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1. Inalongline of people, the 1013th person from the leftis also the 1010th person from
the right. How many people are inthe line?

A 2021
B 2022
c 2023
D 2024
E 2025
Solution:

There are 1012 people to the left of this spot and 1009 to the right. Add those two
groups plus the person themselves: 1012 + 1009 + 1 = 2022. Or, just as fast, the
two positions overlap onone person,so 1013 + 1010 — 1 = 2022. Thus, Bisthe
correctanswer.



2. Whatis10! — 7!.6!?7

A —120

B O

c 120

D 600

E 720
Solution:

Write10! =10-9-8-7!' =720 7!.But 720 = 6!too,so 10! = 6! - 7! = 7! . 6!.The
two terms are the same. That makes 10! — 7! - 6! = 0. Therefore, the answeris B.

3. Forhowmanyintegervalues of zis |2z| < Tw?

A 16
B 17
c 19
D 20
E 21
Solution:

Divide by 2to get |z| < 3.5 & 10.996. The integers that fit run from —10 up to 10,
andthere are 21 of them. Thus, Eis the correct answer.



4. Ballsnumbered1l,2,3,...areplacedinbins A, B, C, D, and E so that the first ball is
placedin A, the nexttwo are placedin B, the next three are placedin C, the next four
areplacedin D, the next five are placedin E/, and then the next sixgoin A, etc. For
example, 22,23, ...,28 are placedin B. Which bin contains ball 20247

A A
B B
c C
D D
E FE
Solution:

Group g holds g balls, so the first g groups swallow @ of them. Now % = 2016
and % = 2080, which puts ball 2024 in group 64 (balls 2017 through 2080). The bins
cycle A, B,C, D, E,sogroup g landsinbinnumber (g — 1) mod 5. Forg = 64
that's63 mod 5 = 3, bin D. Therefore, the answerisD.



5. Inthefollowing expression, Melanie changed some of the plus signs to minus signs:

14+3+54+7+--+97+99

When the new expression was evaluated, it was negative. What is the least number of
plus signs that Melanie could have changed to minus signs?

A 14
B 15
c 16
D 17
E 18
Solution:

The fullsumis1 + 3 + - - - + 99 = 502 = 2500. Flipping a term ¢ drops the total by 2t,
so to go negative the flipped terms have to add up to more than 1250. The greedy
move is to flip the biggest odd numbers: flipping the top k gives 99 4+ 97 + - - - =
k(100 — k). Wewant k(100 — k) > 1250. Atk = 14it'sonly 1204, butatk = 15it
jumpsto 1275. So 15 flips doit. Thus, Bis the correct answer.



6. Arectangle hasintegerside lengths and an area of 2024. What is the least possible
perimeter of the rectangle?

A 160
B 180
c 222
D 228
E 390
Solution:

The perimeter 2(£ + w) with fw = 2024 is smallest when £ and w are as close

together as possible. Factor2024 = 23 - 11 - 23. The divisor pair nearest v/ 2024 ~
45is44 x 46, which gives perimeter 2(44 4 46) = 180. Therefore, the answeris B.

7. Whatis the remainder when 72024 4 72025 | 72026 5 qivided by 19?

A O

B 1

c 7

D 11

E 18
Solution:

Pull out the common power: 72024 72025 4 72026 — 72024(1 4 7 4 49) = 72024. 57,
And b7 = 3 - 19, so the productis a multiple of 19. The remainderis 0. Thus, Ais the
correctanswer.



8. Let N bethe product of allthe positive integer divisors of 42. What is the units digit of

N?

A0

B 2

c 4

D 6

E 8
Solution:

Since42 = 2-3 - Thas (1 + 1)3 = 8divisors, we can pair each divisor with its
complement, so N = 428/2 = 42%. Only the units digit matters, and 2¢ = 16 endsin
6, s0 424 does too. Therefore, the answer s D.



9. Realnumbersa, b, and chave arithmetic mean 0. The arithmetic mean of a2, b?, and c?
is 10. What is the arithmetic mean of ab, ac, and bc?

A -5
10
B -
3
o 10
9
D 0
c 10
9
Solution:

Themeanstellusa + b + ¢ = 0anda? + b% + ¢ = 30. Square the first: (@ + b +
c)?=a?+b*+c2+2(ab+ bc+ ca),s00 = 30 + 2(ab + bc + ca) and ab +
bc 4+ ca = —15.Theirmeanis —15/3 = —5.Thus, Ais the correct answer.



