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1. Theinstructions ona350-grambag of coffee beans say that proper brewing of alarge
mug of pour-over coffee requires 20 grams of coffee beans. What is the greatest
number of properly brewed large mugs of coffee that can be made from the coffee
beansinthat bag?

A 16
B 17
c 18
D 19
E 20
Solution:

Each mug needs 20 grams, so we divide: 350/20 = 17.5. Ahalf mugisn'tamug, so
round down. That leaves 17. Thus, Bis the correct answer.



2. Jerrywrote down the ones digit of each of the first 2025 positive squares:
1,4,9,6,5,6,...Whatisthe sum of all the numbers Jerry wrote down?

A 9025
B 9070
c | 9090
D 9115
E 9160
Solution:

The ones digit of n? depends only on the ones digit of n, so the listrepeats every 10
terms:1,4,9,6,5,6,9,4,1,0. One block sumsto45. Now 2025 = 202 - 10 + 5, so
we get 202 full blocks plus the first five terms: 202 - 45 + (1+44+ 946 + 5) =
9090 + 25 = 9115. Therefore, the answerisD.



3. APascal-like triangle has 10 as the top row and 10 followed by 1 as the second row. In
each subsequentrow the first numberis 10, the last numberis 1, and, asin the
standard Pascal triangle, each othernumberin the row is the sum of the two numbers
directly above it. The first four rows are shown below.

10
10 1
10 11 1
10 21 12 1

What is the sum of the digits of the sum of the numbersin the 11th row?

A 11
B | 13
c 14
D 16

E 17



4,

Solution:

Let S, be the sum of rown. Eachentryinrown — 1feeds the two entries just belowit,
and the fixed border numbers 10 and 1 exactly make up for the termslost at the edges.
So S, =28, 1 forn > 3.With Sy = 11, thisgives S,, = 11 -2"2.s05;; = 11 -

29 = 5632. Its digitssumto5 + 6 + 3 + 2 = 16. Thus, Dis the correct answer.

The value of the two-digit number a bin base seven equals the value of the two-digit
numberb ainbase nine. Whatisa + b?

A 7

B 9

c 10

D 11

E 14
Solution:

By place value, a bin base sevenis 7a + b,and b ainbase nineis 9b + a. Set them
equal:7Ta + b = 9b + a,so6a = 8b, thatis 3a = 4b. The digits have to fit, witha < 6
andb < 8, andthe only pairthatworksisa = 4,b = 3.Soa + b = 7. Therefore, the
answerisA.



5.

INnANABC,AB = 10, AC = 18,and ZB = 130°. Let O be the center of the circle
containing points A, B, and C'. What is the degree measure of ZC AO?

A 20
B | 30
c 40
D 50
E 60
Solution:

Since O is the circumcenter, OA = OB = OC.Theinscribed angle /B = 130°
subtends arc AC, and because B is obtuse, the central angleis ZAOC = 360° —
2 -130° = 100°. Triangle OAC' isisosceles,so ZCAO = M = 40°.(The
lengths AB and AC never enter.) Thus, Cis the correct answer.



6. Theliney = %w + 1 divides the squareregiondefinedby 0 < & < 2and0 <y < 2
into anupperregionand alowerregion. Theline x = a divides the lowerregioninto
two regions of equal area. Then a can be written as 4/s — ¢, where s and t are positive
integers. Whatis s + t7

A 18
B 19
c 20
D 21
E 22
Solution:

The lowerregion has area f02 (% + 1) der = % + 2= %.The slicewith) < x < qaisa
trapezoid of areaa + %.We want that to be half the total, namely %, soa® + 6a —

8 = 0anda = —3 + V/17.Thens = 17,t = 3,and s + ¢t = 20. Therefore, the
answeris C.



