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1. Points A, B, and Cliein that order along a straight path where the distance from A to C'is 1800
meters. Inaruns twice as fast as Eve, and Paul runs twice as fast as Ina. The three runners start
running at the same time with Ina starting at A and running toward C', Paul starting at B and running
toward C, and Eve starting at C and running toward A. When Paul meets Eve, he turns around and

runs toward A. Paul and Ina both arrive at B at the same time. Find the number of meters from A to
B.

Solution:

Letz = AB,so BC' = 1800 — z, andlet Eve's speed be v, so Ina runs at 2v and Paul at 4v. Paul

and Eve start at B and C' running toward each other, so together they coverthe 1800 — x meters
between them, with Paul covering % of it. Paul then retraces that distance back to B, so when he

reaches B he has run § (1800 — z) metersintotal.

Inareaches B at the same moment, having run £ meters. Since Paul runs twice as fast as Ina, he has
run 2z metersin that time. Therefore

2(1800 ~2) = 2,

which gives 8 - 1800 = 18z, sox = 800.



2. letag = 2,a; = 5,andas = 8,andforn > 2 define a, recursively to be the remainder when
4(an_1 +a,_o + an_g) is divided by 11.Find a92018 * 42020 * A2022-

Solution:
Computing successive terms gives
2,5, 85 6, 10,7, 4,7, 6,2, 5,8, ...
Since (a0, a11, a12) = (2,5, 8) = (ay, a1, az) and each term depends only on the previous three,

the sequence is periodic with period 10.

Therefore asgis = ag = 7,a9020 = ag = 2,and asgee = as = 8,sotheproductis7 -2 -8 = 112.

3. Findthe sum of all positive integers b < 1000 such that the base-binteger 36, is a perfect square
andthe base-binteger 27 is a perfect cube.

Solution:

The conditions say 3b + 6 is a perfect square and 2b + 7 is a perfect cube. Since 2b + 7is odd and
b < 1000 forces2b + 7 < 2007, the cube mustbe one of 1,27,125,343,729, 1331, givingb =
—3,10,59,168,361,662.

The corresponding values of 3b + 6 for the positive candidates are 36, 183,510, 1089, 1992, and
only 36 = 62 (forb = 10)and 1089 = 332 (forb = 361) are perfect squares. The requested sum s
10 + 361 = 371.



4. Inequiangularoctagon CAROLINE,CA = RO = LI = NE = v/2and AR = OL =
IN = EC = 1.The self-intersecting octagon CORNE L1 A encloses six non-overlapping
triangularregions. Let K be the areaenclosedby CORNE LI A, that s, the total area of the six
triangularregions. Then K = %,Where a and b are relatively prime positive integers. Finda + b.

Solution:

Since the interior angles are all 135° and the 1/2 sides are diagonals of unit squares, the octagon
fitsonalattice: C = (0,0),4 = (1,1),R = (2,1),0 = (3,0),L = (3,-1),I = (2,-2),N =
(1,—-2),E = (0,—1).The path CORNELI A'is carried to itself by the 180° rotation about
(3,—1).LetY and Z be the points where AT and RN cross CO, andletW = AI N RN.
Segment Al hasslope —3,s0Y = (%,0),and by symmetry Z = (3,0) andW = (%, —%)

N 1

The six enclosed regions are the four congruent corner triangles like C'AY and the two small
congruent triangles like Y ZW . Triangle CAY hasbase CY = % and height1,soitsareais %
Triangle Y ZW hasbase Y Z = 1 and height §, soits areais ;. Therefore

17

anda +b=17+ 6 = 23.



5. Supposethatz,y,and z are complex numbers suchthatxy = —80 — 3207, yz = 60,and zx =
—96 + 244, wheret = y/—1.Thenthere arerealnumbersaandbsuchthatz +y + z = a + bi.
Finda® + b%.

Solution:

Multiplying the three equations gives
(zyz)* = (—80 — 3204)(60)(—96 + 244) = 80 - 60 - 24 (—1 — 4i)(—4 + i) = 240%(16 + 30i).
Since 16 + 30i = (5 + 31)?, we getzyz = +240(5 + 31).

