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1. Everymorning Aya goes fora 9-kilometer-long walk and stops at a coffee shop
afterwards. When she walks at a constant speed of s kilometers per hour, the walk
takes her4 hours, including t minutes spent in the coffee shop. When she walks s + 2
kilometers per hour, the walk takes her 2 hours and 24 minutes, including ¢ minutes
spentin the coffee shop. Suppose Ayawalks at s 4 % kilometers perhour. Find the
number of minutes the walk takes her, including the t minutes spentin the coffee shop.

Solution:

Measuring time in hours, the two scenarios say

g + t_ =4 and ! + t_12
60 s+2 60 5°
Subtracting, 2 2_ 5—_?_2 = % o) s(ﬁz) = %,giving s(s+2) = 4%.The positive root of
s —|—28——_0I88_g
Then =4 - 5 = sot = 24 minutes. Walking at s —|— s = 3 kilometers perhour

5/2
takes 3= = 3 hours, sothe totalis 180 + 24 = 204 minutes.



2. Thereexistrealnumbers x andy, both greaterthan 1, such that logz (yx) =
log, (%) = 10.Findzy.

Solution:

Pulling the exponents out of the logarithms, the conditions become
xlog,y = 10 and 4y log, z = 10.

Multiplying these equations and usinglog,, y - log, z = 1 gives4zy = 100,sozy =
25.

Such z and y do exist: the system solvestolog, y = 133—0 withy = 2;5,which has a
solutionwithz,y > 1,sothe answeris 25.



3. Alice and Bob play the following game. A stack of n tokens lies before them. The
players take turns with Alice going first. On each turn, the player removes 1 token or 4
tokens from the stack. The player who removes the last token wins. Find the number of
positive integers n less than or equal to 2024 such that there is a strategy that

guarantees that Bob wins, regardless of Alice's moves.

Solution:

Calln alosing positionif the player about to move loses with best play. We claim the
losing positions are exactlyn = 0or2 (mod 5). Fromsuchann,removing 1 or4
tokensleavesn = 4,1,3 (mod 5) —neveragain 0 or2 — while fromanyn = 1, 3,4
(mod 5) one move reaches aposition= 0or2 (mod 5) (remove 1, 1,4 tokens
respectively). Sincen = 0Ois alossforthe playerto move, induction confirms the
pattern.

Bob wins exactly whennis alosing position for Alice. Among 1 < n < 2024 there are
404 multiples of 5 and 405 valuesn = 2 (mod 5) (from 2 to 2022), for a total of
404 + 405 = 809.



4. Jenentersalottery by selecting 4 distinct elementsof S = {1,2,3,...,9,10}.Then
four elements of S are drawn at random. Jen wins a prize if at least two of her numbers
were drawn, and wins the grand prize if all four of hernumbers were drawn. The
probability that Jen wins the grand prize given that Jen wins a prize is % wheremandn
arerelatively prime positive integers. Find m + n.

Solution:

All (140) = 210 draws are equally likely. The number of draws sharing exactly k numbers

with Jen's ticket is (2) (421@) , SO the numberwinning a prize is

O () () -s2rs-s

and exactly 1 of these wins the grand prize.

1/210

. . . . o er 1
Since the grand prize implies a prize, the conditional probability is 115/210 — 1157 S°

m-+n =1+ 115 = 116.



5. Rectangle ABCD has dimensions AB = 107 and BC' = 16,andrectangle EFGH
has dimensions EF' = 184 and FG = 17.Points D, E, C, and F'lie online D F'in that
order,and A and H lie on opposite sides of line DF', as shown. Points A, D, H,and G
lie onacommoncircle. Find CE.

H G
D C
E F
A B
v

Solution:

Putline DF onthe z-axiswith D = (0,0) and C = (107,0),s0 A = (0, —16). Let
DE =e.ThenE = (e,0), F = (e + 184,0), and the secondrectangle sits above
theline: H = (e,17) and G = (e + 184, 17).

