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1. Let .S bethe number of ordered pairs of integers (a, b), with1 < a < 100andb > 0,
such that the polynomial 2 + ax + bcan be factored into the product of two (not
necessarily distinct) linear factors with integer coefficients. Find the remainderwhen S

is divided by 1000.

Solution:

The polynomial factorsinto integer linear factors exactly whenitsroots are integers,
that is, when the discriminant a® — 4b equals c? for some integerc > 0. Givena, such

ab > Oexistsexactlywhen4b = a? — ¢ = (a — ¢)(a + ¢) forsomecwith0 < ¢ <
aandc = a (mod 2),anddistinct such c give distinct values b = “2102

Foroddathevalidcarel,3, ..., a,whichis < choices; forevena they are

2
0,2,...,a,whichis § + 1choices.

Summingovera = 1,...,100 :theoddacontributel + 2 + - -- 4 50 = 1275, and
the evena contribute 2 + 3 + - - - + 51 = 1325.Thus .S = 2600, and the remainderis
600.



2. Thenumbern canbe writteninbase 14asa b ¢, canbe writteninbase 15asa cb, and
canbewritteninbase6asa ca c,wherea > 0.Find the base-10representation of n.

Solution:

Writing out the place values,n = 196a + 14b + ¢ = 225a + 15¢ + b = 222a + 37c,
where a and care base-6 digitswithl < a < 5and0 < ¢ < 5,and0 < b < 13.

Equating the last two expressions gives b = 22¢ — 3a. Substitutinginto 196a +
14b + ¢ = 225a + 15¢ + b(which says 13b = 29a + 14¢)yields 13(22¢ — 3a) =
29a + 14¢,s0272¢c = 68a, thatisa = 4c. The digit bounds forcec = 1,a = 4, and
thenb = 22 — 12 = 10, whichis avalid digitinbases 14 and 15.

Thereforen = 222 -4+ 37-1 = 925.Indeed925 =196 -4 + 14 - 10 + 1,
confirming the base-14 form. The answeris 925.



3. Kathyhasbredcards andb green cards. She shuffles the 10 cards and lays out 5 of the
cardsinarowinarandom order. She will be happy if and only if all the red cards laid out
are adjacent and all the green cards laid out are adjacent. Forexample, card orders
RRGGG, GGGGR, or RRRRR will make Kathy happy, but RRRGR will not. The probability
that Kathy willbe happy is % , Where m and n are relatively prime positive integers.
Findm + n.

Solution:

Thereare10-9-8 -7 -6 = 30240 equally likely ordered layouts of  of the 10 distinct
cards. Kathy is happy exactly when the color pattern consists of one block of reds and
one block of greens: the patterns are RRRRR, GGGGG, and the eight mixed patterns
R"G* "and G* "R forr = 1,2, 3, 4.

5! 5!

Apatternusingrredand 5 — r green positions can be filledin Gori 1 Ways

(ordered choices of which red cards and which green cards appear). Forr =
5,4,3,2,1,0these countsare 120,600,1200, 1200, 600, 120. The happy layouts
number

120 + 120 + 2 (600 + 1200 + 1200 + 600) = 7440.

The probability is % = %,som +n =31+ 126 = 157.



4. nANABC,AB = AC = 10and BC' = 12. Point D lies strictly between A and B on
AB and point E lies strictly between Aand C on AC sothat AD = DE = EC.Then
AD canbe expressedin the form z5’,wherep and g are relatively prime positive

integers. Findp + q.

Solution:
By the law of cosinesin AABC,

102 + 102 — 122 56 7
cos A = = ————
2.10-10 200 25

letz = AD = DE = EC,so AE = 10 — x.Thelaw of cosinesin AADF gives

7
z? ::c2—|—(10—:c)2—2:13(10—w)-%,

so(10 — )% = é—g z(10 — ). Sincez < 10, we may divide by 10 — zto get 10 —

T = 12‘1—5m,hence250 =39z andz = %.

Asgcd(250, 39) = 1, the answeris 250 4+ 39 = 289.



5. Foreachordered pair of real numbers (z, y) satisfying
log, (22 +y) = log,(2® + zy + 7y°),
thereis areal number K such that
log;(3z + y) = logg(3z* + 4zy + Ky?).

Find the product of all possible values of K.