10. Quadrilateral ABC' D is a parallelogram, and E is the midpoint of the side AD. Let F'
be the intersection of lines EB and AC'. What is the ratio of the area of quadrilateral
CDEF tothe area of triangle CFB?

A 5:4
B 4:3
c  3:2
D 5:3
E 2:1
Solution:

Arearatios don't change under an affine map, so drop in convenient coordinates:

A =(0,0),B = (1,0),C = (1,1), D = (0,1),whichmakes E = (0, 1).Line AC'is
y = z,andline EB runs from (0, 3) to (1, 0); they cross at F' = (3, 3). The shoelace
formula gives quadrilateral C D E'F area % andtriangle CFB area % Sotheratiois

% : % = 5 : 4. Therefore, the answeris A.



1. Inthe figure below W XY ZisarectanglewithW X = 4and W Z = 8. Point M lies
on XY ,point AliesonY Z,and /W M Ais aright angle. The areas of AW XM and
AW AZ are equal. Whatis the areaof AW M A?

W Z
A
[ L J

X M Y
A 13
B 14
c 15
D 16
E 17
Solution:

SetX =(0,0),Y = (8,0),W = (0,4),Z = (8,4),soM = (m,0)and A =
(8,a).Therightangle means MW - MA — 0, which gives —m(8 — m) + 4a = 0,
thatism(8 — m) = 4a.Equal areas [W XM] = 2mand [W AZ] = 4(4 — a) force
m = 8 — 2a,s0a = 35, Substitute backand (8 — m)(2 — m) = 0.Taking M #
Y leavesm = 2anda = 3.Then [ WMA| = 32 — [WXM] — [MY A] —

[AZW] =32 — 4 — 9 — 4 = 15.Thus, Cis the correct answer.



12. Agroup of 100 students from different countries meet at a mathematics competition.
Each student speaks the same number of languages, and, for every pair of students A
and B, student A speaks some language that student B does not speak, and student
B speaks some language that student A does not speak. What is the least possible
total number of languages spoken by all the students?

A 9

B 10

C 12

D 51

E 100
Solution:

Give each student the set of languages they speak. The condition says no one's set
sitsinside another's. Everyone speaks the same number k of languages, and two
distinct k-element sets can never contain each other, so allwe needis 100 different k
-subsets of the nlanguages, i.e. (Z) > 100. Withn = 8the best we canmanageiis
(Z) = 70, short of 100. But (Z) = 126 > 100. So 9languages are both enough and
necessary. Therefore, the answeris A.



13. Positive integers x and y satisfy the equation y/x + VY = v/ 1183. Whatis the
minimum possible value of  + y?

A | 585
B 595
c 623
D 700
E 791
Solution:

Since 1183 = 7- 169 = 7 - 132, we have /1183 = 13+/7.Square y/z + /y =
13/Ttogetz +y + 2,/zy = 1183. So ,/zyisrational, whichforces each of z, y to
be T7times aperfectsquare: z = 7a?,y = 7b? witha +b = 13.Nowz +y =

7(a® + b?), smallest when a and b are as equal as we can make them. Takea = 6,b =
Tfor7(36 + 49) = 595. Thus, Bis the correct answer.



14. Adartboard s the region B in the coordinate plane consisting of points (, y) such
that|z| + |y| < 8.Atarget T'is theregionwhere (22 + y? — 25)% < 49.Adartis
thrown at arandom pointin B. The probability that the dartlandsinT' can be

m
expressed as —m, where m and n are relatively prime positive integers. Whatism +
n

n?
A 39
B 71
c 73
D 75
E 135
Solution:

Bisthe square |z| + |y| < 8,witharea?2 - 82 = 128. The target condition (2% +
y? — 25)% < 49unpacksto|z? + y? — 25| < 7,thatis 18 < z? + 3% < 32,an
annulus of area (32 — 18) = 14m. Doesit fitinside B? The distance from the origin

toanedgex + y = 8is % = 44/2 = /32, exactly the outer radius, so yes, the
147

annulus sits inside the square. The probability is 355 = 61477, givingm +n = 71.
Therefore, the answeris B.



15. Alist of 9real numbers consistsof 1,2.2,3.2,5.2,6.2,7,aswellas z, y, z withax <
y < z.Therange of thelistis 7, and the mean and median are both positive integers.
How many ordered triples (x, y, z) are possible?

