E Doubling a given quantity may make it less than it originally was.
Solution:

Acircle has area 2. Replacing r by 2r gives 7r(27")2 = 47r?, so doubling the radius
quadruples, rather than doubles, the area. The other statements can hold as written.

Thus, the correct answeris C.



a

11. Thelimit of the sum of aninfinite number of terms in a geometric progressionis . ,
—r

where a denotes the firsttermand —1 < r < 1 denotesthe commonratio. The limit

of the sum of their squaresis:

A a2
(1—17)2
B CL2
1+ 72
C (J,2
1—1r2
4a?
D
1+ r2

E None of these

Solution:
The squared terms form a geometric series with first term a2 and ratio 2. Since |r| <
1,itssumis
o2
1—r2

Thus, the correct answeris C.



12. At 2:15 o’clock, the hour and minute hands of a clock form an angle of:

A 30°
B 5°
10
C 22—
2
D 71o
2
E 28°
Solution:
At 2:15 the minute hand is 90° from 12. The hourhandis2 - 30° + 15 - 0.5° = 67.5°

10
from 12. Theirangleis 90° — 67.5° = 22.5° = 225 .

Thus, the correct answeris C.



13. A cando apiece of workin 9 days. B is 50% more efficient than A. The number of
daysit takes B to do the same piece of work is:

A 13-

L
2

C 6

D 3

E None of these answers

Solution:

A’'srateis %job perday. Thus B’srateis

S|~

N w
Ol =

job perday, so B needs 6 days.

Thus, the correct answeris C.



14. In connection with proof in geometry, indicate which one of the following statements
isincorrect:

A Some statements are accepted without being proved.

In some instances there is more than one correct orderin proving certain
propositions.

C Every termusedin a proof must have been defined previously.

Itis not possible to arrive by correct reasoning at a true conclusionif, inthe

D
given, thereis anuntrue proposition.
£ Indirect proof can be used whenever there are two or more contrary
propositions.
Solution:

An axiomatic development begins with primitive terms that are deliberately left
undefined, as well as statements accepted without proof. Therefore itis not true that
every termin a proof must previously have been defined.

Thus, the intended correct answeris C.



15. The largest number by which the expression n?

valuesof nis:

— mnis divisible forall possible integral

A2

B 3

c 4

D b5

E 6
Solution:
We have

n® —n=n(n—1)(n+1),

aproduct of three consecutive integers. One is divisible by 3 and at least one is even,
so the productis always divisible by 6. Takingn = 2 gives exactly 6, sonolarger
integer always dividesiit.

Thus, the correct answerisE.



16. If in applying the quadratic formula to a quadratic equation
f(z) = az® + bz +c=0,
b2
ithappensthatc = 1’ thenthe graphofy = f(z) will certainly:
a
A Have a maximum
B Have a minimum
C Be tangent to the z-axis

D Be tangent to the y-axis

E Lie in one quadrant only

Solution:

The condition gives

2
b? — 4ac = b — 4a (b—> = 0.
4q

Hence the quadratic has arepeatedrealroot, soits parabolais tangent to the z-axis.

Thus, the correct answeris C.



17. Indicate in which one of the following equations y is neither directly norinversely
proportional to z:

A z4+y=0
B  3zy =10
C z=05y

D 3z+y=10

M
| =3
Yy

Solution:

ChoicesA, C,and Erearrange toy = kx, and choice Brearranges to xy = k. But
choice Dgivesy = 10 — 3z, whichis neither form.

Thus, the correct answeris D.



18. The expression 21z2 4 ax + 21is to be factored into two linear prime binomial
factors withinteger coefficients. Thiscanbe doneif ais:

A Any odd number
B Some odd number
C Any even number
D Some evennumber

E Zero

Solution:

Suppose

21z% + ax + 21
= (Az + B)(Cz + D).

Then AC = BD = 21,s0 A, B,C, D are odd. Thereforea = AD + BC'iseven.
Some evenvalues work; forexample,

(3z + 7)(7x + 3)
= 2122 + 58z + 21.

Not every even value works.

Thus, the correct answeris D.



