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1. Whatisthe value of theratio

92001 , 32003

(2002
1
A —_
6
1
B —_
3
1
C —
2
2
D —_
3
c 3
2
Solution:

Since 62002 = 22002 . 32002 the ratio becomes

22001 . 32003 3

92002 , 32002 92"

Thus, the correct answerisE.



2. Forthe nonzeronumbersa, b, and ¢, define

abe
bc) = ———.
(a,b,¢) at+b+ec
Whatis (2,4, 6)7
A 1
B 2
C 4
D 6
E 24
Solution:
Substituting directly,
5 4.6) — 2:-4-6 _48_
(2,4, )_2+4+6_12_

Thus, the correct answeris C.



3. The arithmetic mean of the nine numbersinthe set
{9, 99,999, 9999, ...,999999999} is a 9-digit number M , all of whose digits are
distinct. Which digit does the number M not contain?

A 0

B 2

c 4

D 6

E 8
Solution:
The meanis

1
9 (9+99+999 + ---4999999999) = 1 + 11 + 111 +--- +111111111.

Adding these nine repunits column by column gives M = 123456789.
The only digit missing from M is 0.

Thus, the correct answeris A.



4. Whatis the value of
3z —2)(dx+1) — (3z — 2)4x + 1

whenz = 47

A0

B 1

c 10

D 11

E 12
Solution:

Factoring 3= — 2 fromthe first two terms,
(B3z—2)[(4x +1) —4z] +1=(3z—2)(1) +1 =3z — 1.

Atx = 4,thisequals3 -4 — 1 =11.

Thus, the correct answeris D.



5. Circles of radius 2 and 3 are externally tangent and are circumscribed by a third circle,
as shownin the figure. What is the area of the shaded region?

A 3m
B 4w
c 6m
D 9w
E 127
Solution:

The two small circles line up along a diameter of the big circle, so that diameteris 2 -
3+ 2-2 = 10andthelargeradiusis .

The shadedregionis the large disk with the two small disks removed:
n(5%) — m(3%) — 7(2%) = 7(25 — 9 — 4) = 127.

Thus, the correct answerisE.



6. Forhow many positiveintegersnis n? —3n+2a prime number?

A none
B one
C two

D more than two, but finitely many

E infinitely many

Solution:
Factorasn®? —3n+2 = (n — 1)(n — 2).

Forn > 4,bothfactors exceed 1, so the productis composite. Forn = 1andn = 2
the valueis 0, and forn = 3 thevalueis (2)(1) = 2, whichis prime.

So exactly one value of n works.

Thus, the correct answeris B.



1 1 1 1
7. Letn be apositiveintegersuchthat - + - + — + —isaninteger. Which of the

2 3 7T n
following statementsis not true?
A | 2dividesn
B  3dividesn
Cc  6dividesn
D  7dividesn
E n>84
Solution:
Th 1—|—1—|—1—|—1' terthanOandlessth 1—|—1—|—1—|—1<2
esum2 st 7 n|sgrea erthan(Oandless an2 st 7 ,S0as
anintegeritmustequal 1.
Si + = + 1_4 d ! 42
nce= + -+ - = -—,weneed — = —,son = 42.
neey T3 Ty T " n 420"

Then2,3,6,and 7 all divide 42, butn = 42is not greater than 84. So the false
statementisn > 84.

Thus, the correct answerisE.



8. Suppose July of year N has five Mondays. Which of the following must occur five times
in August of year N7 (Note: both months have 31 days.)

A Monday

B Tuesday

C Wednesday

D Thursday

E Friday
Solution:

A 31-day monthis 4 weeks plus 3 extra days, so exactly the weekdays of the 1st, 2nd,
and 3rd of the month occur five times.

For July to have five Mondays, Monday must be one of July 1, 2, or 3. In all three cases
August 1 lands on a Wednesday, Thursday, or Friday, and the common weekday
among the resulting five-time days is Thursday.

More directly, since July has 31 days, August 1 is the same weekday as July 4. With

Monday onJuly 1, 2, or 3, the three five-time weekdays of August always include
Thursday.

Thus, the correct answeris D.



9. Usingtheletters A, M, 0, S,andU,we canform 120 five-letter “words.” If these
“words” are arranged in alphabetical order, then the “word” U S AMO occupies which

position?
A 112
B 113
c 114
D 115
E 116
Solution:

The alphabetical order of the lettersis A, M, O, S, U. Words beginning with A, M,
O, or S fill positions 1 through 96 (four choices of first letter, 24 each).

Words beginning with U occupy positions 97-120. Listing them alphabetically,
USAMO isthe 19th such word, so it occupies position 96 + 19 = 115.

Thus, the correct answeris D.



10. Suppose that a and b are nonzero real numbers, and that the equation z? + ax + b =
0 has solutions a and b. What is the pair (a, b)?