7. Francesstands 15 meters directly south of alocked gate in afence thatruns east-
west. Immediately behind the fence is a box of chocolates, located x meters east of
the locked gate. An unlocked gate lies 9 meters east of the box, and another unlocked
gate lies 8 meters west of the locked gate. Frances canreach the box by walking
toward an unlocked gate, passing throughit, and walking toward the box. It happens
that the total distance Frances would travel would be the same via either unlocked
gate. Whatis the value of 7
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Solution:

Put the fence on the z-axis, the locked gate at the origin, and Frances at (0, —15).
Thenthe boxisat (z,0),the east gate at (z + 9, 0), and the west gate at (—8,0). The
eastrouteis v/ (z + 9)2 + 152 + 9; the westrouteis /8% + 152 + (z + 8) = 17 +
x + 8. Setthemequal: \/ + 9)2 + 225 = z + 16. Square and simplify to get

18z 4 306 = 32z + 256,s0x = % = 2—75 = 3$.Thus,C|s the correct answer.




8. Emmy says to Max, "l ordered 36 math club sweatshirts today." Max asks, "How much
did each shirt cost?" Emmy responds, "I'll give you a hint. The total cost was

was a good price." Whatis A + B?

AT

B | 8

C 11

D 14

E 15
Solution:

In cents the totalis 100004 + 1000B + 100B + 10B + A = 100014 + 1110B.
Split evenly among 36 shirts, soiit's divisible by 36. Now 10001 = 29and 1110 = 30
(mod 36),soweneed29A4 + 30B = 0, whichreducesto7A4 + 6B = 0 (mod 36).
The only digit solutionwith A # 0is A = 6, B = 5,since7-6 + 6 - 5 = 72.That's
$655.56, or $18.21 a shirt,so A + B = 11.Therefore, the answeris C.



9. How many ordered triples of integers (z, y, z) satisfy the following system of

inequalities?
—x—y—2< =2
—r+y+z<2
T—y+z<2
z+y—2<2

A 4

B 8

c 11

D 15

E 17

Solution:

letp=—x+y+2,9q=—y+ 2,7 =+ y — z.Thelast three inequalities say
p,q,r < 2,thefrstsaysz +y + 2z > 2,andp+q+7 =z +y + 2.Sincex = -
andsoon, p, q, r must all share the same parity. Now count triples with each part < 2,
equal parity, and sumin [2, 6]. The even ones are (2, 2, 2), the permutations of
(2,2,0),0f(2,0,0),and of (2,2, —2), giving 10. The only odd oneis (1,1, 1). That's
11inall, and eachyields a unique (z, y, z). Thus, C is the correct answer.



10. Let f(n) = n® — 5n% + 2n + 8,andletg(n) = n® — 6n? + 5n + 12. Whatis the

sum of allinteger values of i for which isalso aninteger?

g(n)
A 2
B 3
c 4
D b5
E 6
Solution:

Factor both cubics: f(n) = (n+ 1)(n — 2)(n —4)andg(n) = (n+ 1)(n —
3)(n —4).Away fromn € {—1, 3,4}, where g vanishes or theratioiis §, the common
fln) _n—-2

— — 14+
gn) n-3 n—
3 =41,son = 2orn = 4.Butn = 4kills g,soonlyn = 2 survives, and the sumis 2.

factors cancel and 3" That's anintegeronly whenn —

Therefore, the answeris A.



11. OnMonday, 6 students went to the tutoring center at the same time, and each one
was randomly assigned to one of the 6 tutors on duty. On Tuesday, the same 6
students showed up, the same 6 tutors were on duty, and the students were again
randomly assigned to the tutors. What is the probability that exactly 2 students met
with the same tutorboth Monday and Tuesday?

1
A —_
16
3
B —_
16
c 1
4
5 3
8
1
E —_
2
Solution:

Eachday's assignment is a permutation of the 6 students among the 6 tutors.
Comparing the two days, the numberwho keep the same tutoris the number of fixed

pointsof 7 = ﬂ%&eﬂ'Mon, itself a uniformly random permutation of 6 elements. We

want exactly 2 fixed points, so choose those 2in (g) ways and derange the other4,

()Ds 15-9 3 .
— — —.Thus, Bisthe correct

here D, = 9. The probability is =
W : Probadiity’s =6 720 16

answer.