19. Asix-place numberis formed by repeating a three-place number; forexample,
256,256, 0r 678,678, etc. Any number of this form s always exactly divisible by:

A | Tonly

B | 1lonly

c 13only

D 101

E 1001
Solution:

If the repeated blockis IV, then the six-place numberis
1000N + N = 1001N.

Itis therefore always divisible by 1001.

Thus, the correct answerisE.



20. When simplified and expressed with negative exponents, the expression (z +
y) 1(z1 +y1)isequalto:

B z 242z lyl4y2

c  zlyt
D xz2+4+y?
c 1
z—1ly-1
Solution:

Fornonzero x,ywithz + y # 0,

(z+y) 'z ' +y ")

1 w+y)
r+vy Ty

Thus, the correct answeris C.



21. Givenz > 0,y > 0,z > y,and z # 0. The inequality whichis not always correctis:

A rTt+z>y+z

B r—z>Yy—=z2

C rz > Yz
(]
D >
22 7 22
E rz? > yz2
Solution:

Because z may be negative, multiplying x > y by z reverses the inequality and gives
rz < yz.The operationsin the other choices preserve the inequality because 22 > 0.

Thus, the correct answeris C.



22. The values of ain the equationlog;y(a? — 15a) = 2are:

o 154+/233
2

B 20,-5

o | 154 +/305
2

D +20

E None of these

Solution:

The equation is equivalent to a? — 15a = 10? = 100, so

a’> — 15a — 100
= (a — 20)(a + 5)
= 0.

Botha = 20 anda = —5 make the logarithm’s argument 100, so both are valid.

Thus, the correct answeris B.



23. Theradius of a cylindrical boxis 8 inches and the height is 3 inches. The number of
inches that may be added to eitherthe radius or the height to give the same nonzero
increase involumeis:

A1

1
B H—
3

C  Anynumber
D Non-existent

E None of these

Solution:

For the two new volumes to be equal,

3m(8 + x)* = 647 (3 + z).

1
Cancelling ™ and expanding gives 322 — 16z = 0,sox = Qorx = % = 5§.The
problem requires anonzero increase.

Thus, the correct answeris B.



24 2n—|—4 . 2(2n)

" When simplified, 2(2+3) is:
A 2n+1 _ 1
8
B _2n+1
C 1-2"
7
D —
8
7
E —
4
Solution:

Factoring and combining powers gives

(2 -2 14 7
ontd 16 8

Thus, the correct answeris D.



25. The apothem of a square having its area numerically equal to its perimeteris
compared with the apothem of an equilateral triangle having its area numerically equal
toits perimeter. The first apothem will be:

A Equal to the second

4
B — times the second

2
C —— times the second

2
D —— times the second

V3

E Indeterminately related to the second

Solution:

Every regular polygon with apothem r and perimeter P hasarea A = %’I‘P. Ifits
numerical area equals its nonzero perimeter, then

1
§1°P:P,

sor = 2.Thisapplies to both the square and the equilateral triangle, so their
apothems are equal.

Thus, the correct answeris A.



26. Inthe equation

zz—1)—(m+1) =z

(x —1)(m—1) m’

the roots are equal when:

A m=1
5 _1
m=75
c m=0
D m = —1
. 1
m=—c
2

Solution:

Clearing denominators and simplifying yields
> —xz —m(m+1) =0.
Equal roots require
1+4m(m+1) = (2m +1)?
=0,

hencem = —%. This value does not violate the original denominators.

Thus, the correct answerisE.



27. Through a pointinside a triangle, three lines are drawn from the vertices to the
opposite sides, forming six triangular sections. Then:

A The triangles are similarin opposite pairs

B The triangles are congruent in opposite pairs
C The triangles are equalin area in opposite pairs
D Three similar quadrilaterals are formed

E None of the above relationsis true

Solution:

No angle orlength condition forces opposite sections to be similar or congruent. Their
areas also need not match: placing the interior point very close to one side makes the
sections adjoining that side arbitrarily small without forcing their opposite sections to
be small. No quadrilaterals are among the six sections.

Thus, the correct answerisE.



