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1. Zouand Chou are practicing their 100-meter sprints by running 6 races against each
other. Zouwins the firstrace, and after that, the probability that one of them wins arace
is % if they won the previous race but only % if they lost the previous race. The probability
that Zou will win exactly 5 of the 6 racesiis %, where m and n are relatively prime positive
integers. Findm + n.

Solution:

Zouwinsrace 1, sowinning exactly 5 of the 6 races means he loses exactly one of races
2 through 6. Eachrace after the first repeats the previous outcome with probability %
and switches with probability %

: " : 4
If the lossisrace 6, the five transitions are four repeats followed by one switch: (%)

% = %. If the lossisracezforsome2 < 1 < 5, thereisaswitchintothelossanda

3,112
switch back to winning, plus three repeats: (2)” (3)” = 53 foreach of the 4 positions,

3 3 243
contributing 2.

The totalis

16 32 48 16

243 + 243 243 81’

som +n = 16 4 81 = 97.



2. Inthe diagrambelow, ABC D is arectangle with sidelengths AB = 3and BC' = 11,
and AECF is arectangle with side lengths AF' = 7and FC' = 9, as shown. The area of
the shaded region common to the interiors of both rectanglesis % ,Wherem andn are
relatively prime positive integers. Find m + n.

F

Solution:

Place B = (0,0),C = (11,0), A = (0,3),D = (11, 3). Solving AF = 7Tand CF =
9 (consistent since AC? = 112 4 32 = 130 = 7> + 9% gives F = (258, 356) andsince

the diagonals of rectangle AECF bisecteachother, E = A+ C — F = (?, —%) .

Sides AFE and FC have direction (3, —4), lying onthe lines 4z + 3y = 9and 4z +
3y = 44;sides AF and EClieon3x — 4y = —12and 3x — 4y = 33. Every point of
ABCD satisfies —12 < 3z — 4y < 33, so the commonregionis just the part of the
strip0 < y < 3betweenthelines4x + 3y = 9and 4z + 3y = 44 : aparallelogram
withvertices A = (0, 3), (%,O) ,C = (11 0),and (ﬁ 3) :

Its horizontal sides have length 11 — % = 4 5 and the height between themis 3, so the
areais 2 - 3 = 1P andm +n = 105 + 4 = 109.



3. Findthe number of positive integers less than 1000 that can be expressed as the
difference of two integral powers of 2.

Solution:

A difference of powers of 2is 2¢ — 20 = 2°(2¢ — 1) wherec = a — b > 1.Since2° — 1
is odd, the odd part of the number determines c and the power of 2 determines b, so

distinct pairs (b, ¢) yield distinct integers. It suffices to count pairs with 2°(2¢ — 1) <
1000.

Forc=1,2,...,9thefactor2¢ — 1is1,3,7,15,31,63,127,255,511,and the
number of allowed values of bis 10,9, 8, 7, 6, 4, 3, 2, 1 respectively (the count for 63
dropsto4 because 63 - 16 = 1008 > 1000, while 31 - 32 = 992 still fits).

Thetotalisl0+9+8+7+6+4+3+ 2+ 1=50.

4. Findthe numberof ways 66 identical coins can be separatedinto three nonempty piles
so that there are fewer coinsin the first pile than in the second pile and fewer coins in the
second pile thanin the third pile.

Solution:

The ordered triples (a, b, ¢) of positive integers witha + b + ¢ = 66 number (625) =
2080. Exactly one of them has all three values equal, namely (22, 22, 22). Triples with
exactly two values equal come from 2a + ¢ = 66 with ¢ # a :here a canbe 1 through

32 except 22, giving 31 multisets, each arrangeable in 3 ways, so 93 ordered triples.

Hence 2080 — 1 — 93 = 1986 ordered triples have three distinct values, and each
unordered choicea < b < cis counted 6 times. The number of valid separations is
1986 — 331.



5. Callathree-termstrictly increasing arithmetic sequence of integers special if the sum
of the squares of the three terms equals the product of the middle term and the square
of the common difference. Find the sum of the third terms of all special sequences.

Solution:

Write the terms asa — d, a,a + dwithintegerd > 1. The conditionis
(a—d)?+a’>+ (a+d)?=ad®> <= 3a®+2d° = ad?,

sod?*(a —2) = 3a*andd® = 5%22 Ford? to be positivewe needa > 2(ifa = 0then
d = 0, not strictlyincreasing,and 0 < a < 2ora < 0 makes theright side negative or
non-integralin the checkable cases).

