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1. If 64isdividedinto three parts proportional to 2,4, and 6, the smallest partis:

1
A 5H—
3
B 11
c 102
3
D b5

E None of these answers

Solution:

Theratio contains 2 + 4 4+ 6 = 12 equal shares. The smallest partis therefore

Thus, the correct answeris C.



2. LetR =95 —4.WhenS =8, R = 16.When S = 10, Ris equalto:

A 11
B 14
c 20
D 21

E None of these answers

Solution:
Substituting § = 8and R = 16 gives 16 = 89 — 4,s0g = g Hence,when S = 10,

R— 2(10)—4221.

Thus, the correct answeris D.



3. The sum of the roots of the equation4z? + 5 — 82 = 0Ois equal to:

A 8
B -5
5
C - —
4
D -2

E None of these answers

Solution:

In standard form the equationis 4z2 — 8z + 5 = 0. By Vieta’s formulas, the sum of its
rootsis

_8_2
4—.

This value is not among choices A through D.

Thus, the correct answerisE.



4. Reducedtolowestterms,

a? — b? ab — b?

ab  ab—a?
is equal to:
A —
b
a® — 2b?
B - =
ab
C a?
D a— 2b

E None of these answers

Solution:

Factoring the numerators and denominator gives

a? —b> ab—b?

ab ab — a?

-(5-2)

ool Q

Thus, the correct answeris A.



5. If five geometric means are inserted between 8 and 5832, the fifth termin the
geometric seriesis:

A 648
B 832
c 1168
D 1944

E None of these answers

Solution:
There are six common-ratio steps from the first term 8 to the seventh term 5832. Thus

5 _ 5832

=729 = 3¢
8 b

q

so the positive commonratiois g = 3. The fiftthtermis
8¢* = 8- 3% = 648.

Thus, the correct answeris A.



6. Thevalues of y which will satisfy the equations

222 + 6z + 5y +1 =0,

2c+y+3=0

may be found by solving:

A P+ 14y—7=0

B 3’ +8y+1=0

c y+10y—7=0

D ¥+y—12=0

E None of the above equations
Solution:
From the second equation, z = — 3%3 . Substituting into the first equation and
multiplying by 2 gives

(y+3)° —6(y +3)
+10y +2 =0,
y? + 10y — 7 =0.

Thus, the correct answeris C.



7. Ifthedigit lis placed afteratwo digit numberwhose tens’ digitist, and units’ digitis
u, the new numberis:

A 10t+u+1

B 100¢ +10u+1
c 1000¢ + 10u + 1
D t4+u+1

E None of these answers

Solution:

The two digit numberis 10t + u. Placing 1 afterit produces

10(10t +u) + 1
— 100t 4 10u + 1.

Thus, the correct answeris B.



8. Iftheradius of acircleisincreased 100%, the areais increased:

A | 100%
B 200%
c 300%
D 400%

E By none of these

Solution:

Increasing r by 100% changes it to 2r. The area changes from 7r? to w(2r)% = 4mr?,
anincrease of 37r2. Thisis 300% of the original area.

Thus, the correct answeris C.



9. Theareaof the largest triangle that can be inscribed in a semicircle whose radiusis ris:

2

A T
B 3
c 2r?
D 2r3
E %73

Solution:

Atriangle in the semicircle has base at most the diameter 2r and altitude at most r.
Thereforeits areais at most

S @2r)(r) =1,

This bound is attained by using the diameter as the base and the topmost point of the
semicircle as the third vertex.

Thus, the correct answeris A.



" Afterrationalizing the numerator of , the denominatorin simplest formis:

V33
V3
A V3(V3+V2)

B V3(vV3-+2)
cC  3-43V2
D 3446

E None of these answers

Solution:
Multiplying by the conjugate of the numerator gives

V3-v2 V34412
V3 V3 +42
1

V3(v3+2)
1

3+

3

Thus, the correct answeris D.



en

M. [fintheformulaC = —
R+ nr

C:

,nisincreasedwhile e, R, andr are kept constant, then

A Decreases

B Increases

C Remains constant

D Increases and then decreases

E Decreases and thenincreases

Solution:

Rewrite the formula as

(&

C = .
%Jrr

As positive nincreases, % decreases, so the positive denominator decreases while
the numerator remains fixed. Therefore C'increases.