Dividing zyz by each given product yields

= TY2 = +(20 + 12i), Yy = rye = +(—10 — 107), 2= = +(—3 + 31),
Yz 2T Ly

with matching signs. Hence z + y + z = &(7 + 5i),s0 (a,b) = =(7,5)anda® + b* = 49 +
25 = 74.

6. Arealnumberais chosenrandomly and uniformly from the interval [—20, 18]. The probability that the
roots of the polynomial

z* + 20z + (20 — 2)x® + (—4a + 3)z — 2

are allreal can be writtenin the form % , where m andn are relatively prime positive integers. Find
m + n.

Solution:

Group the terms by whethertheyinvolve a :
(z* — 222 + 3z — 2) 4+ 2a(z® + 2% — 22) = (z — 1)(z + 2)(2® — 2 + 1) + 2az(z — 1)(z + 2),

so the polynomial factors as (z — 1)(z + 2) (#® + (2a — 1)z + 1) .

Allfour roots are real exactly when the quadratic factor has real roots, i.e. when (2a — 1) — 4 > 0,

whichmeansa < —% ora > %.The excluded interval (—%, %) has length 2 inside [—20, 18], which

has length 38, so the probability is 35 = 3. The requested sumis 18 + 19 = 37.



7. Triangle ABC hassidelengths AB = 9, BC = 5+/3,and AC = 12.Points A =
Py, P, P,,..., Pys) = Bareonsegment AB with P, between P,_; and P, fork =
1,2,...,2449, andpoints A = Qq, Q1, Q2, . . . , Q2450 = C are onsegment AC with Q,
between Qj,_1and Q.1 fork = 1,2,. .., 2449. Furthermore, each segment P,Qy,, k =
1,2,...,2449,is parallel to BC. The segments cut the triangle into 2450 regions, consisting of
2449 trapezoids and 1 triangle. Each of the 2450 regions has the same area. Find the number of
segments P,Qr, k = 1,2, ...,2450, that have rational length.

Solution:

Since the 2450 regions have equal areas, triangle A P, Q) (the union of the first k regions) has area
%50 of triangle ABC'. Each triangle AP, Q. is similarto ABC', and lengths scale as the square root
of areas, so

vk \/_
=53 35v2 14

Thisis rational exactly when 6k is a perfect square, which happens exactly when k = 6]'2 fora
positive integer j. The condition 652 < 2450 gives j2 < 408,s0j = 1,2,...,20. There are 20
such segments.

P
kQr = 5v/3 2450



8. Afrogispositioned atthe origininthe coordinate plane. From the point (:1:, y), the frog canjump to
any of the points (x + 1,y), (x + 2,y), (z,y + 1), 0or (x,y + 2). Find the number of distinct
sequences of jumps in which the frog begins at (0, 0) and ends at (4, 4).

Solution:

The horizontal jumps are steps of 1 or 2 summing to 4, so as amultiset they are {1,1,1, 1},
{1,1,2},0r{2, 2}, and the same holds for the vertical jumps. For any choice of the two multisets,
every ordering of all the jumps is a valid sequence, and the number of orderings is the multinomial
coefficient of the combined multiset.
The nine cases give
8 7! ) 6! )
<4) =70, g =105 (twice), a1 15 (twice),

6! 5! ) 4
ﬁ = 180, ﬁ =30 (thCG), (2) =

Thetotalis70 +2 - 105 + 2 - 15 + 180 + 2 - 30 + 6 = 556.



9. Octagon ABCDEFGH withsidelengths AB = CD = EF = GH = 10and BC = DE =
FG = HA = 11isformed by removing four 6-8-10 triangles from the corners of a 23 x 27
rectangle with side AH onashort side of the rectangle, as shown. Let J be the midpoint of E,
and partition the octagon into 7 triangles by drawing segments JB, JC, JD, JE, JF,and JG.
Find the area of the convex polygon whose vertices are the centroids of these 7 triangles.

[ Iy

E

Solution:

Each of the 7 triangles has J as a vertex, and the centroid of a triangle JVW lies on the segment
from J to the midpoint of W, two-thirds of the way out. So the centroid heptagonis the image of
the heptagon S formed by the midpoints of E, B_C’, ceey G H under a dilation centered at J with
ratio 2, andits areais 5 [S].

