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1. Findthe arithmetic mean of all the three-digit palindromes. (Recall that a palindromeis a
number that reads the same forward and backward, suchas 777 or 383.)

Solution:

Athree-digit palindrome has the form aba = 101a + 10bwitha € {1,...,9}andb €
{0, cee 9}, and every such pair of digits occurs exactly once, so the two digits vary
independently over the 90 palindromes.

By linearity, the meanis 101 times the average of a plus 10 times the average of b, namely

101-5+10-%:505+45:550.



2. Equilateraltriangle ABC has side length 840. Point D lies on the same side of line BC as
Asuchthat BD | BC.Theline £through D parallel to line BC intersects sides AB and
AC atpoints E and F, respectively. Point G lies on £ such that F'is between E and G,
NAFG isisosceles, and the ratio of the area of AAFG totheareaof ABEDis8 : 9.Find

AF.
A

Solution:

Since/ | BC,triangle AEF is equilateral;lets = AF = EF'.The distance between ¢
and BC'is the height of ABC minus the heightof AEF,so BD = @ (840 — s);write

h = BD.

Intriangle BE D, the base BD is perpendicularto BC and has length h, while E Iies at
horizontal distance —= \/_ fromline BD because ZEBC = 60°.Hence [BED| = 55 AlsO
ZAFG = 180° — LZAFE = 120°,and anisosceles trlangle witha 120° angle must have
itasthe apexangle,so FA = FG = sand [AFG]| = 1s*sin120° = 3 s2.

The ratio condition gives

[AFG]  /3s%/4 3 s_2_§
9

(BED] ~ w/(2v3) 2 I

9

soy = 3\[ Substituting h = */3(840 — s)yieldss = 2(840 — s),s05s = 1680 and
AF = 336.



3. Findthe number of permutations x1, 2, €3, T4, 5 of numbers 1, 2, 3,4, 5 such that the
sum of five products

T1ToxL3 + ToL3Ty + T3L4T5 + T4T5L1 + T5L1 Lo

is divisible by 3.

Solution:

Work modulo 3. The value 3 is the only multiple of 3, and each of the five products covers
three cyclically consecutive positions, soif x; = 3 exactly two products avoid position? :
those covering positionsi + 1,4 + 2,4 + 3andt + 2,7 + 3, + 4 (indices mod 5). Their
sumis z; ox; 1 3(Ti11 + Xi14),and since z; 2x; 1 3 is not divisible by 3, the conditioniis
Tit1 + Tita =0 (mod 3).

Among the remaining values, 1 and 4 are = 1 while2and 5are = 2 (mod 3), so positions
1 + 1and i 4+ 4 must take one value fromeachclass: 2 - 2 - 2 = 8 ordered choices. The
othertwo values fill positions ¢ + 2 and ¢ + 3in 2 ways. With 5 choices for the position of 3,
the countisb - 8 - 2 = &80.



4. Therearerealnumbersa, b, c,andd suchthat —20is aroot of > + ax + band —21isa
root of £3 + cx? + d. These two polynomials share a complexrootm + \/ﬁ -1, wherem
andn are positive integersand: = 4/—1.Findm + n.

Solution:

Both cubics have real coefficients, so their non-real roots come in conjugate pairs: the
roots of the firstare —20 and m = 4/n i, and the roots of the second are —21 and m =+

Jni.
The first cubic 3 + ax + bhasno z2 term, soitsrootssumto 0 : —20 + 2m = 0, giving
m = 10. The second cubic 23 + cz? + dhasno z term, so the sum of pairwise products
of itsrootsis0 :

(m + v/ni)(m — v/ni) + (—21)(2m) = m?> +n — 42m = 0,

son = 420 — 100 = 320.Thenm +n = 10 + 320 = 330.



5. Forpositive realnumbers s, let 7(s) denote the set of all obtuse triangles that have area s
and two sides with lengths 4 and 10. The set of all s for which 7(s) is nonempty, but all
trianglesin 7(s) are congruent, is aninterval [a, b). Find a? + b.

Solution:

A triangle with sides 4 and 10 is determined by the included angle 8, and its area is % -4 .
10sin @ = 20sin 8. When# > 90° the triangle is obtuse, and this case produces exactly
one triangle foreach area s € (0, 20).

When 0 < 90°, the third side satisfies ¢ = 116 — 80 cos 6, and the triangle is obtuse only
if the angle opposite the side of length 10 is obtuse (if c were the longest side, its opposite
angle 8 would be acute, making the triangle acute). That requires 42+ 2 < 102, e.

116 — 80cosf < 84,i.e.cosf > %.Then sinf < @,so this second family exists exactly

fors < 44/21.