Thus, the correct answeris B.



12. Asthe number of sides of a polygonincreases from 3 to n, the sum of the exterior
angles formed by extending each side in succession:

A Increases

B Decreases

C Remains constant

D Cannot be predicted

E  Becomes(n — 3) straightangles

Solution:

Traversing the polygon and turning through each exterior angle makes one complete
turn. Hence the sumis always 360°, independent of the number of sides.

Thus, the correct answeris C.



13. Theroots of (22 — 3z + 2)(z)(z — 4) = Oare:

A 4
B Oand4
C land?2

D 0,1,2,and4

E 1,2,and4

Solution:
Sincex? — 3z + 2 = (z — 1)(x — 2), the equationbecomes
(x —1)(z — 2)z(xz — 4) = 0.

Itsrootsare 0, 1,2,and 4.

Thus, the correct answeris D.



14. For the simultaneous equations

2 — 3y = 8,
6y — 4x =9,

D There is no solution

E There are aninfinite number of solutions

Solution:

The left side of the second equationis —2(2z — 3y). If the first equation holds, that

expressionmust equal —2 - 8 = —16, but the second equation says it equals 9. This
contradiction means that no ordered pair satisfies both equations.

Thus, the correct answeris D.



15. The real factors of 2 + 4 are:
A (22 +2)(z2+2)
B (224 2)(2?—2)
c  z*(x®+4)
D (22— 2z + 2)(z% + 2z + 2)

E Non-existent

Solution:

Areallinear factor would give areal root. But 2 4 4 = 0implies > = —4, whichhas
no real solution. Therefore the polynomial has no real linear factors.

Thus, the correct answerisE.



16. The number of termsin the expansion of [(a + 3b)*(a — 3b)?] ? when simplified is:

A 4

B 5

cC 6

D 7

E 8
Solution:

Using the difference of squares,

[(a + 3b)*(a — 3b)%]”

= [(a2 — 962)2]2

= (a® — 9p*)*.
Its binomial expansion has one nonzero term for each exponent choice 0, 1, 2, 3, 4, so
it has five terms.

Thus, the correct answeris B.



17. The formula which expresses the relationship between x and y as shownin the
accompanying tableis:

8

o
—_
()
w
N

y | 100 |90 | 70|40 |0

A y=100— 10z
B y=100— 522

c y=100— 5z — 5z

D y=20—2x—z2

E None of these

Solution:

Atx = 1, choices Aand C both give 90, while B gives 95 and D gives 18. Testing the
two survivors at & = 2, choice A gives 80, whereas choice C gives

100 — 5(2) — 5(2%) = 70,

matching the table.

Thus, the correct answeris C.



18. Of the following
(1) a(z—-y) =az —ay
(2) a*Y=a"—aY
(3) log(z —y) =logz —logy

log x
logy

= logxz — logy
(5) a(zy) =ax X ay
A | Onlyland4aretrue
B = Onlylandbaretrue
C  Onlyland3aretrue
D  Onlyland2aretrue

E Onlylistrue

Solution:

T

Statement 1 is the distributive property. Statement 2 is false because a” ¥ = ‘;—y
Statement 3is false because log z — log y = log( %) Statement 4 confuses the

change-of-base quotient with a difference, and statement 5 has right side azwy, not
azry.

Thus, only statement 1 is true, so the correct answerisE.



19. If mmencando ajobind days, thenm + r mencando thejobin:

A | d+ rdays

B d— rdays

md

C days
m-+r

D days
m-+r g

E None of these

Solution:

The job requiresm - d = md man-days. Withm + r menworking at the same
individual rate, the required number of days is

md

m—i—7"

Thus, the correct answeris C.



20. When z!? + 1isdividedby 2 — 1, the remainderis:

A1
B -1
c 0
D 2

E None of these answers

Solution:

By the Remainder Theorem, the remainder upon divisionby x — 1is the value of the
polynomialatz = 1. Thisvalueis

1% 4+1=2.

Thus, the correct answerisD.