The center of the circle through A, D, H, G lies on the perpendicular bisector of the
vertical segmentE, theliney = —8, and on the perpendicular bisector of the
horizontal segment H—G, thelinex = e + 92. Equating the center's squared
distancesto D andto H,

(e +92) + 8% = 922 4 25% = 9089,

so (e + 92)% = 9025ande + 92 = 95, givinge = 3.
Therefore CE = DC — DE = 107 — 3 = 104.



6. Considerthe paths of length 16 that follow the lines from the lower left corner to the
upperright corneronan8 x &8 grid. Find the number of such paths that change
direction exactly four times, as in the examples shown below.

Solution:

A paththat changes direction exactly four times consists of five maximal straight runs,
alternating betweenrightward and upward moves. If the first runis rightward, the
patternis R, U, R, U, R : threerightward runs with positive lengths summing to §,
and two upward runs with positive lengths summing to 8. The counts of such
compositions are (;) = 21and (I) = 7,q9iving21 - 7 = 147 paths.

Paths starting upward are counted symmetrically, another 147. The totalis 147 +
147 = 294.



Find the largest possible real part of

96 + 1441

(75 + 1176)z + ——

where zis acomplex numberwith |z| = 4.Herei = y/—1.

Solution:

Write z = 4(cos 0 + isinf),so 1 = 1(cos @ — isin ). Thereal partof (75 + 1174)z
is4(75cos — 117sin @) = 300 cos @ — 468 sin 0, and the real part of (96 + 1444) -
T(cos@ — isin@)is24 cos  + 36 sin 6.

The totalreal partis 324 cos 6 — 432 sin 6, whose maximum over @ is

/3242 1 4322 = 108+/32 + 42 = 108 - 5 = 540.



8. Eight circles of radius 34 can be placed tangent to BC of A ABC so that the circles
are sequentially tangent to each other, with the first circle being tangent to AB and
the last circle being tangent to AC, as shown. Similarly, 2024 circles of radius 1 can be
placed tangent to BC in the same manner. The inradius of A ABC can be expressed
as % , where m andn arerelatively prime positive integers. Findm + n.

A

Solution:

Forachain of n circles of radius p tangent to W, the centerslie at height p with
consecutive centers 2p apart. The first circle is tangent to AB and BC', so its center
lies on the bisector from B, at horizontal distance p cot g from B; similarly the last
centeris p cot % from C. Hence withk = cot % + cot %,

BC = pk + 2p(n —1).

Thetwo chainsgive 34k + 34 -14 = BC =k + 2 - 2023,s033k = 3570and k =

190 ‘whence BC = k + 4046 = 42590,

The incircle is a chain of one circle of radiusr : BC = rk. Therefore

_ BC 45696 192

k1190 5’

r

andm +n =192+ 5 = 197.



2
9. LetA, B,C,and D be points onthe hyperbola % — &5 = lsuchthat ABCDisa
rhombus whose diagonals intersect at the origin. Find the largest numberless than
BD?forallthombuses ABCD.

Solution:

The diagonals of arhombus are perpendicular bisectors of each other,so C' = — A,
D = —B,andOA | OB.Letline BD have slopem,so B = (z, mz) with

1 2
Tl p—— LI 1, i.e. z? = —120 ,
20 24 6 — 5m?
480(14+m?)

6—5m?2
so it meets the hyperbola only when % < g,thatis m? > g.

whichrequiresm? < £.Then BD? = 4(z* + m*z?) = .Line AC has slope

_1
m?

. 5 2 _ 6 ., 480(1+m?)
Ontheinterval g < m* < z,the quantity ————

m? — %it tends to 480 - % — 480,andasm? — gitgrowswithout bound. Hence

BD? takes exactly the values in (480, co) and never equals 480.

is strictly increasingin m? :as

The largest number that is less than B.D? for every such rhombus is therefore 480.



10. Let AABC havesidelengths AB = 5, BC = 9,and C'A = 10. The tangents to the
circumcircle of AABC at B and C intersect at point D, and AD intersects the
circumcircle at P # A.Thelength of APisequalto ™, where m and n are relatively
primeintegers. Findm + n.