A1
B 2
c 3
D 4
E infinitely many

Solution:

The six fixed numbers total 24.8, so anintegermeanneeds x + y + z = 9k — 24.8 for
some positive integer k. Arange of 7 pins down the overall min and max (the fixed
values already stretch from 1 to 7), and the medianis the 5th smallest of the nine
numbers, which has to be a positive integer. Grind through where x, y, z can sitand
exactly three triples survive: (0, 5,6.2),(0.1,4,7.1),and (6, 6.2, 8). So there are 3.
Thus, Cisthe correct answer.



16. Jerry likes to play with numbers. One day, he wrote all the integers from 1 to 2024 on
the whiteboard. Then he repeatedly chose four numbers on the whiteboard, erased
them, and replaced them with either their sum or their product. (Forexample, Jerry's
first step might have beento erase 1, 2, 3, and 5, and then write either 11, their sum, or
30, their product, on the whiteboard.) After repeatedly performing this operation,
Jerry noticed that all the remaining numbers on the board were odd. What is the
maximum possible number of integers on the board at that time?

A 1010
B 1011
c | 1012
D 1013
E 1014
Solution:
Among1l,...,2024 there are 1012 even numbers and 1012 odd. Each operation eats

4 numbers and writes back 1, so the count falls by 3; to keep it high we want as few
operations as possible. Every even number has to go, and a move that produces an
oddresult canclear at most 3 evens at once (one odd plus three evens sums to odd).
Clearing all 1012 evens therefore takes at least [1012/3] = 338 moves. And that's
achievable: 337 moves of "one odd + three evens — odd sum" wipe out 1011 evens,
then one move of "three odds + one even — odd sum" gets the last. That leaves
2024 — 3 - 338 = 1010 numbers. Therefore, the answeris A.



17. Inarace among b snails, there is at most one tie, but that tie can involve any number of
snails. For example, the result of the race might be that Dazzler is first; Abby, Cyrus, and
Elroy are tied for second, and Bruna is fifth. How many different results of therace are

possible?
A 180
B 361
c 420
D 431
E 720

Solution:

If nobody ties, the b snails finishin 5! = 120 orders. Now allow exactly one tied group
of size kwith2 < k < 5. Choose the groupin (Z) ways, thentreat it as one block,
leaving 6 — k blocks to arrange in (6 — k)!ways. Summing overk : (2)4! + (2)3! +
(3)2!+ (3)1! = 240 + 60 + 10 + 1 = 311. Add the no-tie count: 120 + 311 =
431.Thus, Dis the correct answer.



18. How many different remainders canresult when the 100th power of anintegeris
divided by 1257

A1

B 2

cC 5

D 25

E 125
Solution:

Here 125 = 5% and (125) = 100. If ged(n, 5) = 1,Euler's theoremgivesn1?® =1
(mod 125).Andif 5 | n, thenn!® carries afactor of 5!%° hence of 125,s0n!% = 0

(mod 125). That leaves only two possible remainders, 0 and 1. Therefore, the answer
is B.



19. Inthe following table, each question markis to be replaced by "Possible" or "Not
Possible" to indicate whether a nonvertical line with the given slope can contain the
given number of lattice points (points both of whose coordinates are integers). How
many of the 12 entries will be "Possible"?

Z€ro exactly one exactly two more than two
zero slope ? ? ? ?
nonzero rational slope ? ? ? ?

irrational slope ? ? ? ?

A 4

B 5

C 6

D 7

E 9
Solution:

Any two lattice points give arational slope. So a line with irrational slope holds at most
one lattice point:itcanhave 0 (sayy = v/2 z + %) orexactly 1(sayy = v/2 x), never
two. Aline with rational slope (zero included) through a lattice point (o, yo) also
passes through (z¢ + g, Yo + p) foritsreduced slope 1(—10, so it hits infinitely many; such
aline has either 0 lattice points (shift it by anirrational intercept) or more than two,
never exactly one ortwo. So eachrow gives exactly two "Possible" entries. Forzero
and nonzero rational slope those are the "zero" and "more than two" columns; for
irrational slope, the "zero" and "exactly one" columns. That's 6 in all. Thus, Cis the
correct answer.



20. Three different pairs of shoes are placed inarow so that no left shoe is next to aright
shoe from a different pair. In how many ways can these six shoes be lined up?