Fors < 4\/ﬁthere are two non-congruent obtuse triangles (their third sides differ), while
fordy/21 < s < 20 only the obtuse- triangle exists: at s = 44/21 the acute-0 candidate
degenerates to aright triangle. For s > 20 there are none. Hence [a, b) = [44/21, 20) and
a’ 4+ b? = 336 + 400 = 736.



6. Foranyfinite set.S,let |S| denote the number of elementsin S. Find the number of
ordered pairs (A, B) such that A and B are (not necessarily distinct) subsets of
{1,2,3,4, 5} that satisfy

|A|-|B|=|ANB|-|AUB].

Solution:

Leta = |A|,b = |B|,andi = |AN B|,so|AU B| = a + b — i.The conditionab =
i(a + b — i) rearrangesto

ab —ia —ib+i> = (a —1i)(b—1i) = 0,

so|AN B| = |A|or|AN B| = |B|.Since AN Bisasubset of each, thatmeans A C B
orB C A.

Forpairswith A C B, each of the 5 elementsindependently lies in neither set, in B only, or
inboth: 3% = 243 pairs. Likewise 243 pairs satisfy B C A, and the pairs counted twice are
exactly those with A = B, of whichthere are 2° = 32. The answeris 243 + 243 — 32 =
454.



7. Leta,b, c,anddberealnumbers that satisfy the system of equations
a+b= -3, ab+ bc + ca = —4,

abc + bed 4 cda + dab = 14, abed = 30.

There exist relatively prime positive integers m and n such that

A+ +d ="
n

Findm + n.

Solution:

Sincea + b = —3, the second equationreadsab + c(a + b) = ab — 3c = —4,soab =
3¢ — 4. Grouping the third equation as ab(c + d) + cd(a + b) = 14 gives (3¢ — 4)(c +
d) — 3cd = 14, whichsimplifiesto 3c? — 4¢c — 4d = 14,s0d = 302_%+14.The fourth
equation becomes (3¢ — 4) ed = 30.

Substituting for dyields ¢(3¢ — 4)(3¢? — 4c — 14) = 120, i.e.
9c — 24c¢% — 26¢% 4 56¢ — 120 = (c + 2)(3¢ — 10)(3¢* — 4c + 6) = 0.

The quadratic factor has negative discriminant,soc = —2orc = 130. Ifc = 1go,then ab =

6 witha + b = —3,impossible forreala, bsince9 — 24 < 0.Soc = —2, givingab = —10

_ 1248-14 _ 3
andd = = =

Thena® +b%> = (a +b)*> —2ab=9+20=29andc® + d* =4+ = £ s0a® +
v+t +d?=Ylandm +n =141 + 4 = 145.



8. Anantmakesasequence of moves on acube where amove consists of walking from one
vertex to an adjacent vertex along an edge of the cube. Initially the antis at a vertex of the
bottom face of the cube and chooses one of the three adjacent vertices to move to asits
first move. For allmoves after the first move, the ant does not return to its previous vertex,
but chooses to move to one of the other two adjacent vertices. All choices are selected at
random so that each of the possible moves is equally likely. The probability that after
exactly 8 moves that antis at a vertex of the top face on the cubeis %, wheremandn are
relatively prime positive integers. Find m + n.

Solution:

All3 - 27 = 384 allowed move sequences are equally likely, so we count those ending on
the top face. Classify the ant aftereach move by its face (bottom or top) and by whether
its last move was vertical: after a vertical move the two allowed continuations are the two
horizontal edges at the new vertex, while after a horizontal move one continuationis
horizontal and one is vertical.

Let (By, By, T1, T,,) count sequences ending on the bottom or top with last move
horizontal or vertical. Each sequence splits into two, following

B;l = B, + 2B,, Té = By, Tl,z =T, + 2T, B;) =T,.

Aftermove 1the countsare (2,0, 0, 1), anditerating gives (2, 0, 2, 2), (2, 2, 6, 2),
(6,6,10,2),(18,10, 14,6), (38, 14, 26,18), (66, 26, 62, 38), and after the eighth move
Th =62+ 76 = 138and T, = 66.

S0 138 + 66 = 204 of the 384 sequences end on the top face, giving probability 24 — 17

384 — 32
andm +n = 17 + 32 = 49.



9. Find the number of ordered pairs (m, n) such that m and n are positive integers in the set
{1,2,...,30} and the greatest common divisor of 2™ + 1 and 2" — lisnot 1.

