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1. INnAABC with AB = AC, point D lies strictly between A and C onside AC, and
point E lies strictly between A and B onside AB suchthat AE = ED = DB =
BC.The degree measure of ZABC'is o, where m and n are relatively prime positive
integers. Findm + n.

Solution:

Let /BAC = a.Since AE = ED,triangle AEDisisosceleswith /ADFE =
/DAFE = a,sothe exteriorangle at E gives /DEB = 2a.Since ED = DB,
triangle EDBhas /DBE = /DEB = 2a,hence ZEDB = 180° — 4a.

The three angles at D on segment AC sumto a straight angle: o + (180° — 4ar) +
/BDC = 180°s0/BDC = 3a.Since DB = BC,also /BCD = /BDC =
3a.But AB = AC' makes ZABC = ZACB = 3a, sotheangle sumof AABC

givesa + 3a + 3a = 180°, hence a = @ degrees.

Then ZABC = 3a = % degrees,andm + n = 540 + 7 = 547.



2. Thereisaunique positive real number x such that the three numbers log8(2a:), log, z,
andlog, x,inthat order, form a geometric progression with positive commonratio.
The number x can be written as % , where m and n arerelatively prime positive
integers. Findm + n.

Solution:

Lett = log, . Thenlog, x = % andlogg(2z) = % Ina geometric progression the
middle term squared equals the product of the outer terms:

£\ _ 1+t
2) 3 7

Sincet = 0 gives no validratio, divide by ¢ : & = %,so 3t =4+ 4tandt = —4.
Thusz = 274 = %,and the progressionis —1, —2, —4 with commonratio 2, whichis
positive as required.

Thereforem +n =1+ 16 = 17.



3. Apositiveinteger N has base-elevenrepresentation a b cand base-eight
representation 1 b ca, where a, b, and crepresent (not necessarily distinct) digits. Find
the least such N expressedin base ten.

Solution:

Equating the two representationsinbase tengives 121a + 11b + ¢ = 512 + 64b +
8c + a, which simplifies to

120a = 512 + 53b + Tec.

Allof a, b, care base-eight digits,so0 < a, b,c < 7(anda > 1sinceitleadsthe
base-elevenrepresentation).

Therightsideisatleast512,soa > 5.Since N = 121a + 11b + cincreaseswitha,
trya = 5 :thenb3b + 7c = 88.Hereb = (0 gives 7c = 88, impossible,and b > 2
overshoots,sob = 1and 7c = 35, givingec = 5.

Thus N =121 -5+ 11 + 5 = 621, whose base-eight representationis 1155 and
base-elevenrepresentationis 515, asrequired. The least such N is 621.



4. Let Sbethesetof positiveintegers IV with the property that the last four digits of IV
are 2020, and when the last four digits are removed, the result is a divisor of N. For
example, 42,020isin S because 4 is a divisor of 42,020. Find the sum of all the digits of
allthe numbersin S. Forexample, the number42,020 contributes4 + 2 + 0 + 2 +
0 = 8tothistotal.

Solution:

If removing the last four digitsleaves k > 1,then N = 10000k + 2020, and the
conditionk | N is equivalentto k | 2020. Since 2020 = 22 - 5 - 101, there are 12
choicesofk :1,2,4,5,10,20,101, 202,404, 505, 1010, 2020.

Each member of S has digit sum equal to the digitsumof kplus2 +0 + 2 + 0 = 4.
The digit sums of the twelve divisorsare 1, 2,4,5,1,2,2,4, 8,10, 2, 4, totaling 45.

The answeris4b + 12 -4 = 93.



5. Sixcardsnumbered 1 through 6 are to be lined up in arow. Find the number of
arrangements of these six cards where one of the cards can be removed leaving the
remaining five cards in either ascending or descending order.

Solution:

First count arrangements from which some card's removal leaves the rest ascending.
Any such arrangement arises by choosing the card to remove (6 ways) and inserting it
into one of the 6 gaps of the other five cards writteninincreasing order, for 36
constructions. But the fully sorted row 123456 arises from all 6 card choices, and each
of the 5 arrangements obtained by swapping two adjacent cards of the sorted row
arises twice (move either card of the pair past the other). Every other construction
gives adistinct arrangement.