12. The figure below shows an equilateral triangle, arhombus with a 60° angle, and a
regular hexagon, each of them containing some mutually tangent congruent disks. Let
T, R,and H,respectively, denote the ratio in each case of the total area of the disks
to the area of the enclosing polygon.

Which of the followingis true?

A T=R=H
B H<R=T
C H=R<T
D H<R<T

E H<T<R

Solution:

Take the triangle with side s. Three disks of radius r give s = 27 (1 + \/5),soT =

3mr? 2v/3 -3
r = ( V3 ) ~ 0.73. Forthe rhombus with side a, the two disks sit on

VBas 2
272 /3

the long diagonalav/3 = 6r,sor = -%= and R = = ~ 0.60. For
9199 ! 23 (@v3/2) 9
the hexagon with side a, each of the six disks touches a side atits midpoint, again

6mr? 3
givingr = ﬁ and H = r = V3 ~ 0.60.So H = R < T.Therefore,

(3v/3/2)a? 9

the answeris C.



13. The altitude to the hypotenuse of a 30-60-90° right triangle is divided into two
segments of lengths x < y by the median to the shortest side of the triangle. What is

the ratio ?
Tty
3

A —
7

s V3
4
4

C —_
9

5 5
11

e | 43
15

Solution:

Place therightangleat C' = (0, 0), the shortleg CB = 1with B = (1,0),and the
longleg CA = /3 with A = (0, v/3). The altitude from C'to hypotenuse AB has

foot H = <§ i) andrunsalongz = \fy The median from A to the midpoint

11
(%, O) of CB meets that altitude at (%, */7—> This cuts C'H (length f) into 4‘[ and
T 3 14 3
3v3 soxr = 3v3 and = \/_/ — —.Thus, Aisthe correct answer.

14 14 x_|_y_ \/5/2 7



14. Nine athletes, no two of whom are the same height, try out for the basketball team.
One at atime, they draw a wristband at random, without replacement, from a bag
containing 3 blue bands, 3 red bands, and 3 green bands. They are divided into a blue
group, ared group, and a green group. The tallest member of each group is named the
group captain. What is the probability that the group captains are the three tallest
athletes?

®lw Wik Bl NI O

Solution:

The captains are the three tallest exactly when those three land in three different
groups, since eachis then the tallest of its own group. Drop theminto the 9 slots one at

atime (3 per group). The second tallest misses the first's group with probability g, and

the third misses both with probability 2. So the probabilityis $ - 2 = 2. Therefore,

the answeris C.



15. The sum

> 1
> e
| + 6k2 + 8k

a
canbe expressed as —, where a and b are relatively prime positive integers. What is

b

a+b?

A 89

B 97

C 102

D 107

E 129
Solution:

Factork® + 6k? + 8k = k(k + 2)(k + 4), then splitinto partial fractions:
1 s 14 18
k(k+2)(k+4) k k+2 k+4

. Summing over all k, the coefficient of %

%. Soa + b =11+ 96 = 107. Thus, Dis the correct answer.



16. Acircle has beendivided into 6 sectors of 6 different sizes. Then 2 of the sectors are
paintedred, 2 painted green, and 2 painted blue so that no two neighboring sectors
are painted the same color. One such coloring is shown below.

How many different colorings are possible?

A 12

B | 16

c 18




17.

D 24

E 28

Solution:

The six unequal sectors form a fixed cycle of 6 distinguishable positions, so we want
proper 3-colorings of a 6-cycle that use each color exactly twice. A 6-cycle has 26 +
2 = 66 proper 3-colorings altogether. Of these, 6 use only two colors (type (3, 3, 0))
and 36 use one color three times (type (3, 2, 1)). That leaves 66 — 6 — 36 = 24.
Therefore, the answerisD.

Consider adecreasing sequence of n positiveintegersx; > 9 > 3 > -+ > x,
that satisfies the following two conditions. The average (arithmetic mean) of the first 3
termsin the sequenceis 2025. Forall4 < k < n,the average of the first k termsinthe
sequenceis 1 less thanthe average of the first k — 1 termsinthe sequence.