Substitutingt = a — 2 > 1gives

3(t +2)? 12
d? = 3t +2)° =3t 412+ —,
t t
sot | 12.Testingt = 1,2, 3,4, 6,12 givesd? = 27, 24,25,27,32,49 :onlyt = 3and
t = 12yield perfect squares.
These give (a, d) = (5, 5) withsequence0, 5,10, and (a, d) = (14, 7) with sequence
7,14, 21.The sum of the third termsis 10 + 21 = 31.



6. Segments AB, AC,and AD are edges of a cube and AG is a diagonal through the
center of the cube. Point P satisfies BP = 60+/10, CP = 60+/5, DP = 120+/2, and
GP = 36+/7.Find AP.

Solution:

Let A be the originwith B = (s,0,0),C = (0,s,0),D = (0,0, s),G = (s, s, s),and
P = (z,y, z). Expanding,

BP? = AP? — 2szx+ s>, CP?= AP?—2sy+s?, DP?= AP?—2sz+ s,
while GP? = AP? — 2s(z + y + z) + 3s%. Therefore
BP? 4+ CP?+ DP? — GP? =2 AP?,

with every terminvolving s or the coordinates of P cancelling.

The given lengths yield BP? = 36000, C P? = 18000, DP? = 28800, and GP? =
9072, so

2 AP? = 36000 -+ 18000 + 28800 — 9072 = 73728,

giving AP? = 36864and AP = 192.



7. Findthe number of pairs (m, n) of positive integers with 1 < m < n < 30suchthat
there exists areal number x satisfying

sin(ma) + sin(nz) = 2.

Solution:

Since eachsineis at most 1, we needsin(ma) = sin(nz) = 1,i.e.mz = § + 2maand
nz = 5 + 2wbforintegers a, b. Eliminating z gives n(4a + 1) = m(4b + 1), thatis,
4(na — mb) = m — n.Asa and brange over the integers, na — mbtakes exactly the
multiples of ¢ = gcd(m, n), so a solution existsif and only if 4g | n — m — equivalently,
writingm = gm/andn = gn/,ifandonlyifm’ = n' (mod 4) (which forces bothm/
andn’ odd).

Foreach g we count coprime pairsm’ < n' < |30/g] of odd numbersin the same
classmod4.Forg =1 :among1, 3, ..., 29there are eight numbers = 1 and seven=
3 (mod 4), giving (g) + (;) = 49 pairs, of which the five pairs {3, 15}, {3, 27},
{9,21},{15,27},{5, 25} are not coprime, leaving 44. For g = 2 (odd numbersup to 15
): (;) + (;1) = 12minus the pair {3, 15} gives 11. For g = 3 (up to 10): the pairs
{1,5},{1,9},{5,9}, {3, 7} gived.Forg = 4(upto 7): {1,5} and {3, 7} give 2. For

g =>5andg =6 :only{1,5},giving 1 each. Forg > 7 we would need two distinct odd

numbersupto |30/g| < 4inthe same class mod 4, whichisimpossible.

Thetotalis44 +11+4+2+1+1=63.



8. Findthe number of integers c such that the equation
||20]z| — 2*| — | =21

has 12 distinct real solutions.

Solution:

Set f(z) = |20|z| — x?|, aneven function; the equationsays f(z) = ¢ + 21 or

f(z) = ¢ — 21.Forz > 0, the graph of f rises from0to 100 on [0, 10], falls back to 0 at
x = 20, thenincreases without bound. So for k with0 < k < 100, the equation

f(z) = khas 3 positive solutions, hence 6 solutionsin all; for k = 100 it has 4; fork >
100ithas 2;and fork = 0it has 3 (namely 0 and £20).

The twolevels ¢ + 21 and ¢ — 21 are distinct, so the only way to reach 12 solutions is
6 + 6 :bothc — 21 and ¢ + 21 must lie strictly between 0 and 100. This means ¢ > 22
andc < 78,andevery suchintegerworks: thereare 78 — 22 4+ 1 = 57 values.



9. Let ABC D beanisosceles trapezoid with AD = BC and AB < C'D. Suppose that
the distances from A to the lines BC', CD,and BD are 15,18, and 10, respectively. Let
K betheareaof ABCD.Findv2 - K.

Solution:

Since AB || CD,thedistance 18 from Ato C'Dis the height. Put D = (0,0),C =
(¢,0),A = (a,18),B = (c — a,18),andletu = AB = ¢ — 2a > 0.The point-to-
line distance formulas give

18u 18u
__%% __ _15 (to BO), — 10 (to BD),
V324 + a? ( ) /324 + (u + a)? ( )
50324 + a? = (—“) and324 + (u +a)? = (gg‘) :
Subtracting, u(u + 2a) = 8184? = 3u? henceu + 2a = fuanda = Zu.
Substituting back, 324 = %15‘2 — 42% = ?’g—g,sou? = 202 gngy = 25v2,

ThenC’D—c—u+2a—§ 81‘f ,and

AB +CD 45v/2 812 567+/2
2 T T4 T T2

sov2 - K = 567.