Solution:

By the tangent-chord angle, /DBC = Z/DCB = £ A,sotriangle DBC'isisosceles
BC/2 1024529 _ 11

vv2|th2DB2 = —oid .Thelawofgfzosmes givescos A = =5 5= = sz andcos B =
9°45°-10> _ 1 _ _ 225
205 — 15:50DB = 1155 = %5

Since D lies onthe opposite side of BC' from A, ZABD = A + B, and

cos(A + B) = = 1 6/14 4/14 11-336 13
25 15 25 15 375 15

The law of cosinesin triangle AB D then gives

225 13 _ 109625

2 325
DA2:52+(%) +2.5.22'15_ 484 — 59 °

22

, DA

The power of D gives DP - DA = DB?, so

DB? B DA? — DB? (105625 — 50625)/484 55000 100

AP=DA= 54 DA 325/22 ~ 22325 13

andm +n =100 + 13 = 113.



11.

Eachvertex of aregular octagonisindependently colored eitherred or blue with equal
probability. The probability that the octagon can then be rotated so that all of the blue
vertices end up at positions where there had beenred verticesis %, wheremandn
arerelatively prime positive integers. Findm + n.

Solution:

Label the vertices 0, . . ., 7and let B be the blue set, b = | B|. Rotation by k works
exactlywhen (B + k) N B = &. Since B + k must fitinside the 8 — bred positions,
b < 4.Summing |B N (B + k)| over all eight rotations counts all pairs (¢, j) € B x B
once(viak = ¢ — 7), atotal of b2, andthe k = 0 term contributes b. Soforb < 3the
seven nonzero rotations share only b> — b < 6 overlaps, and some rotation has none:
alll + 8 4+ 28 + 56 = 93 colorings withb < 3 succeed.

Forb = 4, disjointness forces B + k to be exactly the complement of B. If kis odd,
thecycle0, k, 2k, . . . visits all vertices and must alternate between B andits
complement, so Bis the evens or the odds: 2 sets. If k = 2 (mod 4), then B meets
each of the4-cycles {0, 2,4,6} and {1, 3,5, 7} inan antipodal pair: 2 - 2 = 4 sets,
suchas{0,1,4,5}.If k = 4,then B contains exactly one of each pair{i, ¢ + 4} :

24 = 16 sets. The first two families contain both members of some antipodal pair
while the third never does, and the evens/odds take both their antipodal pairs from
one 4-cycle, so the three families are disjoint: 2 + 4 4+ 16 = 22 sets.

Intotal 93 + 22 = 115 of the 2° = 256 colorings work, so the probability is 32 and
m-+n =115+ 256 = 371.



12. Define f(z) = ||z| — 3| and g(z) = ||z| — 3| . Find the number of intersections of
the graphs of

y =4g(f(sin(27rz))) and z = 4g(f(cos(37y))).

Solution:

Both right-hand sides take valuesin [0, 1], soeveryintersectionIiesinthe unit square,
and there we may write both curves using p(u) = 4 | lu — 2 ’ :the firstisy =

©(| sin 27rz|) and the secondisz = (| cos 37ry\).Asumcreases from0to 1, p(u)
runslinearlyl —- 0 — 1 — 0 — 1withcornersatu = }1, é, i Forz € [0,1],

| sin 27z| sweeps [0, 1] monotonically 4 times, so the first graph consistsof 4 - 4 = 16
monotone arcs, each climbing or descending through the fullrange 0 < y < 1 within
anarrow vertical strip. Likewise | cos 3my| sweeps [0, 1] monotonically 6 times fory €
[0, 1], so the second graph consists of 24 monotone arcs, each crossing the full range
0 < x < 1withinanarrow horizontal strip.

Take one arc of each graph, living in the vertical strip [a, b] and the horizontal strip

[c, d]. Inside the rectangle [a, b] X [c, d], the first arc joins the bottom edge to the top
edge and the secondjoins the left edge to the right edge, and eachis monotone, so
the two arcs cross exactly once. Thisyields 16 - 24 = 384 intersection points.

One further point hides at the corner (1, 1), which lies on both graphs: (| sin 27r|) =
©(0) = 1land (| cos 3m|) = ¢(1) = 1.Nearitthefirstgraphisy ~ 1 — 8w (1 — x)
while the second satisfies z ~ 1 — 187%(1 — y)?, so the two final arcs meet at their

shared endpoint (1, 1) in addition to the transversal crossing already counted. The
totalis 384 + 1 = 385.