Place therectanglewith A = (0,6), B = (8,0),C = (19,0),D = (27,6), E = (27,17),F =

(19,23),G = (8,23),H = (0,17),s0J = (0, 2). The midpoints are (4, 3), (4, 0), (23, 3),

(27,2),(23,20), (%, 23), (4, 20). The vertical segmentsatz = 4,2 = 2,andz = 23 have

lengths 17,23, and 17, cutting S into two trapezoids of height 12—9 and a triangle of height 4 :
17+23 19 17-4

S| =2 — =380 + 34 = 414.
5] 2 2+ 2 -

Therequested area is% -414 = 184.



10. Find the number of functions f(x) from {1, 2,3,4,5} to {1, 2, 3,4, 5} that satisfy f(f(z)) =

1.

f(f(f(x)))forallzin{1,2,3,4,5}.

Solution:

Applying fto f(f(z)) = f(f(f(x))) repeatedly shows the condition means that f(f(x))isa
fixed point of f forevery x. So the elements organize into levels: a nonempty set of 7 fixed points,
then 7 elements whose image is a fixed point (but which are not fixed), and the remainingd — 7 — 3
elements, each of which must map to one of the j middle elements.

Forgiveniand j there are (‘;’) choices of fixed points, (5]—2) choices of the middle level, 37 maps
from the middle level to the fixed points, and j 5~/ maps for the rest. Summing (3) (57) T

overthevalidpairs(allz > 1,7 > 1, plustheidentity case ¢ = 5) gives

20 + 120 + 60 + 5 + 60 + 240 + 80 + 60 + 90 + 20 + 1 = 756.

Find the number of permutations of 1, 2, 3,4, 5, 6 such that foreach kwith1 < k < 5, atleastone
of the first k terms of the permutationis greater than k.

v
Solution:
The condition fails exactly when the first k terms are a permutation of {1, cee k} forsomek < 5.
Forapermutationofl,...,n,let k be the smallestlength for which the prefixis {1, ceey k} (the full
lengthn always works), and let ¢,, be the number of permutations whose smallest such kisn. We
want cg.

Every permutationof 1,. .., n decomposes uniquely as a minimal prefix of length k (ci choices)
followed by any arrangement of the remainingn — k values, so

n

ch (n—k)! =nl

k=1
Startingfromc; = 1,thisgivesco = 1,¢c3 = 3,¢4 = 13,¢5 = 71, and

c6="720—(120-1+24-146-3+2-13+1-71) = 720 — 259 = 461.



12. Let ABC D be a convex quadrilateralwith AB = CD = 10, BC = 14,and AD = 2+/65.
Assume that the diagonals of ABC' D intersect at point P, and that the sum of the areas of
triangles APB and C'P D equals the sum of the areas of triangles BPC' and AP D. Find the area of
quadrilateral ABC' D.

Solution:

Leta = AP,b= BP,c = CP,d = DP,andletd = ZCPD.Sincesin(m — 0) = sin§, the
equal-area condition 5 (ab + cd) sin @ = 1 (ad + bc) sin 6 simplifiesto (a — ¢)(d — b) = 0.By
symmetry assume a = c.

The law of cosines in triangles BPC and APB (whose angles at P are supplementary) gives a® +
b% + 2abcos @ = 196 and a® + b*> — 2abcosf = 100,so0a? + b*> = 148 and abcos § = 24.
Similarly triangles AP.D and CPD give a®> + d? = 180 and ad cos = 40. Dividing, % = g,while

subtracting gives d? — b? = 32;henceb = 31/2,d = 5v/2,a% = 130,and cos? § = 13261'218 = g,
7

V65"
The total areais

sosinf =

1 7
“(a+c)(b+d)sinfd = a(b+d)sinh = /130 - 8V2 - —— = 112.
5(@-+c)(b+d)sind = a(b+ d)sing — v —



13. Misharolls a standard, fair six-sided die until she rolls 1-2-3 in that order on three consecutive rolls.
The probability that she will roll the die an odd number of times is % ,where m andn are relatively
prime positive integers. Find m 4+ n.