A 60
B 72
c 90
D 108
E 120
Solution:

Scantherow: wherever aleft shoe touches aright shoe, they have to be mates. Look
at the pattern of sides (L or R) across the six spots; every switch between L and R must
sit at amatched pair. Two patterns keep all lefts together then allrights, LLLRRR
and RRRLLL.Eachhas asingle switch, so pick the mated pair there (3 ways) and

order the other two lefts (2) and two rights (2): 12 each. The other allowed patterns
LLRRRL, LRRLLR, LRRRLL, RLLLRR, RLLRRL, RRLLLR give 6
arrangements apiece. Altogether2 - 12 4+ 6 - 6 = 60. Therefore, the answeris A.



21. Two straight pipes (circular cylinders), withradii 1 and %, lie parallelandin contactona
flat floor. The figure below shows a head-onview. What is the sum of the possible radii
of a third parallel pipe lying on the same floor and in contact with both?

1
A —_
9
B 1
10
C -
9
11
D —_
9
19
E —_
9
Solution:

Two circles of radii R and r resting on the floor and touching each other have contact
points a horizontal distance 24/ Rr apart. So the radius-1 and radius—i pipes touch



22

the floor24/1 - % = 1 apart. Athird pipe of radius  sits 2,/7 from the big pipe's

contact pointand 24/ % = \/Ffrom the small pipe's. Nestled between them, 2\/F +
VT = 1,504/ = andr = ;.Sitting past the small pipe, 24/r — /7 = 1,s07 = 1.
(Past the big pipe can't happen.) The sumis % +1= %. Thus, Cisthe correct answer.

. Agroup of 16 people will be partitioned into 4 indistinguishable 4-person

committees. Each committee will have one chairperson and one secretary. The
number of different ways to make these assignments can be writtenas 3" M, where r

and M are positive integers and M is not divisible by 3. Whatis r?

A 5
B 6
c 7
D 8
E 9
Solution:
_ , o 16!
Split 16 people into 4 indistinguishable groups of 4 in W ways, then each

committee picks a chairpersonand asecretaryin4 - 3 = 12 ways, a factor of 124,
Now count factors of 3.In 16! there are |16/3 | + |16/9] = 6; the denominator
(4% 4! contributes4 - 1 + 1 = 5;and 12* contributes 4. The exponentis 6 — 5 +
4 = 5,sor = b.Therefore, the answeris A.



23. The Fibonaccinumbers aredefinedby F} = 1, F, = 1,and F,, = F,,_1 + F,,_o for
n > 3. Whatis

F, F, K F
A 318
B 319
c 320
D 321
E 322
Solution:
Use Fy, = F}Lj,soeachterm %2: = L, the kth Lucas number. That collapses the

sumto Z’iozl Ly . WithLy =1,Ly, =3,Ls =4,..., Ly = 123, theidentity
>y Lk = Ly g — 3gives L1y — 3 = 322 — 3 = 319. Thus, Bis the correct answer.



24. Let

n m? m* md
4

P(m) =3

How many of the values of P(2022), P(2023), P(2024), and P(2025) are integers?

A0

B 1

C 2

D 3

E 4
Solution:

Put everythingover8 : P(m) =

m8® + m* + 2m? + 4m

.If miseven, everytermup

top is divisible by 8. If mis odd, thenm? = m* = m® = 1and4m = 4 (mod 8), so
the numeratoris1 +1+ 2 +4 =8 =0 (mod 8). Eitherway P(m)is aninteger, so
all4 values are integers. Therefore, the answerisE.



25. Each of 27 bricks (right rectangular prisms) has dimensionsa X b x ¢,wherea, b, and
c are pairwise relatively prime positive integers. These bricks are arranged toform a
3 X 3 X 3block, as shown on the left below. A 28th brick with the same dimensionsis
introduced, and these bricks are reconfiguredintoa2 x 2 x 7block, shownonthe
right. The new block s 1 unit taller, 1 unit wider, and 1 unit deeper than the old one.
Whatisa + b + c?

1
//
//
a b a b
A 88
B &9
c 90
D 91
E 92
Solution:

The 3 x 3 X 3blockhassides 3a, 3b, 3c. The 2 X 2 X 7block has sides 2u, 2v, Tw,
where (u, v, w) is some permutation of (a, b, ¢). Each new side beatsiits old
counterpart by 1, so the multiset {3a + 1,3b + 1, 3¢ + 1} equals {2u, 2v, Tw}. Try
matching the 7-side to 3(one value) 4+ 1. With {a, b, c} = {19, 29,44} italllines up:
7-19=133=3-44+1,2-29=58=3-19+1,and2-44 =88 =3-29 + 1.
Those are pairwise coprime,soa + b + ¢ = 19 + 29 4+ 44 = 92. Thus, Eis the
correct answer.
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