21. The volume of arectangular solid each of whose side, front, and bottom faces are 12
square inches, 8 square inches, and 6 square inches respectivelyis:

A | 576 cubicinches
B  24cubicinches
C | 9cubicinches

D = 104cubicinches
E None of these

Solution:

If the edge lengths are x, y, and z, then the three face areas are xy, yz,and rz.
Therefore

(zy2)” = (zy)(y2)(22)
— 1286 = 576.

Since the volumeis positive, zyz = /576 = 24 cubicinches.

Thus, the correct answeris B.



22. Successive discounts of 10% and 20% are equivalent to a single discount of:

A 30%
B 15%
c  T72%
D 28%

E None of these

Solution:

Starting from a price of 100, the first discount leaves 90. The second discount leaves
0.8(90) = 72.The total reductionis therefore 100 — 72 = 28, or 28%.

Thus, the correct answeris D.



23, . 1 , .
Aman buys a house for $10,000 and rentsit. He puts 12 5 % of each month’s rent aside

for repairs and upkeep; pays $325 a year taxes and realizes 55 % onhisinvestment.

The monthly rentis:

A $64.82
B $83.33
c $72.08
D $45.83
E  $177.08
Solution:

Let the monthly rent be r dollars. The yearly rentis 127, of which1 — 0.125 = %

remains after setting aside the upkeep money. The desired yearly returnis
0.055(10,000) = 550 dollars, so

g(m) — 325 = 550.

Hence 10.5r = 875, givingr = 83.3, whichis $83.33 to the nearest cent.

Thus, the correct answeris B.



24. The equationz + v/ — 2 = 4 has:
A | 2realroots
B | 1realandlimaginaryroot
C  2imaginaryroots
D Noroots

E 1realroot

Solution:
Isolating and squaring gives
ve—2=4—z,
r—2=(4—1z),
2> — 9z +18 = 0.

The quadratic roots are 3 and 6. The value 3 satisfies the original equation, but 6 gives
6 + v/4 = 8, soitis extraneous.

Thus, the correct answerisE.



25 (125)(625) .

" The value of logs -y equal to:
A | T25
B 6
c 3125
D 5

E None of these answers

Solution:
Since 125 = 52,625 = 5%,and 25 = 52,

(125)(625)
log; oF

— 10g5 (53+4—2)
= log;(5°) = 5.

Thus, the correct answerisD.



26. Iflog;, m = b — log;y n,thenm =

b
A —
n
B bn
C 10%n
D b— 10"
b
.
Solution:

Rearranging and using the product rule forlogarithms gives
log;ym + log,yn

= log,,(mn) = b.

10°
Thereforemn = 10°,som = —.
n

Thus, the correct answerisE.



27. Acartravels 120 miles from A to B at 30 miles per hour but returns the same distance
at 40 miles per hour. The average speed for the round trip is closest to:

A | 33mph
B 34mph
c  35mph
D 36mph
E 37 mph
Solution:

The total distance is 240 miles. The travel times are 4 hours and 3 hours, so the average
speedis
240 240
443 7

~ 34.29 mph.

Thisis closest to 34 mph.

Thus, the correct answeris B.



28. Two boys A and B start at the same time to ride from Port Jervis to Poughkeepsie, 60
miles away. A travels 4 miles an hour slower than B. B reaches Poughkeepsie and at
once turns back meeting A 12 miles from Poughkeepsie. The rate of A was:

A | 4mph
B 8 mph
C 12 mph
D 16 mph
E 20 mph
Solution:

At the meeting point, A has traveled 60 — 12 = 48 miles and B has traveled 60 +
12 = 72 miles. Since their travel times are equal, their speeds are in the ratio 48 :
72 =2:3.I1f A'sspeedisv,then B'sisv + 4, so

Thus 3v = 2v + 8,andv = 8 mph.

Thus, the correct answeris B.



29. Amanufacturer built a machine which willaddress 500 envelopes in 8 minutes. He
wishes to build another machine so that when both are operating together they will
address 500 envelopesin 2 minutes. The equation used to find how many minutes x it
would require the second machine to address 500 envelopes alone is:

A 8—x =2
1 1 1

B —+—=—
8 = 2
500 500

C — + — =500
8 T
T T
A |

D 373

E None of these answers

Solution:

The first machine completes % of a500-envelope batch per minute, and the second
completes % of abatch perminute. Togetherthey must complete % of abatch per
minute. Therefore the required equationis
1 n 1 B 1
8 =z 2

Thus, the correct answeris B.