2020

5001 and

10. Considerthe sequence (ak)kzl of positive rational numbers defined by a; =
fork > 1,ifa, = % forrelatively prime positive integers m and n, then

m + 18
a = )

Determine the sum of all positive integers j such that the rational number a; canbe

writteninthe form t+—1 forsome positive integert.

Solution:

Write ap, = % inlowest terms andletd = n — m, so a; has the form t+—1 exactly when
d = 1. One step sends (m, n) to (m + 18, n + 19) and then cancels g = gcd(m +
18, n 4 19). Two facts control everything. First, I = 19m — 18n satisfies 19(m +

18) — 18(n + 19) = I, so I'isunchanged by the shift and divided by g upon
cancellation. Second, since I = 19(m + 18) — 18(n + 19) = (m + 18) — 18(d +
1), anumber divides bothm + 18 andn + 19 exactly whenit dividesbothd + 1 and I;

hence g = ged(d + 1, I), and after cancelling, the new difference s dgl

Initially I = 19 - 2020 — 18 - 2021 = 2002 =2-7-11-13andd = 1,s0j = 1 works.
Thenextstephasd +1=2,g=2:a9 = % %8;8,303 = 2worksand I =

1001 =7-11-13.Fromtheredclimbs1,2,3,...untild + 1sharesafactorwithI :at
d+1="T7Twegetag = %(cancel% now I = 143);thenatd +1 = 11,a13 = 53
(cancelll,now ] = 13);thenatd +1 = 13, a3y = %(cancel 13,now I = 1).Each

cancellationusedg = d + 1,sodreturnedtolatj = 8,18, and 30.

Once I = 1, nofurthercancellationis possible, so d increases forever and never equals
1again. Thevalidindicesare j = 1,2, 8,18, 30, withsum1 + 2 + 8 + 18 4 30 = 59.



M. Let ABC D be acyclic quadrilateralwith AB = 4, BC = 5,CD = 6,and DA = 7.
Let A; and (] be the feet of the perpendiculars from A and C, respectively, toline BD,
andlet By and D be the feet of the perpendiculars from B and D, respectively, toline
AC . The perimeterof A1 B1C Dy is 7, where m and n are relatively prime positive
integers. Findm + n.

Solution:

Let P = AC N BD andlet @ be the acute angle between the diagonals. Since A lies on
line AC, its foot A; on BD satisfies PA; = P A cos #,landing ontheray of BD
making the acute angle withray P A; the same holds for all four feet. So A1 B1C1 D1 is
theimage of ABC D under the map that rotates each ray from P onto the other
diagonal (through angle #) and scales by cos @ : corresponding triangles at P are similar
with ratio cos 6, and every side of A1 B1C1 D is cos 0 times the corresponding side of
ABCD.Hence the perimeteris (4 + 5 + 6 + 7) cos § = 22 cos 6.

By Ptolemy, AC - BD =4-6+ 57 = 59.ByBrahmaguptawiths = 11, the areais

V7-6-5-4 = 24/210.Since the area also equals % AC - BDsinf,we getsinf =

44/210
59

, SO

3360 121 11

cos’f =1— = , cosf = —.
3481 3481 59

The perimeteris 22 - é—gl) = %,Which isinlowestterms,som + n = 242 4 59 = 301.



12. Let A1 A5 A3 ... A5 beadodecagon (12-gon). Three frogs initially sitat A4, Ag, and A1s.
At the end of each minute, simultaneously, each of the three frogs jumps to one of the two
vertices adjacent toits current position, chosen randomly and independently with both
choices being equally likely. All three frogs stop jumping as soon as two frogs arrive at the
same vertex at the same time. The expected number of minutes until the frogs stop
jumpingis % ,where m and n are relatively prime positive integers. Find m + n.

v

Solution:

Track the three gaps between consecutive frogs around the circle; they start at (4, 4, 4)
and always sum to 12. If the frogs jump by X1, X, X3 € {41}, the gaps change by

Xy — X1, X3 — X9, X7 — X3,s0eachgap stays even and the process stops exactly
when some gap becomes 0. Enumerating the 8 equally likely sign choices: from {4, 4,4},
the state stays with probability 2 and moves to {2, 4, 6} with probability 3. From

{2,4,6} : stay with probability %, move to {4, 4,4} or {2, 2, 8} with probability % each,
and stop with probability %. From{2, 2, 8} : stay with probability %, move to {2,4, 6} with
probability 2, and stop with probability §.