What is the greatest possible value of n?

A | 1013
B 1014
c 1016
D 2016
E 2025
Solution:

Let Ak be the average of the first k terms. Then As = 2025 and Ax = Ax—1 — 1for

k > 4,s0 Ay = 2028 — k. The partial sumis Sy, = k(2028 — k),andfork > 4the
termsarex = Sy — Sk_1 = 2029 — 2k, namely x4 = 2021, x5 = 2019, ....These
stay positive aslongas 2029 — 2k > 0, thatisk < 1014, withx1914 = 1. We can pick
the first three terms as decreasing integers above 2021 summing to 6075,son =
1014 isreachable. Thus, Bis the correct answer.



18. What s the ones digit of the sum |v/1] + [v/2] + [V/3] + -+ + [1/2024] +
|v/2025 7 (Recallthat | | denotes the greatestintegerless than orequal to z.)

A1

B 2

c 3

D 5

E 8
Solution:

Foreachm, |v/n| = monthe2m + lintegersm? < n < (m + 1) — 1. Since
v/2025 = 45,thetermswith1 < m < 44 contribute Zile m(2m + 1),andn =
2025 tacks on45. That sumis Ziﬁzl(2m2 +m) =2 P8 4 2D — 58740 +
990 = 59730, so the totalis 59775. Its ones digitis 5. Therefore, the answeris D.




19. Acontainerhasal x 1squarebottom,ad X 3 opensquare top, and four congruent
trapezoidal sides, as shown. Starting when the containeris empty, a hose that runs
water at a constant rate takes 35 minutes to fill the container up to the midline of the
trapezoids.

How many more minutes will it take to fill the remainder of the container?

A T0
B &5
c 90
D 95
E 105

Solution:



The containeris a square frustum: a horizontal slice at height fractiont has side 1 + 2t.
Extend the sides up to their apex, and the volume out to where the side lengthis w
scales asw3. So the whole containeris 33 — 13 = 26 parts, the piece up to the midline
(side 2)is 23 — 13 = Tparts, and therestis 33 — 23 = 19 parts. Those 7 parts take 35

minutes, so each partis 5 minutes. The remaining 19 parts take 95 minutes. Thus, Dis
the correct answer.



20. Four congruent semicircles are inscribed in a square of side length 1 so that their
diameters are on the sides of the square, one endpoint of each diameteris at a vertex
of the square, and adjacent semicircles are tangent to each other. A small circle
centered at the center of the square is tangent to each of the four semicircles, as
shown below.

The diameter of the small circle can be written as (1/a + b)(y/c + d), where a, b, c,
andd areintegers. Whatisa + b+ ¢ + d?

A 3




C 8

D 9

E 11
Solution:

Let each semicircle have radius p, with centerslike (p, 0) and (1, p). Adjacent

semicircles are tangent, so these centers are 2p apart: (1 — p)? + p? = 4p%. This
gives2p?> +2p—1=0,s0p = %.The small circle of radius ¢ sitsat (3, 1) , and
it'stangent to a semicircle whenits distance to that centerequals p + t. That distance

isvV2— /3,50t =12 — \/g—p,andthediameteris% =v6-v2—-V3+
1=(3-1)(vV2—-1).Soa+b+c+d=3+(—1)+2+ (—1) = 3. Therefore,
the answerisA.



21. Eachofthe 9squaresina3d x 3 gridistobe coloredred, blue, oryellowin such away
that eachred square shares an edge with at least one blue square, each blue square
shares an edge with atleast one yellow square, and each yellow square shares an
edge with atleast one red square. Colorings that can be obtained from one another by
rotations and/orreflections are to be considered the same. How many different
colorings are possible?

A3

B 9

c 12

D 18

E 27
Solution:

Therules chaininacycle: every red touches a blue, every blue touches a yellow, every
yellow touches ared. Enumerate the labeled 3 x 3 grid, and exactly 84 colorings meet
all three edge conditions. Group these into orbits under the 8 symmetries of the
square, fourrotations and fourreflections, and 12 distinct colorings remain. Thus, Cis
the correct answer.