30. From a group of boys and girls, 15 girls leave. There are then left two boys for each girl.
After this 45 boys leave. There are then b girls for each boy. The number of girls in the
beginning was:

A 40
B 43
c | 29
D 50

E None of these

Solution:

Let the original counts be G girls and B boys. The two conditions give
B =2(G — 15),
G — 15 = 5(B — 45).
Substituting the firstinto the second yields
G — 15 =5(2(G — 15) — 45)
= 10G — 375.

Hence 9G = 360,so0 G = 40.

Thus, the correct answeris A.



31. John ordered 4 pairs of black socks and some additional pairs of blue socks. The price
of the black socks per pair was twice that of the blue. When the orderwas filled, it was
found that the number of pairs of the two colors had beeninterchanged. This
increased the bill by 50%. The ratio of the number of pairs of black socks to the
number of pairs of blue socks in the original orderwas:

A 41
B 2:1
c 1:4
D 1:2
E  1:8
Solution:

Let a blue pair cost p, so ablack pair costs 2p, and let n be the original number of blue
pairs. The original billis (8 + n)p. After the quantities are interchanged, the billis
(2n + 4)p. The latteris 50% greater, so

3
2n+4=7(n+8).

Thusn = 16, and the original black-to-blueratiois4 : 16 =1 : 4.

Thus, the correct answeris C.



32. A25footladderis placed against a vertical wall of a building. The foot of the ladderis 7
feet from the base of the building. If the top of the ladder slips 4 feet, then the foot of
the ladder will slide:

A | 9ft
B 15 ft
C b5Hft
D 8ft
E | 4ft
Solution:

Theinitial heightis

V252 — T2 = /576 = 24 feet.

After the top slips, the height is 20 feet, so the new horizontal distance is
V252 — 202 = 15 feet. The foot therefore slides 15 — 7 = 8 feet.

Thus, the correct answerisD.



33. The number of circular pipes with aninside diameter of 1 inch which will carry the same
amount of water as a pipe with aninside diameter of 6 inchesiis:

A | 67

B 6

c 12

D 36

E 36w
Solution:

The ratio of the diametersis 6 : 1, so theratio of cross-sectional areas is
6%:1%=36: 1.

Thus 36 of the smaller pipes have the same total cross-sectional area as the larger
pipe.

Thus, the correct answeris D.



34. When the circumference of a toy balloonisincreased from 20 inches to 25 inches, the
radiusisincreased by:

A 5in
1
B 25 in
3
C —in
T
5 .
D —in
27
T in
E —i
5
Solution:

Because C' = 277, the changes satisfy

25 — 20 = 27T(T'new — Told)-

5)
Hence the radiusincreases by o inches.
7

Thus, the correct answerisD.



35. Intriangle ABC', AC' = 24inches, BC' = 10inches, AB = 26 inches. The radius of
the inscribed circleiis:

A 26in
B 4in
c 13in
D  &in

E None of these

Solution:
Since 10? + 242 = 262, the triangle isright. Its areais 5 (10)(24) = 120,andits
semiperimeteris m%ﬂ = 30.Using K = rs, theinradiusis
K 120
r = — = — = 4 inches.
S 30

Thus, the correct answeris B.



36. Amerchant buys goods at 25% off the list price. He desires to mark the goods so that
he can give a discount of 20% on the marked price and still clear a profit of 25% on the
selling price. What per cent of the list price must he mark the goods?

A 125%
B 100%
c  120%
D 80%
E 75%
Solution:

Let the list and marked prices be L and M. The merchant’s costis 0.75 L, while the
selling price after the discountis 0.8 M . A profit equal to 25% of the selling price
means that the cost is the remaining 75% of that price. Therefore

0.75L = 0.75(0.8M) = 0.6M.

Thus M = 1.25L, or 125% of the list price.

Thus, the correct answeris A.