Solution:

Because log, u = log, /u, the first equationis equivalent to (2z + y)? = 2% +
zy + Ty? togetherwith 2z + y > 0. Expanding gives 3z? + 3zy — 6y? = 0, which
factorsas3(z — y)(z + 2y) = 0.Soxz = yorz = —2y,with (z,y) # (0,0).
Similarly the second equation says (3z + y)? = 3z2 + 4xy + Ky?, thatis 6z2 +
2zy + y? = Ky?.Ifz = y(takingz > 0sobothlogarithms are defined), then K =

6+2+1=9.fx =—2y(takingy < 0,s02z +y = —3y > 0and3z +y =
—5y > 0),then24y? — 4y + > = Ky?,s0 K = 21.

Both cases occur, so the product of all possible valuesis 9 - 21 = 189.



6. Let N be the number of complex numbers z with the properties that |z| = 1 and

28" — 2%'is arealnumber. Find the remainder when N is divided by 1000.

Solution:

Write z = e with @ € [0,27). Then 2™ — 212%isreal exactly when sin 7200 =

sin 1200, which happens when the angles are equal or supplementary modulo 27 :

either 7200 = 1200 + 27k, giving 0 = %,or7209 =7 — 1200 + 27k, giving =
(2k+1)m
840

The first family has 600 values in [0, 27r) and the second has 840. They cannot coincide:
k(2§47
300 840
one.

Hence N = 600 + 840 = 1440, and the remainderis 440.

would give 14k = 5(2j + 1), equating an even number with an odd



7. Arighthexagonal prism has height 2. The bases are regular hexagons with side length
1. Any 3 of the 12 vertices determine a triangle. Find the number of these triangles that
areisosceles (including equilateral triangles).

Solution:

The chords of a unit regular hexagon have lengths 1, \/g, and 2. Among the (g) = 20
triangles in one hexagon, 6 have sides 1, 1, v/3and2are equilateral with side \/§; the
other12, withsides 1, \/§, 2, are scalene. So each base contributes 8 isosceles
triangles, for 16 in all.

Otherwise two vertices lie on one base (2 choices of that base) and one on the other. A
vertex of the top base at horizontal distance d from a bottom vertex s at distance

Vd? + 4 > 2fromit. If the bottom pairis adjacent (chord 1): the perpendicular
bisector of ahexagon edge passes through no vertices, and no slant side canequal 1,
sothere are noisosceles triangles. If the pair has one vertex between them (chord \/§,
6 pairs): the top vertices above that middle vertex and above the opposite vertex are
equidistant from the pair, giving 6 - 2 = 12. If the pairis diametrically opposite (chord
2, 3 pairs): no vertex lies above the perpendicular bisector, but the top vertex directly
above either endpoint gives aslant side 1/0 + 4 = 2 equal to the chord, giving 3 -

2 = 6.

The totalis 16 + 2 (12 + 6) = 52.



8. Let ABCDEF beanequiangularhexagonsuchthat AB = 6, BC' = 8,CD = 10,
and DE = 12. Denote by d the diameter of the largest circle that fits inside the
hexagon. Find d?.

Solution:

Allinterior angles are 120°, so opposite sides are parallel. Attaching equilateral
triangles to two opposite sides produces a parallelogram, which forces AB +
BC =DE + EFandFA+ AB =CD + DE.Hence EF = 2and FA = 16.

Walking from one side to the opposite side along the two connecting sides shows that
the distance between a pair of opposite sides is ? times the sum of those two
connecting sides: the strips have widths @ (BC + CD) = 94/3between AB and
DE, @(CD + DE) = 114/3between BC and EF , and @(DE + EF) =173
between C'D and F' A. Any circle inside the hexagon fits in the narrowest strip, sod <
7/3.

Acircle of diameter 74/3 tangenttolines C'D and F'A canbe centered so thatitalso
touches D E exactly and has distances 64/3, 5v/3, and LQ/?_’ fromlines EF', BC,and
AB, allmore thanits radius 72ﬁ, so it fits inside the hexagon. Therefore d = 7+/3 and
d? = 147.



9. Find the number of four-element subsets of {1, 2, 3,4, ..., 20} with the property that
two distinct elements of the subset have a sum of 16, and two distinct elements of the
subset have a sum of 24. Forexample, {3, 5,13, 19} and {6, 10, 20, 18} are two such

subsets.