Solution:

Let a be the probability that the total number of rolls is odd; let b be that probability given that the
firstrollisa 1, and c given that the first tworolls are 1-2 (in each case counting all rolls). Condition on
the nextroll, noting that whenever the count restarts, the rolls already used flip the required parity.
Starting fresh: a 1 leads to state b; anything else uses one roll, after which an even continuation is
needed. Afteral : another 1 means the first roll is wasted, needing an even continuation of the b-
type; a 2leads to c; anything else wastes bothrolls. After 1-2 : a 3 finishesin 3 rolls (odd); a1
restarts at the b-state with two wasted rolls; anything else wastes all three. Thus

az%b—#%(l—a), b:%(l—b)—i—%c—l—%a, c:%b—i—%—l-%(l—a).
The first equation givesb = 11a — 5; substituting the third into the secondyields 41b = 11 +
20a,s041(11a — 5) = 11 + 20a, giving431la = 216anda = %. Since43lisprime,m +n =
216 + 431 = 647.



14. The incircle w of triangle ABC'is tangentto BC at X. LetY # X be the otherintersection of AX
withw. Points P and Q lie on AB and AC, respectively, so that PQ is tangenttow at Y. Assume
that AP = 3, PB = 4, AC = 8,and AQ = ™, where m and n are relatively prime positive
integers. Findm + n.

Solution:

Letwtouch ABat Z and AC at W,andseta = ZBAX and 8 = ZAXC. The tangent-chord
angle between PQ) and chord XY equals the one between BC and XY ,s0 ZQY X =

/Y XC = B,andvertical angles give ZAY P = [3.Intriangle APY thelaw of sines gives PY =
AP :ﬁg,and by equal tangents PZ = PY,so i—g =1+ % =1+ Ziﬁg Intriangle ABX,

since /AXB = 180° — 8, similarly BX = AB %24 ,and BZ = BX gives 45 = 1 — 324

sin 8 °

Adding the two relations, % + fl—g = 2,sowith AP = 3and AB = Tweget AZ (% + %) =2,
hence AZ = %.Theidenticalargument onside AC (using ZX AC intriangles AQY and ACX)

gives % + ﬁ—‘g =2,and AW = AZ = % by equal tangents from A. Therefore

59

110

AQ 21

1
8 168’
so AQ = B andm +n = 168 + 59 = 227.



15. Find the number of functions f from {0, 1, 2, 3,4, 5, 6} to the integers such that f(0) = 0,
f(6) =12,and

|z —y| < [f(z) — f(y)] < 3|z —y

forallzandyin{0,1,2,3,4,5,6}.

Solution:

Letd; = f(i) — f(i — 1),soeach|d;| € {1,2,3}andd; + - - - + dg = 12.If k of the differences
were negative, the sumwould be atmost 3(6 — k) — k = 18 — 4k, sok < 1.If no differenceis
negative, the solutionsofa + b 4+ ¢ = 6,a + 2b + 3¢ = 12(witha, b, ccounting 1s, 2s, 3s) are
(0,6,0),(1,4,1),(2,2,2),(3,0,3),and all such orderings satisfy every pair condition, giving

6 6 6 6
(0,6,0> * (1,4,1) * (2,2,2) T <3,0,3> =1+ 30+ 90 + 20 = 141.

Ifd; < 0,then|f(2)] > 2with f(2) < d; + 3forcesd; = —1anddy = 3;the remaining four
differences are positive and sumto 10, giving (1’373) + (07‘21,2) = 4 + 6 = 10functions, and the
casedg < 0issymmetric: 20inall. Finally,ifd,, .1 < 0forsomen = 1,2, 3, 4, the pair conditions
lfin+1)— f(n—1)| > 2and|f(n+2) — f(n)| > 2forced, 1 = —landd, = d,,2 = 3.
The other three differences are positive and sumto 7, achievable astwo 3sand a1l ora 3 and two 2

s, eachin 3 orders: 6 ways for each of the 4 positions, or 24 functions.

Thetotalis 141 + 20 + 24 = 185.
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