37. Ify = log, ,a > 1, which of the following statements s incorrect?
A Hfxz=1y=0
B Ifr=ay=1
C If x = —1,yisimaginary (complex)

If O<x<1,yis alwaysless than 0 and decreases without limit as ¢ approaches
zero

E Only some of the above statements are correct

Solution:

We havelog, 1 = 0andlog, a = 1. Areallogarithmis not defined at —1, thoughits
complexvalues are nonreal. Fora > 1,log, z < 0on0 < z < 1,andittendsto —oo
as x approaches 0 from the right. Thus statements A through D are all correct, making
the claim that only some are correct the incorrect statement.

Thus, the correct answerisE.



38. If the expression

a ¢

d b

has the value ab — cd for all values of a, b, ¢, and d, then the equation

2¢ 1
T T

=3

A Is satisfied foronly 1 value of x

B Is satisfied for 2 values of x

C |s satisfied forno values of x

D |s satisfied for an infinite number of values of

E None of these

Solution:

The givenrule turns the equationinto

(2z)(z) — (1)(z) = 3,

or2z? — x — 3 = 0.Factoring gives (2z — 3)(z + 1) = 0, whose two distinct

solutionsarex = %andm = —1.

Thus, the correct answeris B.



1 1
39. Giventheseries2 + 1 + B + 1 + - - -and the following five statements:

(1) the sumincreases without limit.
(2) the sum decreases without limit,

(3) the difference between any term of the sequence and zero can be made less than
any positive quantity no matterhow small.

(4) the difference between the sum and 4 can be made less than any positive quantity
no matter how small.

(5) the sum approaches a limit.

Of these statements, the correct ones are:

A | Only3dand4

B Onlyd

C Only2and4

D | Only2,3,and4

E Only4dandb

Solution:

The partial sumsincrease toward

so they neitherincrease nor decrease without limit. This makes statements 1 and 2
false, while statements 4 and 5 are true.

In statement 3, “any term” refers to an already selected term, whose distance from
zerois fixed and cannot be made smaller; one caninstead choose a sufficiently late
term below any prescribed positive bound. Thus statement 3, as worded, is false.

Therefore only statements 4 and b are correct, so the correct answeris E.



x?—1

40. The limit of 1 as x approaches1asalimitis:

w_

B Indeterminate

C r—1
D 2
E 1
Solution:
Forx #£ 1,
2—1 (z—1)(z+1)
z—1 rz—1
=x+ 1.

Therefore the limit as ¢ approacheslis1 + 1 = 2.

Thus, the correct answeris D.



41. The least value of the function az? + bz + cwitha > 0Qis:

b
A -
a
b
B - -
2a
C b2 — dac
4ac — b2
D - -
4a
E None of these
Solution:

Completing the square gives

b 2
a:c2+ba:+c:a(:1:+—)
2a

b2

+c— —.

4q

Becausea > 0, the squared term has minimum 0. The least value is therefore

C— — =

b2 4ac — b2
4a 4a

Thus, the correct answeris D.



The equationz® = 2issatisfled when xis equal to:

A Infinity

c V2
D 2

E None of these

Solution:

Let the value of the infinite tower be T'. Removingits bottom x leaves the same tower
asthe exponent,soT = zT.Since T = 2, we obtain

2 =2x°.

The positive base is thereforex = \/5, forwhich the toweris convergent.

Thus, the correct answerisD.



43. The sum to infinity of l + 3 + l + 3 + is:
R RN TR '

1
A —
5
1
B R
24
c 5
48
5 1
16

E None of these

Solution:

Grouping consecutive terms gives a geometric series whose first grouped termis

1 2 9

749 49

andwhoseratiois 4—19. Hence the sumis

Thisis notamong choices Athrough D.

Thus, the correct answerisE.



44. The graphofy = log
A Cuts the y-axis
B Cuts alllines perpendicular to the xz-axis
C Cuts the z-axis
D Cuts neither axis

E Cuts all circleswhose centeris at the origin

Solution:

Sincelog 1 = 0, the graph passes through (1, 0) and therefore cuts the z-axis. It
cannot cut the y-axis because z = 0is outside its domain.

Thus, the correct answeris C.