22. Aseven-digit positive integeris chosen atrandom. What is the probability that the
numberis divisible by 11, given that the sum of its digitsis 617

3
A —_
14
3
B —_
11
2
C —
7
4
D —_
11
3
E —
7
Solution:

Adigitsumof 61 = 63 — 2 means all seven digits are 9 except for a total deficit of 2,

which gives (236) = 28 numbers. For divisibilityby 11weneedO — E =0

(mod 11), where O sums the 4 odd-position digits and E the 3 even ones. Write the

deficitsasdp + dg = 2.ThenO — E =9 —dp + dg = 11 — 2dp,amultiple of 11

onlywhendp = 0. So all of the deficit 2 falls on the 3 even positions, giving (2;2) =6

ways. The probability is % = 13—4. Therefore, the answeris A.



23. Arectangular grid of squares has 141 rows and 91 columns. Each square has room for
two numbers. Horace and Vera each fillin the grid by putting the numbers from 1
through 141 x 91 = 12,831 into the squares. Horace fills the grid horizontally: he puts
1 through 91 in order fromlefttorightintorow 1, puts 92 through 182 intorow 2in
order fromleft to right, and continues similarly through row 141. Vera fills the grid
vertically: she puts 1 through 141 in order from top to bottominto column 1, then 142
through 282 into column 2 in order from top to bottom, and continues similarly
through column 91. How many squares get two copies of the same number?

AT
B 10
C 11
D 12
E 19
Solution:

Atrow i, column j, Horace writes 91(¢ — 1) 4 j and Verawrites 141(j — 1) + . Set
them equal and simplify toget9: — 145 = —5,s01% = 1439_5,an integer exactly when
j =1 (mod9).Forj =1,10,19,...,91,that's 11 values,and i runs
1,15,29,...,141, allwithinrange. So 11 squares match. Thus, Cis the correct

answer.




24. Afrog hops along the numberline according to the following rules. It starts at 0. If itis
at 0, thenit moves to 1 with probability % and it disappears with probability % Forn =
1,2, 0r3,ifitisatn, thenitmoveston 4 1 with probability }l, itmoveston — 1 with
probability %, and it disappears with probability %

What is the probability that the frog reaches 47

A 1
101
5 1
100
1
C S
99
1
D —_
98
1
E -
97
Solution:

Let p,, be the probability of reaching 4 from position n, withps = 1. The rules give

Po = 3P1,P1 = gPo + 3P2,P2 = 3P1 + 3P3,andps = gpa + 7. Workupward;

p1 = %p2 andps = %pgj.These unwindto ps = %,m = 9—77,291 = 92—7,and finally

Do

91—7 . Therefore, the answerisE.



25.



Square ABC' D has sides of length 4. Points P and Q lieon AD and C'D,
respectively, with AP = g and D@ = 1—30. Apath begins along the line segment from
P to Q and continues by reflecting against the sides of ABC' D (with congruent

incoming and outgoing angles), as shownin the figure. If the path hits a vertex of the
square, thenit terminates there; otherwise it continues forever.

D C

P

A B

At which vertex does the path terminate?

Al A

B B



c C
D D

E The path continues forever.

Solution:

Place A = (0,0),B = (4,0),C = (4,4),D = (0,4),s0P = (0,%)and Q =
(12,4) . Theinitial directionis (12, 12) || (25, 18). Unfold the billiard into a grid of
reflected copies and follow the straight line from P. It reaches a corner where 25t and
% + 18t are both multiples of 4, and the first such corneris the unfolded point
(20,16) = (4 -5, 4 - 4). Crossing 5 cells across (odd) putsit onthe side z = 4, and 4

cellsup (even) putsitony = 0.That'svertex (4,0) = B.Thus, Bis the correct answer.

Problems: https://live.poshenloh.com/past-contests/amc10/2025B

[=] 251, [m]

[a]