Solution:

Suppose an odd prime pdividesboth 2™ + 1and 2" — 1. From2™ = —1 (mod p), the
order of 2 modulo p divides 2m but not m, so the order contains exactly one more factor
of 2thanm does. The order also divides n, so n must contain strictly more factors of 2 than
m : writing vs for the number of factors of 2, we need va(n) > vo(m).

Conversely, if va(n) > va(m),letg = ged(m,n). Thenve(g) = ve(m),som/gisodd
and29 + 1| 2™ + 1;also02g | n,s029 +1 | 229 — 1| 2" — 1. Hence the gcd exceeds 1
exactlywhenwvs(n) > ve(m).

Amongl, ..., 30the counts of numberswithvs = 0,1,2,3,4are15,8,4,2,1.The
number of pairs withvg(m) < vg(n)is

15-1564+8-7+4-3+4+2-1=225+ 56+ 12 4 2 = 295.



10. Two spheres with radii 36 and one sphere with radius 13 are each externally tangent to the
othertwo spheres and to two different planes P and Q. The intersection of planes P and
Qistheline £. The distance fromline £ to the point where the sphere with radius 13 is
tangenttoplane P is %, where m and n are relatively prime positive integers. Findm + n.

Solution:

A sphere of radius r tangent to both planes hasits centeron the half plane bisecting the
dihedral angle. If the dihedral angle is 26, the center s at distance — from £.Inthe cross-

section through the center perpendicularto £, the point of £, the center and the tangent

r.cos 0

point on P form aright triangle with angle 8 at £, so the tangent point lies at distance Sinf

from¥.

Measure positions along £. The centers of the two radius-36 spheres are both at distance
sm9 from £ and are 72 apart, so they differby 72 along £, and by symmetry the radius-13
center sits halfway between them along £, at distance m from £. External tangency
makesits distance to each big center49 :

2
1
(.36 — 3) + 36% = 49?,

sinf siné

e} (5121?0)2 = 492 — 36% = 1105. Since 232 4 242 = 1105, we getsin§ = m and
cosf = 2.
V1105

Therequired distance s 13;";0 = 1324 _ 312 \yhichisinlowestterms,som +n =

23 237
312 + 23 = 335.




1. Ateacherwasleading a class of four perfectly logical students. The teacher chose aset S
of fourintegers and gave a different numberin S to each student. Then the teacher
announced to the class that the numbersin .S were four consecutive two-digit positive
integers, that some numberin .S was divisible by 6, and a different numberin S was
divisible by 7. The teacher then asked if any of the students could deduce what S'is, but in
unison, all of the students replied no.

However, upon hearing that all four students replied no, each student was able to
determine the elements of S. Find the sum of all possible values of the greatest element of

S.

Solution:

Callarun any set of four consecutive two-digit integers containing a multiple of 6 and a
different multiple of 7; the runs are exactly the candidates for .S allowed by the
announcement. A student holding a number that lies in exactly one run could name S
immediately, so the unanimous "no" reveals that every element of S'lies in at least two runs.

A number belongs to two different runs only when nearby runs overlap, which happens
when a multiple of 6 and a multiple of 7 are consecutive integers, both two-digit: the pairs
(35, 36), (48,49), (77,78),and (90, 91). Checking each cluster, the runs all four of whose
elements are ambiguous are exactly the ones with such a pairin the two middle positions:

{34,35,36,37}, {47,48,49,50}, {76,77,78,79}, {89,90,91,92}.

These four sets are pairwise disjoint, so after the four "no" replies each student's own
number singles out one of them, consistent with everyone then deducing S.

The possible greatest elements are 37, 50, 79, and 92, with sum 258.



12. Aconvex quadrilateral has area 30 and side lengths 5, 6,9, and 7, in that order. Denote by 6
the measure of the acute angle formed by the diagonals of the quadrilateral. Then tan 6 can
be writteninthe form % ,where m and n are relatively prime positive integers. Findm + n.

Solution:

Label the quadrilateral ABC D with AB = 5, BC = 6,CD = 9,DA = 7,andlet the
diagonals meet at P, cutting AC'into p;, p and BD into g1, q2. With p = Z APB, the law of
cosinesinthe four corner triangles (whose angles at P alternate between ¢ and 180° — ¢)
gives

BO2 + DA2 — A32 — C.D2 = 2(])1(]1 —|—p1Q2 +p2Q1 —|—ng2) COos @ = 2AC - BD cos ®.

The leftsideis 36 + 49 — 25 — 81 = —21,s0 AC - BD | cos | = 4 ,and the acute angle
0 between the diagonals satisfies AC' - BD cos 6 = 2—21 Meanwhile the four corner triangles
give the area %AC -BDsinf = 30,s0 AC - BD sin 6 = 60.

Dividing, tan § = % =L som+n=40+7 = 4T.