A (—2,1)
B (—1,2)
c (1,-2)
D (2,-1)
E (4,4
Solution:
Since theroots are a and b, Vieta's formulas givea + b = —a andab = b.

Fromab = bwithb # 0,wegeta = 1.Thena + b = —agives1 +b = —1,s0b =
—2.

Thus (a, b) = (1, —2), and the correct answeris C.



11. The product of three consecutive positive integersis 8 times their sum. Whatis the
sum of their squares?

A 50
B 77
c 110
D 149
E 194
Solution:

Lettheintegersben — 1,n,n + 1.Theirproductisn(n? — 1) and theirsumis 3n, so
n(n® — 1) = 8(3n) = 24n.

Sincen # 0,wegetn? — 1 = 24,son? = 25andn = 5.
The three integersare 4, 5, 6,and 4% 4- 52 + 62 = 16 + 25 + 36 = 77.

Thus, the correct answeris B.



12. Forwhich of the following values of k does the equation

r—1 Tz —k

r—2 x—6

have no solutionforz?

A 1

B 2

c 3

D 4

E 5
Solution:

Cross multiplying gives (x — 1)(z — 6) = (z — 2)(z — k), whichexpands to
> —Te+6=2"—(2+k)z+2k.
2k — 6

Cancelling z%leaves (k — 5)x = 2k — 6,s0x = . This has no solution exactly
when k = 5, since then the coefficient of x is 0 while the right side is nonzero.

Thus, the correct answerisE.



13. What value of x makes 8zy — 12y + 2z — 3 = 0true forall values of y?

2
A —_
3
5 3 1
2 4
c 2 1
3971
3
D _
2
3 1
E ——or——
2 4
Solution:

Grouping and factoring,

8ry — 12y + 2z — 3 =4y(2z — 3) + (22 — 3) = (dy + 1)(2z — 3).
For this to equal 0 for all y, the factor that depends on y cannot be forced to zero, so
we need2x — 3 = 0,givingz = 2"

Thus, the correct answeris D.



14. The number 2554 . 6425 is the square of a positive integer V. In decimal
representation, what is the sum of the digits of N7

AT

B 14

C 21

D 28

E 39
Solution:

Since 25 = 52and 64 = 2% we have 2554 . 642° = 5128 . 2150 55
N = /5128 . 9150 — 564 . 975
Writing 27 = 264 . 211 'we get N = (5 - 2)% . 211 = 1054 . 2048.

So N is 2048 followed by 64 zeros, and its digitsumis2 + 0 + 4 4+ 8 = 14.

Thus, the correct answeris B.



15. The positiveintegers A, B, A — B,and A + B are all prime numbers. The sum of
these four primesis

A | even

B | divisibleby 3
C | divisibleby 5
D  divisibleby 7

E prime

Solution:

The numbers A — B and A + B differby 2B, so they have the same parity. Being
prime, they must both be odd, which forces A and B to have opposite parity.

Since 2isthe onlyevenprime, B = 2.Then A — 2, A, A + 2 are three primes forming
an arithmetic progression of odd numbers, whichmustbe 3,5, 7.

The four primes are 2, 3, 5, 7, and theirsumis 17, whichis prime.

Thus, the correct answerisE.



16. Forhow manyintegersnis the square of aninteger?

0—n
A 1
B 2
C 3
D 4
E 10
Solution:
Suppose = k2 forsomeintegerk > 0. Solving,
20— n
20k>
n—=-——.
k2 +1

Since k% and k2 + 1 share no common factor, k2 + 1 must divide 20. This happens
onlyfork =0,1,2,3,givingk® +1=1,2,5, 10.

The correspondingvaluesn = 0,10, 16, 18 are allintegers, so there are 4 such n.

Thus, the correct answeris D.



17. Aregularoctagon ABC' D EFG H has sides of length two. What is the area of
NADG?

A 4422
B 6442
cC 4432
D 3442
E 8442
Solution:

Set the octagon on coordinate axes with the axis-aligned sides of length 2 and each
slanted side spanning \/ﬁhorizontally and \f2vertically. Then

A= (v2,0), D=(2+2v2,2+v2), G=(0,2+V2).

Since D and G share the height 2 + v/2, segment DG is horizontal with length 2 +
2\/5, and the height from A up to that levelis 2 + \/i

Therefore
[AADG] = 1(2+2v2)(2+V2) = (1+V2)(2 +V2) =4+ 3V2.

Thus, the correct answeris C.



18. Fourdistinct circles are drawnin a plane. What is the maximum number of points where
atleast two of the circlesintersect?

A 8

B 9

c 10

D 12

E 16
Solution:

4

2) = 6 pairs of circles,

Any two distinct circles intersect in at most 2 points. There are (
givingatmost6 - 2 = 12intersection points.