13. Let pbe theleast prime number for which there exists anintegern such that n*+1lis
divisible byp2. Find the least positive integer m such that m* + 1 s divisible bypz.

Solution:

Ifp | n* + 1,thenn® = 1andn? = —1 (mod p),son hasorder8 modulopand 8 |
p— l(andp = 2failssincen® +1 = 2 (mod 4)). The smallest primep = 1

(mod 8)is17,andindeed2* = 16 = —1 (mod 17).Because the derivative 4nis
not divisible by 17 at such ann, each root lifts to aroot modulo 17% = 289,sop = 17.

The fourthroots of —1 modulo 17 are £2 and 8. To liftn = 8,setn = 8 + 17t :
modulo 289,

n'+1=8"+1+4.8. 17t =17(241 + 2048t),
soweneed 241 4 2048t = 3 + 8t =0 (mod 17),givingt = 6andn =8 + 102 =
110 (mod 289).

The same computationlifts 2,15, and 9to 155, 134, and 179 respectively, so the least
positive mis 110. Indeed 110* 4+ 1 = 146410001 = 289 - 5066009.



14. Let ABC D be atetrahedronsuchthat AB = CD = /41, AC = BD = /80, and
BC = AD = /89.There exists a point I inside the tetrahedron such that the
distances from I to each of the faces of the tetrahedron are all equal. This distance

N

canbe writtenin the form %‘ ,where m,n, and p are positive integers, mand p are
relatively prime, and nis not divisible by the square of any prime. Findm + n + p.

Solution:

Atetrahedron with equal opposite edges embeds in arectangular box with the six

edges as face diagonals. If the box has dimensionsa x b x ¢, thena? + b = 41,
a® + ¢ = 80,andb® + ¢® = 89. Adding givesa® + b* + ¢* = 105,50 (a, b, c) =

(4,5, 8). The box minus four corner tetrahedra of volume “% eachleaves

abc abc 160
V =abc—14- = = .
e 6 3 3
All four faces are congruent triangles with sides v/41, 4/80, 4/89. By Heron's formulain
theform 16 F2 = 2(a?b? + b’c? + c?a?®) — (a* + b* + c*) applied to the squared
sides 41, 80, 89, we get 16 F? = 28098 — 16002 = 12096, s0 F' = /756 = 6+/21.

The point equidistant from all four facesis the insphere center, and decomposing the

tetrahedroninto four pyramids over the faces gives V = %r -4F . Hence

3V 160 20 204/21
’]" f— _ o — y
AF 24421 3421 63

andm+n +p =20+ 21+ 63 = 104.




15. Let B be the set of rectangular boxes with surface area 54 and volume 23. Let r be the
radius of the smallest sphere that can contain each of the rectangular boxes that are
elements of B. The value of % can be written as f}’, where p and q are relatively prime

positive integers. Findp + q.

Solution:

For a box with dimensions a, b, ¢, the conditions are 2(ab + bc + ca) = 54 and
abc = 23,s0ab + bc + ca = 27.The smallest sphere containing abox has the box's
space diagonal as adiameter, so

5 a’ + b + 2 (a+b+c)? —54

re = mgx 1 = mgx 1 .
Withab + bc + ca and abcfixed, s = a + b + cranges overaninterval, and at an
endpoint the cubic t> — st + 27t — 23 has a double root, meaning two dimensions
coincide. Settingb = ¢ : 2ab + b* = 27 and ab? = 23, so eliminating a gives
@ = 23,i.e.b> — 27b + 46 = 0, which factorsas (b — 2)(b? + 2b — 23) = 0.
Therootsareb = 2andb = 2v/6 — 1.
Forb=2,a=2ands =2 +4 =32 =9.75;forb = 2/6 — 1,5 ~ 9.31is
smaller. So the maximum of a® + b? + c%is (%)2 — 54 = %7, givingr? = % and
p+q =657+ 64 = 721.
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