Sothe ascending countis1 + 5 + (36 — 6 — 10) = 26, and by symmetry there are
26 descending arrangements. No arrangement is counted in both totals: that would

require an ascending and a descending subsequence of five cards, needing at least
545 —1=9cards.

The totalis 26 + 26 = 52.



6. Aflatboardhasacircularhole with radius 1 and a circular hole with radius 2 such that
the distance between the centers of the two holesis 7. Two spheres with equal radii sit
inthe two holes such that the spheres are tangent to each other. The square of the
radius of the spheresis % , where m and n are relatively prime positive integers. Find
m + n.

Solution:

A sphere of radius r resting in a circular hole of radius a has its center on the axis of the
hole; since the centeris at distance r from every point of the hole's rim, it sits at
distance /72 — a2 from the plane of the board. So the two centers lie at depths

V1?2 — 1and v/72 — 4 onthe same side of the board, with horizontal separation 7.

Tangency of the spheres means the centers are 2r apart:

2
19+ (Vrt—1- V= 4) =42,

Expanding gives 49 + 2r2 — 5 — 24/(r2 — 1)(r? — 4) = 472, s0
v/ (r2 —1)(r2 — 4) = 22 — r?. Squaring, r* — 572 4+ 4 = 484 — 44r? + r4 hence

3972 = 480andr? = %.

Thusm +n = 160 + 13 = 173.




7. Aclub consisting of 11 menand 12 women needs to choose a committee from among
its members so that the number of women onthe committee is one more than the
number of men onthe committee. The committee could have as few as 1 member or
as many as 23 members. Let IV be the number of such committees that canbe

formed. Find the sum of the prime numbers that divide IV.

Solution:

A committee with k menhas k + 1 women, so

11 11
Z 11 12 Z 11 12 23
N pr— p— pu—
(k)<k+1> (k>(11—k> <11>
k=0 k=0
by Vandermonde's identity (both sides count ways to choose 11 people fromall 23).

%‘;’) = %.The primes 13,17,19, 23 each appearin the numerator but

not the denominator. By Legendre's formula the exponentof 2is19 — 8 — 10 = 1, of
3is9—4—-5=0,0fdis4d—2—-2=0,0f7is3—1—1=1,andof11is2 — 1 —
1=0.Hence N =2-7-13-17-19 - 23.

The sum of the primes dividing Nis2 + 7 + 13 + 17 + 19 4+ 23 = 81.

Now factor (



8. Abugwalks allday and sleeps all night. On the first day, it starts at point O, faces east,
and walks a distance of 5 units due east. Each night the bug rotates 60°
counterclockwise. Each day it walks in this new direction half as far as it walked the
previous day. The bug gets arbitrarily close to point P. Then OP? = o, where m and
n are relatively prime positive integers. Find m + n.

Solution:

Work in the complex plane with O at the origin and east along the positive real axis.

Each day's displacementis the previous one multiplied by 2z = %e”/?’, SO
P=5(14z+2"+-)= >
1—2
Sincez = %1 + ?z’,we getl — z = % — ?i,whose squared magnitudeiis % +
3 _ 3
16 = 1- Iherefore
25 100
OP? = — — —,
3/4 3

andm +n =100+ 3 = 103.



9. Let.S bethe setof positive integer divisors of 20°. Three numbers are chosen
independently and atrandom from the set S and labeled aq, as, and as in the order
they are chosen. The probability that both a; divides as and a, divides ag is %, where
m and n are relatively prime positive integers. Find m.

Solution:

Write 20° = 218 . 5% soeacha; = 2%5% with0 < z; < 18and0 < y; < 9;thereare
19 - 10 = 190 divisors, and the exponents of the two primes are chosen
independently and uniformly. The chaina; | az | agholdsexactlywhenz; < x5 < 13

andyr < y2 < y3.
Non-decreasing triples from a set of k values correspond to multisets of size 3,
kgz).Sothe probability is

(3) (5) 1330 220 70 11 77

193 103 6859 1000 361 50 1805

counted by (

Since 1805 = 5 - 192 shares no factorwith 77 = 7 - 11, the fractionis in lowest terms
andm = 77.