28. The pressure P of wind on a sail varies jointly as the area A of the sail and the square of
the velocity V' of the wind. The pressure on a square foot is 1 pound when the velocity
is 16 miles per hour. The velocity of the wind when the pressure on a square yard is 36

poundsis:
A 102 h
—m
3 @
B 96 mph
C 32mph
D 1 L h
-m
3 P
E 16 mph
Solution:

Write P = kAV2. From1 = k(1)(16?),we getk = 5. Asquareyardhasarea9
square feet, so

1 2
36 = 5o - OV

Thus V2 = 1024 and the positive speedis V = 32 mph.

Thus, the correct answeris C.



29. Of the following sets of data, the only one that does not determine the shape of a
triangleis:

A The ratio of two sides and the included angle

B The ratios of the three altitudes

C The ratios of the three medians

D Theratio of the altitude to the corresponding base

E Two angles

Solution:

Choices Aand E determine the angles up to similarity. Ratios of all three altitudes
determine reciprocal side ratios, andratios of all three medians determine side ratios.
But asingleratio % does not determine the remaining side lengths or angles; many
non-similar triangles can share it.

Thus, the correct answerisD.



30. If two poles 20" and 80" high are 100" apart, then the height of the intersection of the
lines joining the top of each pole to the foot of the opposite poleis:

A 50"
B 40"
c 16"
D 60"

E None of these

Solution:

Put the bases at (0, 0) and (100, 0), with tops (0, 80) and (100, 20). The cross-lines
1

arey = ‘3133 andy = 20 — zx.Equatingthem givesz = 20,andhencey = 16.

Thus, the correct answeris C.



31. Atotal of 28 handshakes was exchanged at the conclusion of a party. Assuming that
each participant was equally polite toward all the others, the number of people

present was:
A 14
B 28
c 96
D 38
E 7
Solution:

With n people the number of handshakes is

(3)-"e

Thusn(n — 1) = 56, and the positive solutionisn = 8.

Thus, the correct answeris D.



32. If AABCisinscribed in a semicircle whose diameteris AB, then AC 4+ BC must be:

A | Equalto AB

B  Equalto AB+v/2

c >ABV2

D < ABV2

E 4B’
Solution:

By Thales’ theorem, AC and BC are the legs of aright triangle with hypotenuse AB.
Therefore

(AC + BC)? < 2(AC?* + BC?)
= 2AB%.

Taking positive square roots gives AC + BC' < AB+/2, with equality for an
isoscelesright triangle.

Thus, the correct answeris D.



33. Theroots of the equation 2> — 2z = 0 can be obtained graphically by finding the
abscissas of the points of intersection of each of the following pairs of equations
except the pair:

A y=2xy=2x

B y=2x2—2z,y=0

C y=z,y=x—2

D =22 -2z+1,y=1
E y=2-1y=2z-1

Solution:

Choices A, B, D, and E allreduce theirintersection conditionto 2 — 2z = 0. Choice
Cinsteadrequires

T=x— 2,

which has no solution and therefore cannot produce the desired roots.

Thus, the correct answeris C.



34. The value of 101810 7 js:

A T

B 1

c 10

D logy,7

E log,10
Solution:

Since the base-10 exponential and logarithm are inverse functions,
10807 = 7.

Thus, the correct answeris A.



35.1fa” = c? = bandc? = a* = d, then:

A  TY=qz
L q

B - =
Yy oz

Solution:
Taking logarithms gives
xloga = qlogc,
ylogc = zloga.
Multiplying these equations and cancelling the nonzero logarithmic factorsin the

nondegenerate caseyields xy = qz. The identity extends to the admissible boundary
casesrepresented by the equations.

Thus, the correct answeris A.



36. Which of the following methods of proving a geometric figure alocusis not correct?

Every point on the locus satisfies the conditions and every point not on the
locus does not satisfy the conditions.

Every point not satisfying the conditionsis not on the locus and every point on

B
the locus does satisfy the conditions.

c Every point satisfying the conditions is on the locus and every point onthe
locus satisfies the conditions.

5 Every point not onthe locus does not satisfy the conditions and every point
not satisfying the conditions is not on the locus.
Every point satisfying the conditions is on the locus and every point not
satisfying the conditionsis not onthe locus.

Solution:

Let L mean “on the locus” and C mean “satisfies the conditions.” A complete proof
needsboth L = C'andC = L. Choice Bstates =C' = =L, whichis merely the
contrapositive of L = C,andthenrepeats L = C.ItneverprovesC = L.