Let F1, Es, E3 be the expected remaining times from {4, 4,4}, {2, 4,6}, {2, 2,8}.Then

E1:1+}1E1+%E2, E2:1+%E2+%E1+%E3, E3:1+%1E3+%E2.

The third gives Fi3 = % + %;substitutinginto the secondyields F/y = 4,then F3 = g

andE1 :%—I-Ez = %

The expected number of minutesis ?, som+n=16+4+3 =19.



13. Circles wy and wsy withradii961 and 625, respectively, intersect at distinct points A and
B. Athird circle w is externally tangent to both w; and wy. Suppose line AB intersects w
attwo points P and () such that the measure of minor arc I/’Q is 120°. Find the distance
between the centers of w; and ws.

Solution:

Let O and r be the center and radius of w, and O1, O, the other centers. External
tangency gives 001 = r + 961, so the power of O withrespect tow; is OO% —
9612 = r2 + 2 - 961r; similarly its power with respect towsy is 72 + 2 - 6257. The
differenceis 2r(961 — 625) = 672r.

Forany point X, the difference pow,, (X) — pow,, (X) = (X0} — XO03) —

(9612 — 6252) is alinear function of X that vanishes on the radical axis, whichis line
AB;itsrate of change perpendicularto ABis2 - O10,. So the difference equals 2 -
0,0, - dist(O, AB). Meanwhile the chord PQ of w subtends a 120° central angle, so
dist(O, AB) = r cos 60° =

Therefore 672r = 2 - 010, -
672.

ol IS

= 010, - r,and the distance between the centers is



14. For any positive integer a, o (a) denotes the sum of the positive integer divisors of a. Let
n be the least positive integer such that o(a™) — 1is divisible by 2021 for all positive
integers a. Find the sum of the prime factors in the prime factorization of n.

Solution:
Note 2021 = 43 - 47.I1fa = [[ p;*,thena(a™) = [[ o(p;""), soit suffices (and is
necessary, taking a prime) thato (p"¥) = 1,i.e.p+p*> + -+ + p" =0 (mod 43 - 47),
for every prime p and every multiple N of n.
Fixq € {43,47}.1fq | pthesumis0.1fp = 1 (mod ¢q) the sumis= N, so choosing

N
such a prime (Dirichlet) forces q | n. Otherwise the sumisp - % withp — linvertible,
sowe neede = 1 (mod q);choosing pto be a primitive root mod g forcesq — 1 | n.

Conversely, if g(¢ — 1) | nthen forevery multiple N of n.and every prime p, the sum
vanishesmod gin allthree cases. Hence theleast nis

n =lcm(43 -42, 47-46) =2-3-7-23-43 -47.

The sum of the prime factorsis2 + 3 + 7 4+ 23 4+ 43 + 47 = 125.



15. Let S be the set of positive integers k such that the two parabolas
y=z>—k and r=2(y—20)?% -k

intersect in four distinct points, and these four points lie on a circle with radius at most
21. Find the sum of the least element of S and the greatest element of S.

Solution:

Adding the equationz? — y — k = 0to 5 times 2(y — 20)? — z — k = O givesaconic
through allintersection points with equal z2 and y2 coefficients:

2 —I—y ——x—41y+400 =0,
}l, 4—21) with squared radlus s T 1681 — 400 + % = 31—? + %.So
whenever four distinctintersection points exist, they are concyclic, and theradiusis at
most 21 exactly when 31—265 + % < 441,i.e. k < 280forintegers.

acircle centered at (

Substitutingy = 22 — kinto the second parabola gives the quartic f(z) = 2(xz2

c)> —x —k=0wherec =k +20.Forl <k < 4:ifx < —kthen f(z) = 2(
c)?>+ (—z — k) > 0,andif —k < z < 0thenz? < 16 whilec > 21,s0 f(z) > 2 -
25 — k > 0; thus there are no intersections withx < 0,andsince f’(z) = 8z3 —
8cx — 1 has exactly one positive root, f has atmost(and, by f(0) > 0, f(1/¢) <0,
exactly) two positive roots. So k < 4fails. Fork > 5, we have k2 >k + 20,so

f (—+/¢) = v/c — k < 0 with f strictly decreasing there, while f(—o00) = +o0,
f(0)=2c—k>0,f(y/c) = —/c—k < 0,and f(+00) = +00 : the sign
changes produce four distinct real roots.

Hence S = {5,6,...,280}, and the answeris 5 4+ 280 = 285.
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