13. Find the least positive integern for which 2" + 5™ — nis a multiple of 1000.

Solution:

Work modulo 8 and 125. Forn > 3wehave 2" = 0 (mod 8),soweneedn = 5"

(mod 8).If niseventhen5™ = 1, forcing the evennumberntobe=1 (mod 8),
impossible; sonisodd, 5" = 5,andn =5 (mod 8).Also 5" = 0 (mod 125) forn > 3,
soweneedn = 2" (mod 125).

The order of 2is 4 modulo 5, 20 modulo 25, and 100 modulo 125. Sincen = 5 (mod 8)
givesn =1 (mod 4),weget2” =2 (mod 5),son =2 (mod 5)andhencen = 17
(mod 20).Then?2" = 217 = 210. 27 = (—-1)(3) = 22 (mod 25),s0n = 22 (mod 25),
whichwithn =1 (mod 4) givesn = 97 (mod 100). Finally 210 = 24, 2% = 76,210 =
26,2%° = 51 (mod 125),so

2" =297 = 280.210. 97T =51.24.3 =47 (mod 125),

givingn = 47 (mod 125).

Combiningn = 47 (mod 125)withn =5 (mod 8)yieldsn = 797 (mod 1000), and
n = 1, 2 fail by direct check, so the least suchnis 797.



14. Let AABC be an acute triangle with circumcenter O and centroid G. Let X be the
intersection of the line tangent to the circumcircle of A ABC at A andthe line
perpendicularto GO at G. LetY betheintersection of lines XG and BC'. Given that the
measuresof ZABC, /BCA,and ZXOY areintheratiol3 : 2 : 17, the degree measure
of ZBAC canbe written as % , Where m andn arerelatively prime positive integers. Find
m + n.

Solution:

Let M be the midpoint of BC,so A, G, M are collinear along the median, while X, G, Y
are collinear by definition. Since OA 1. AX (tangentandradius)and OG L. GX,
quadrilateral OAXG is cyclic with diameter OX . Since OG L. GY andOM | MY (the

segment from the center to the midpoint of a chordis perpendicular to it), quadrilateral
OGY M is cyclic with diameter OY .

In each circle the chord OG subtends equal angles, so ZOXY = Z0XG = ZOAG =
ZOAM and Z0Y X = Z0YG = LZOMG = ZOM A.TrianglesOXY and OAM

therefore have the same angle sums at theirbases, giving

/ZX0Y =180° — Z0XY — Z0Y X =180° — ZOAM — ZOMA = ZAOM.

Write ZABC = 13kand Z/BCA = 2k,so ZBAC = 180° — 15k. Central angles give
/ZAOB = 2/BCA = 4k,and OM bisects ZBOC = 2/BAC,soontheside of B
(nearerto A'sarc since ZABC > ZBCA),

/AOM = Z/AOB + /BOM = 4k + (180° — 15k) = 180° — 11k.

Setting 180° — 11k = /XOY = 17k givesk = 2,s0 /ZBAC = 180° — 15 - 2 = 2%
degrees, and all three angles are acute asrequired. Thenm + n = 585 + 7 = 592.



15. Let f(n) and g(n) be functions satisfying

{\/ﬁ if \/n is an integer

fn) = 1+ f(n+1) otherwise

and

(n) = Vn if /n is an integer
g 2+ g(n+2) otherwise

for positive integers n. Find the least positive integern such that *gﬂ(%) = %.

v

Solution:

Let k be the least integer with k? > n.The function f climbs one step at a time to the next
perfectsquare, so f(n) = k + (k? — n). The function g climbs by 2s, preserving the
parity of itsargument, and j2 = j (mod 2),sog(n) = j + (j2 — n) where jis the least
integerwith j2 > nandj = n (mod 2).Ifk = n (mod 2)thenj = kandtheratiois 1;
soweneedk # n (mod 2),inwhichcasej = k + landg(n) — f(n) = (k+ 1)? —
k2 +1=2k+2.

Then7f = 4g = 4f + 4(2k + 2) gives f = 8(’““?)“),sok = 2 (mod 3)and
8(k+1)
3 )
subjectto (k — 1)2 < n < k?andn # k (mod 2).
Fork = 2,5,8, 11 the formula givesn = —2, 14,48, 100, each failingn > (k — 1)?; for
k = 14,n = 170isinrange but has the same parityas k. Fork = 17,n = 289 + 17 —

48 = 258, which satisfies 256 < 258 < 289 andis evenwhile kis odd. Indeed f(258) =

17 + 31 = 48and g(258) = 18 + 66 = 84, with 5} = 7,sothe least nis 258.

n==k+k—
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