This maximum is achievable by a configuration where every pair of circles crosses
twice, so the answeris 12.

Thus, the correct answeris D.



19. Suppose that {a, } is an arithmetic sequence with
ar+as+ - +ay =100 and aqg; + aion + - - + asgy = 200.

Whatisthevalueofas — a;?

A | 0.0001

B  0.001

c 0.01

D 0.1

E 1
Solution:

Letd = as — a1.Thenag 190 = ar + 100d, so the second block sumis the first plus
100 - 100d :

aiol + -+ as00 — (al + -4+ aloo) + 10000d.

100

Therefore 200 = 1 1 d,givingd = ——
erefore 200 00 + 10000d, giving 10000

= 0.01.

Thus, the correct answeris C.



20. Leta, b, and cberealnumbers suchthata — 7b + 8¢ = 4and 8a + 4b — ¢ = 7. What
isa? — b% 4 c2?

A0

B 1

c 4

D 7

E 8
Solution:

Rewrite the equationsasa + 8¢ = 4 + 7Tband8a — ¢ = 7 — 4b. Squaring both and
adding,

(a+8¢c)® + (8a — c)® = (4 + 7b)* + (7 — 4b)>.

The left side expands to 65a2 + 65¢2 (the acterms cancel), and the right side expands
to 65 + 65b% (the bterms cancel). So

65(a® + c*) = 65(1 + b?),

givinga? — b% + ¢ = 1.

Thus, the correct answeris B.



21. Andy's lawn has twice as much area as Beth'slawn and three times as much area as
Carlos'lawn. Carlos' lawn mower cuts half as fast as Beth's mower and one third as fast
as Andy's mower. If they all start to mow their lawns at the same time, who will finish
first?

A Andy
B Beth
C Carlos

D Andy and Carlos tie for first.

E All three tie.

Solution:

A A
Let Andy's lawn have area A, so Beth'sis 3 and Carlos'is 3 Let Carlos mow atrate R,
so Bethmows at 2R and Andy at 3R.

The times are

A A2 A A3 A
Andy ﬁ, Beth ﬁ = E, Carlos. ? = ﬁ

A
Since EB is the smallest, Beth finishes first.

Thus, the correct answeris B.



22. Let AXQOY bearight-angled triangle withmZXOY = 90°. Let M and N be the
midpoints of legs OX and OY , respectively. Giventhat XN = 19andY M = 22,
whatis XY'?

A 24
B 20
c 28
D 30
E 32
Solution:

LetOM = aandON = b,soOX = 2aand QY = 2b.Therightangle at O gives
192 = (2a)® +b* and 22% = a® + (20)%

Adding these, 5(a? + b?) = 192 + 222 = 845,s0a” + b*> = 169and MN =
Va2 + b2 =13.
Since AXOY ~ AMON withratio2,wehave XY = 2 - MN = 26.

Thus, the correct answeris B.



23. Let {ay } be asequence of integers suchthata; = land a1y = ay, + a, + mnfor
all positive integersm andn. Whatisaiy?

A 45
B 96
c 67
D 78
E 89
Solution:

Settingn = 1,wegetam+1 = am + a1 +m = am + (M + 1),s0am+1 — am =
m + 1.

Summing fromm = 1to11,

12-13

ap—a; =24+3+---4+12 = 1="77.

Thereforea;s =1+ 77 = 78.

Thus, the correct answerisD.



24. Riders on a Ferriswheel travelin a circle in avertical plane. A particular wheel has radius
20 feet andrevolves at the constant rate of one revolution per minute. How many
seconds does it take arider to travel from the bottom of the wheelto apoint 10
vertical feet above the bottom?

A5

B 6

c | 7.5

D 10

E 15
Solution:

Put the center O at height 20. The bottom A is at height 0, and the rider reaches height
10, whichis 10 feet below the center.

The horizontal from the center down to therider's level forms aright triangle where the
verticallegis 10 and the hypotenuse (the radius) is 20. That leg is half the hypotenuse,
so the radius to the rider makes 60° with the downward vertical.

60
The wheel turns 360° in 60 seconds, so turning 60° takes 360 60 = 10 seconds.

Thus, the correct answeris D.



25. When15is appendedto alist of integers, the meanisincreased by 2. When 1 is
appended to the enlarged list, the mean of the enlarged list is decreased by 1. How
many integers were in the original list?

A 4

B 5

cC 6

D 7

E 8
Solution:

Let the original list have nintegers with mean m, so its sumis mn. Appending 15 gives
(m+2)(n+1)=mn+15 — m+ 2n = 13.

Appending 1 to that enlarged list gives
(m+1)(n+2)=mn+16 — 2m +n = 14.

Solvingm + 2n = 13and2m + n = 14yieldsm = bandn = 4.

Thus, the correct answeris A.
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