10. Letm and n be positive integers satisfying the conditions
e gcd(m + n,210) = 1,
em™isamultiple of n", and
e misnot a multiple of n.

Find the least possible value of m 4 n.

Solution:

If a prime pdivides n,thenp | n™ | m™,sop | mandhencep | m + n.Since

ged(m + n,210) = 1, no prime factorofnis 2, 3,5, or 7 : every prime factor of nis at
least 11. Because m is not amultiple of n, some prime phasb = vp(m) < a = vp(n),
where v, denotes the exponent of p. Comparing exponents of pinn" | m™ gives

bm > an,som > ¢n > 2n.Inparticulara > 2,so0p? | nandn > 11* = 121.

Taken = 121 withp = 11,a = 2,b = 1 :thenmisamultiple of 11 but not of 121,
andm > 2121 = 242.The candidatesm = 253, 264,275 givem +n = 374 =
2-11-17,385 =5-7-11,396 = 2% . 32 . 11, all sharing a factor with 210, while
m = 242 = 2 - 11%isamultiple of 121. Butm = 286 = 2 - 11 - 13 works:
v11(m™) = 286 > 242 = vy1(n"),son” | m™,andm +n = 407 = 11 - 37is
coprime to 210.

Any other admissible nis atleast 132 = 169, forcingm + n > 3n > 507. Hence the
least possible value is 407.



1. Forintegersa,b,c,andd,let f(z) = 2> + ax + band g(z) = z? + cx + d.Find the
number of ordered triples (a, b, ¢) of integers with absolute values not exceeding 10
forwhich thereis anintegerdsuchthatg(f(2)) = g(f(4)) = 0.

Solution:

The condition says the integers f(2) = 4 4+ 2a + band f(4) = 16 + 4a + bare both
roots of the monic quadratic g. These two values are equal exactly whena = —6.

Ifa = —6,thenforany band any cthe choiced = — f(2)? — ¢ f(2) makes f(2) =
f(4) arootof g, giving 21 - 21 = 441 triples. If a # —6, the two distinct values must
be the two roots of g, so Vietaforcesc = —(f(2) + f(4)) = —(20 + 6a + 2b),and
thend = f(2)f(4)isaninteger. The requirement |c| < 10 becomes —15 < 3a +
b< —5.

Foreacha, countintegersb € [—10, 10| with —15 — 3a < b < —5 — 3a :the counts
are2,5,11,11,11,11,9,6, 3 fora = —8,—-7,—-5,—4,-3,—2,—1,0,1
respectively, and O for all othera # —6, totaling 69. The answeris 441 + 69 = 510.



12. Let n be the least positive integer for which 149" — 27 is divisible by 3% - 5° - 77. Find
the number of positive divisors of nn.

Solution:

Work prime by prime. Since 149 — 2 = 147 = 3 - 72, the lifting-the-exponent lemma
givesv3(149™ — 2") = v3(147) 4+ v3(n) = 1 4+ v3(n) and v7 (149" — 2") = 2 +
v7(n) for every positive integer n. Requiring at least 3and 7 forces 32 | nand 7° | n.
For5we firstneed 149" = 2" (mod 5),i.e.4"” = 2",i.e.2” =1 (mod 5), which
requires4 | n. Writen = 4k.In149% — 2% = (149 — 2)(149 + 2)(149? + 4), only
the last factor is divisible by 5, and only once, since 149% 4 4 = 22205 = 5 - 4441.
Lifting the exponent from the base 1494, 24 gives v5(149™ — 2") = 1 + v5(k), so
5| k,ie.4-5* | n.

Theleastvalidnis 2% - 32 - 5 . 75, whichhas (2 + 1)(2 +1)(4 + 1)(5 + 1) = 270
positive divisors.



13. Point D lies onside BC of AABC sothat AD bisects ZBAC'. The perpendicular
bisector of AD intersects the bisectors of ZABC and ZACB inpoints E and F,
respectively. Giventhat AB = 4, BC' = 5,and C' A = 6,the areaof AAEF canbe

V/n

written as mT , Where m and p are relatively prime positive integers, and nis a positive
integer not divisible by the square of any prime. Findm + n + p.