Thus, the correct answeris B.



37. Anumberwhich when divided by 10 leaves aremainder of 9, when divided by 9 leaves
aremainder of 8, by 8 leaves aremainder of 7, etc., down to where, when divided by 2,
it leaves aremainderof 1, is:

A 59

B 419
c | 1259
D 2519

E None of these answers

Solution:

If the numberis N, then IV + 1isdivisible by everyinteger from 2 through 10. Their
least common multiple is

23.32.5.7 = 2520.

Thus the least positive number fitting all the conditionsis N = 2520 — 1 = 2519.

Thus, the correct answeris D.



38. Arise of 600 feetis required to get arailroad line over a mountain. The grade canbe
kept down by lengthening the track and curving it around the mountain peak. The
additional length of track required to reduce the grade from 3% to 2% is
approximately:

A 10,000t
B 20,000ft.
c | 30,000ft.
D | 12,000ft.

E None of these

Solution:

A 3% grade requires about % = 20,000 feet of track, while a 2% grade requires

% = 30,000 feet. The additional lengthis 10,000 feet.

Thus, the correct answeris A.



39. Astoneis droppedinto awelland the report of the stone striking the bottomis heard
7.7 seconds afterit is dropped. Assume that the stone falls 16¢2 feetin t seconds and
that the velocity of soundis 1120 feet per second. The depth of the wellis:

A T84ft.
B 342ft.
C  1568ft.
D  156.8ft.

E None of these

Solution:

162 _ ¢2

: 2
If the stone falls fort seconds, the depthis 16¢“, and the sound takes 1156 — 75

secondstoreturn. Hence
t2
t+ — =17.7,
+ 70
ort? + 70t — 539 = 0. The positive rootist = 7, giving depth 16(7%) = 784 feet.

Thus, the correct answeris A.



40. The expression

(x3 +1)2
((m 1)%(z? +z + 1)2)
(@3 — 1)
equals:
A (z+1)4
B (z%+1)
c 1

D [(:v3 +1)(x3 — 1)]2

e [(2®—1)2)°

Solution:
Because

2 +1=(z+1)(2® —x+1),
2’ —1=(z—1)(2z*+z+1),

each fractioninside parentheses equals 1 wherever the original expressionis defined.
Their squared product is therefore 1.

Thus, the correct answeris C.



41. The formula expressing the relationship between x and y in the tableis:

A y=2r—4

B y=2x>—3z+2
c y=2xa%—322+22
D y=2%—4x

E y=2%-4

Solution:

The y-values factor naturally as

0=1-0, 2=2-1, 6=3-2,
12=4-3, 20=5-4.

Thusy = (z — 1)(xz — 2) andhencey = z? — 3z + 2.

Thus, the correct answeris B.



42. If z equals

\/1+\/1+\/1+W,
then:
A =1
B O<z<l1
C 1<z <2
D  zisinfinite

E x > 2but finite

Solution:
Therepeating tailgivesx = /1 + x, so

22—z —1=0.

Sincex > 0,z =

—1+2‘/5, which lies strictly between 1 and 2.

Thus, the correct answeris C.



43. Of the following statements, the only one thatisincorrectis:

Aninequality willremain true after each side isincreased, decreased,

A
multiplied, or divided (zero excluded) by the same positive quantity.

5 The arithmetic mean of two unequal positive quantities is greater than their
geometric mean.

c If the sum of two positive quantitiesis given, their product is largest when they

are equal.

2
1 1
D | Ifaandbare positive and unequal, 3 (a® + b?) is greater than {i(a + b)} :

If the product of two positive quantitiesis given, their sumis greatest when
they are equal.

Solution:

lfuv = P > 0,thenu + v > 2\/13, with equality at u = v. Thus equality gives the
least possible sum. The sum can grow without bound by taking u large andv = £

u
small, soitis not greatest at equality.

Thus, the correct answerisE.



44 29 _ a, g b,and = c¢,wherea, b, care otherthanzero, thenz
Tty T+ z y+z
equals:
abe
A
ab + ac + be
5 2abc
ab + be + ac
2abc
C
ab + ac — be
2abc
D
ab + bc — ac
c 2abc
ac + bc — ab
Solution:

Inverting gives

1 1 1
-4 - = -,
T Yy a
111
r z b
1 1 1
4+ ==
Yy oz c

Adding the first two and subtracting the third yields

2 1 1 1
z a b ¢
__ac+bc—ab
- abc )
Hencex = 2abe .
ac + bec — ab

Thus, the correct answerisE.