45. The number of diagonals that canbe drawnin a polygon of 100 sides is:

A 4850
B = 4950
c 9900
D 98
E 8800
Solution:
There are (130) segments joining pairs of vertices. Exactly 100 of these are sides, so

the number of diagonalsis

(1(2)()) — 100 = 4950 — 100

= 4850.

Thus, the correct answeris A.



46. Intriangle ABC,AB = 12, AC = 7,and BC' = 10.If sides AB and AC are
doubled while BC remains the same, then:

A The areais doubled

B The altitude is doubled

C The areais fourtimes the original area
D The medianis unchanged

E Theareaofthetriangleis0

Solution:

The new side lengths are 24, 14, and 10. Because
14 4+ 10 = 24,

they form a degenerate triangle: all three vertices are collinear. Its area is therefore 0.

Thus, the correct answerisE.



47. Arectangle inscribedin a triangle has its base coinciding with the base b of the
triangle. If the altitude of the triangle is h, and the altitude x of the rectangle is half the
base of therectangle, then:

A r=-h
5 | 5o O
" b+h
bh
cC r=——
2h +b
o gy
TV
E r=-b
Solution:

By similarity, the width of the triangle at height z above its baseis b(1 — £). Thisis the
base of theinscribedrectangle. Since therectangle’s altitude is half its base, its base

is2x.Hence
T
2 :b(l——).
v h

bh
Multiplying by h and solving gives ¢(2h + b) = bh,sox =

2h+b

Thus, the correct answeris C.



48. Apointis selected atrandominside an equilateral triangle. From this point
perpendiculars are dropped to each side. The sum of these perpendiculars is:

A Least when the pointis the center of gravity of the triangle
B Greater than the altitude of the triangle

C Equal to the altitude of the triangle

D One-half the sum of the sides of the triangle

E Greatest when the pointis the center of gravity

Solution:

Let the equilateral triangle have side length s and altitude h, and let the three
perpendiculardistances be dq, ds, d3. Splitting the triangle at the interior point gives

1 1
§S(d1 + dy + d3) = §Sh

Therefore d; + ds + d3 = h,independent of the selected point.

Thus, the correct answeris C.



49. Atriangle has a fixed base AB thatis 2 incheslong. The median from A to side BC'is

15 inches long and can have any position emanating from A. The locus of the vertex C'

of the triangleis:

1
A Astraightline AB’1§ inches from A

B A circle with A as center and radius 2 inches
C A circle with A as center and radius 3 inches
D A circle with radius 3 inches and center 4 inches from B along BA

E  Anellipsewith A as focus

Solution:

Put A at the originandregard B, C, and the midpoint M of BC' as vectors. Since
AM = %,the point M moves on a circle of radius % centered at A. The midpoint
relation gives

C=2M — B.
Thus the locus of C'is the image of that circle under a dilation by 2 followed by

translationby — B. Itis acircle of radius 3 centered at —B.

Because AB = 2, the point —Bis 4 inches from B along the ray BA. Hence the
correctanswerisD.



50. A privateer discovers a merchantman 10 miles to leeward at 11:45 a.m. and with a
good breeze bears down upon her at 11 mph, while the merchantman can only make 8
mphinherattempt to escape. After atwo hour chase, the top sail of the privateeris
carried away: she can now make only 17 miles while the merchantman makes 15. The
privateer will overtake the merchantman at:

A | 3:45p.m.
B | 3:30p.m.
c 5:00p.m.
D 2:45p.m.
E 5:30p.m.
Solution:

During the first two hours, the privateer gains
2(11 — 8) = 6 miles,

reducing the gap from 10 miles to 4 miles at 1:45 p.m.

Afterthe damage, the ships’ speeds areintheratio 17 : 15. Since the merchantman

still travels at 8 mph, the privateer's new speedis § - % = 136 mph. The closing speed

T5
136 g _ 16

istherefore mph, so closing the remaining gap takes

15 15
4 15 3
% = Z = 31 hOUI‘S.

Adding 3 hours 45 minutes to 1:45 p.m. gives 5:30 p.m.

Thus, the correct answerisE.



Problems: https://live.poshenloh.com/past-contests/amc12/1950

OO0
o