Solution:

Intriangle AB D, the internal bisector of the angle at B meets the circumcircle of
ABD again at the midpoint of arc AD not containing B, and that arc midpoint lies on
the perpendicular bisectorof AD —so Eis exactly that arc midpoint. The inscribed
angles AEAD and ZEBD subtendthe samearc ED,so /EAD = % Similarly
/FAD = £ and E, F lie on opposite sides of line AD.

Let M be the mldpomt of AD. Inright triangles AME and AMF, ME = AM tang
and MF = AM tan %,so EF =AM (tan g + tan 3 ) while the distance from A
toline EFis AM.Hence [AEF] = 1AM? (tan £ +tan ).

HereBD—ZandDC'—3 soAD? = AB - AC’ BD - DC:24—6:18and

AM? = The law of cosines gives cos B = % andcos C = L

5 sotan =
1—1/8 U7

1 2
YT andtan $ = L, withsum 227 Theareais 1 - 9 . 107 — 15V7

1+1/8_ 3 2 \/7’ 2 2 21 — 14
m+n+p=15+7+ 14 = 36.

SO



14. Let P(z) be a quadratic polynomial with complex coefficients whose x? coefficient is
1. Suppose the equation P(P(z)) = 0hasfour distinct solutions, z = 3,4, a, b. Find
the sum of all possible values of (a + b)?.

Solution:

Write P(x) = 2% + px + qwithroots r; and 5. The solutions of P(P(z)) = 0 split
into the two solutions of P(x) = r; and the two of P(x) = r9, and each pair sums to
—p.

If 3and 4 formone pair,thena + b= —p = 3 + 4 = 7,s0 (a + b)? = 49.Thisis
achievable: P(z) = (z — 3)(z — 4) + r1 withry satisfyingr? — 671 + 12 = 0,
which has (complex) solutions, and the fourroots are distinct.

Otherwise 3 and 4 lie in different pairs:3 +a =4+ b= —p = s,and
{P(3),P(4)} = {r1,r2}.Therootsumgives P(3) + P(4) = 25+ Tp + 2q = s, s0
withp = —swegetq = 4s — 2£,andthen P(3) = s — Zand P(4) = Z.Theroot

7

productgives £ (s — 1) = g = 4s — 23, whose solutioniss = 1.Thena + b =
) ) D) D)

(s —3)+ (s —4) = —6,s0(a + b)? = 36,witha = —3,b = —1 alldistinct from 3
and 4. The sum of all possible valuesis 49 + 36 = 85.



15. Let AABC be an acute triangle with circumcircle w and orthocenter H. Suppose the
tangent to the circumcircle of AH BC at H intersectsw at points X and Y with
HA=3,HX = 2,and HY = 6.The area of A ABC can be written as m+/n, where
m andn are positive integers, and nis not divisible by the square of any prime. Find
m —+ n.

Solution:

Reflecting H overline BC'lands on w, so the circumcircle of H BC'is the reflection of
w over BC'. Take the circumcenter O as the origin,sothat H = A + B + C'as
vectors. If M is the midpoint of BC,thenOM L BC, so the reflected centeris

2M — O = B+ C = H — A.Tangency at H means XY is perpendicular to the
radius from B + Cto H, whichis the vector A : the chord XY is perpendicularto
OA.

Place A = (0, R) so that XY is horizontal at height h, with H = (x¢, h). The half-
chordlengthisv R? — h*,and HX = 2, HY = 6give vV R? — h? = 4 with |zo| = 2.
FromHA =3:4+ (R—h)?=9,50R — h = +/5.Then

16 = B — h* = (R— h)(R+h) = V5 (2R — V5),
giving R = %
NowB+C =H — A= (£+2,-5),s0 M = <:|:1,—\/73) and OM = 2 whence

BC =24/ R? — % = 24/ %.The distance from A toline BC (through M,

2
perpendicularto OM)is |A'MO*J\?M | — 21/;1/*29/4 = 5,using A - M = _@ = _%,

Hence

[ABC) = %.2\/%-5 = /495 = 3+/55,

andm +n =3 + 55 = 58.
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