45. If youare givenlog 8 = 0.9031 andlog 9 = 0.9542, then the only logarithm that
cannot be found without the use of tablesiis:

A logl7
B log(})
c loglds
D  log600
E  log04
Solution:
From the data,

1
log2 = 3 log 8,

1
log 3 = 5 log 9,

andlog 5 = 1 — log 2. Therefore logarithms of products and quotients of powers of
2, 3,5 canbe computed. The number 17 has none of those prime factors, soits
logarithmis not determined by the data.

Thus, the correct answeris A.



46. ABis afixed diameter of a circle whose centeris O. From C', any point on the circle, a
chord C'D is drawn perpendicularto AB. Then, as C' moves over a semicircle, the
bisector of angle OC' D cuts the circle in a point that always:

A  Bisectsthearc AB

B | Trisectsthearc AB

C | Varies

D Is as far from AB as from D

E Isequidistantfrom Band C

Solution:

Extend CO to meet the circle againat E. Since CE is adiameter, ZCDE = 90°. Also
CD 1 AB,soDE || AB.Ifthebisectorof ZOCD = ZEC D meets the circle at
P, equalinscribed angles give equalarcs EP = PD.Because the parallelchord DE
has endpoints symmetrically placed relative to the fixed diameter AB, theirarc
midpoint P is the midpoint of arc AB.

Thus, the correct answeris A.



1

1
47. If r and s are the roots of the equation az? + bz + ¢ = 0, the value of — + s
T S

A b2 — 4ac

b2 — 4ac
B - "
2a
b2 — 4ac
C - "
c2
b2 — 2ac
D
2

E None of these

Solution:

By Vieta’'s formulas,

b c
r+s=——, rs = —.
a a
Therefore
1+ _ (r+s)?—2rs
rz 2 (rs)?
_ b* —2ac
= —

Thus, the correct answeris D.



48. The area of asquareinscribedin a semicircle is to the area of the square inscribedin
the entire circle as:

A 1:2
B 2:3
C 2:5
D  3:4
E  3:5
Solution:

Forthe squareinthe semicircle, putits base on the diameter. Atop vertex has
horizontal distance % fromthe center and vertical distance s, so

AN 2
(5) +s°=R 3
giving st = 4TR2.Asquareinscribedinthe full circle has diagonal 2R, hence area 2R2.
Theratiois
4R?
5 _2
2R? 5)

Thus, the correct answeris C.



49. The medians of aright triangle which are drawn from the vertices of the acute angles
are b and 4/40. The value of the hypotenuse is:

A 10

B 2440
c Vi3
D 2413

E None of these

Solution:
Let the legs be a, b. The medians from their opposite acute vertices have squared
lengths
b? a?
2 2
a — =25 — + b = 40.
+ 1 , 1 +

Solving gives a? = 16 and b? = 36. Thus the hypotenuse csatisfies
¢ =a® + b =52,
soc = 24/13.

Thus, the correct answeris D.



50. Tom, Dick, and Harry started out on a 100-mile journey. Tom and Harry went by
automobile at the rate of 25 mph, while Dick walked at the rate of 5 mph. Aftera
certain distance, Harry got off and walked on at 5 mph, while Tom went back for Dick
and got him to the destination at the same time that Harry arrived. The number of
hours required for the trip was:

A5
B 6
c 7
D 8

E None of these answers

Solution:

Lett, t2, t3 be the car’'s times before Harry leavesit, while it returns for Dick, and while
it carries Dick forward. The car, Dick, and Harry each cover 100 miles, giving

25t; — 25t9 + 25t3 = 100,
5t1 + 5t2 + 25t3 - 100,
25t; + bty + 5tz = 100.

Dividing by 5 and solvingyieldst; = 3, ty = 2, t3 = 3. Therefore the common travel
timeist; + ta + t3 = 8 hours.

Thus, the correct answerisD.

Problems: https://live.poshenloh.com/past-contests/amc12/1951