Solution:

The pairs of distinct elements summingto 16 are {1, 15}, {2, 14}, ..., {7,9} (seven
pairs), and those summing to 24 are {4, 20}, {5, 19}, ..., {11, 13} (eight pairs). First
count subsets containing a 16-pair and a 24-pair that are disjoint. Of the 7 - 8 = 56
combinations, the ones sharing an element x require 16 — x, x,and 24 — x allto be
valid, which happens forthe 10valuesz € {4,...,15} otherthan8and 12. No four-
element set arises from two different disjoint combinations (a second decomposition
would force a 16-pair to coincide with a 24-pair), so this case gives 56 — 10 = 46
subsets.

In the remaining subsets every 16-pair meets every 24-pair, so some center a has both
b =16 — aandc = 24 — ainthe subset. There are 10 possible centers (a €
{4,...,15} witha # 8,12), and the fourth element can be any of the 17 remaining
numbers, giving 170 center-subset counts. Exactly 6 subsets admit two centers and
are counted twice: {1,7,9,15},{2, 6, 10,14}, {3,5,11, 13}, {5,11, 13,19},
{6,10,14,18},and {7,9, 15, 17}.This case gives 170 — 6 = 164 subsets, none of
which contain disjoint pairs.

The totalis46 + 164 = 210.



10. The wheel shown below consists of two circles and five spokes, with alabel at each
pointwhere a spoke meets a circle. Abug walks along the wheel, starting at point A.
At every step of the process, the bug walks from one labeled point to an adjacent
labeled point. Along the inner circle the bug only walks in a counterclockwise
direction, and along the outer circle the bug only walks in a clockwise direction. For
example, the bug could travel along the path ATABCHCHIJ A, whichhas 10
steps. Let n be the number of paths with 15 steps that begin and end at point A. Find
the remainder whenn is divided by 1000.

Solution:

From any inner point the bug has exactly two moves, counterclockwise along the inner
circle or outward along a spoke; from any outer point it has exactly two, clockwise
along the outer circle orinward along a spoke. Callamove X if itis counterclockwise
orinward and Y if itis clockwise or outward. Then every stringin { X', Y }1° describes
exactly one 15-step path from A.

A step arrives on the inner circle exactly whenitis an X, so the path ends onthe inner
circle exactly whenits last move is an X ; in that case the numbers of inward and
outward moves are equal. Measuring angular positionin fiftths of a turn
(counterclockwise +1, clockwise —1, spokes 0), the path returns to A exactly when it
ends ontheinnercircle and the net rotationis a multiple of 5, thatis, when the last
moveis X and#X — #Y = 0 (mod 5). With 15 moves this means the number of X
sis 5,10, 0r15.



11.

Fixing the last move as X, the first 14 moves contain4,9,or 14 X's, so

14 + 14 + 14 1001 + 2002 + 1 = 3004
n = e = 3
4 9 14

and the remainderis 4.

Find the least positive integer n such that when 3" is writtenin base 143, its two right-
most digitsinbase 143 are 01.

Solution:

The last two base-143 digits are 01 exactlywhen 3" = 1 (mod 1432), and since
1432 = 112 - 132, this holds exactly when 3" = 1 modulo both 112 and 132.

Modulo 121 :3% =243 = 2.121 + 1 = 1,andsince 5isprimeand 3 # 1, the order
of 3is exactly 5. Modulo 169 : the order of 3 modulo 13 is 3, so the order modulo 169 is
amultiple of 3. Writing 3% = 27 = 1 + 26 and noting 26> = 4 - 169 = 0 (mod 169),
the binomial theorem gives 33 = (1 + 26)* = 1 + 26k (mod 169), whichis 1
exactlywhen 13 | k. So the order of 3 modulo 169 is 39.

Therefore n must be a common multiple of 5 and 39, and the leastis lem(5, 39) =
195.



12. ForeachsubsetT of U = {1,2,3,...,18},let s(T") be the sum of the elements of T,
with s(0) defined to be 0. If T"is chosen at random among all subsets of U, the
probability that s(T") is divisible by 3 is ™, where m and n are relatively prime positive
integers. Find m.

Solution:

The set U contains sixelementsin eachresidue class modulo 3. If T' contains a
elements= landbelements= 2 (mod 3),thens(T) =a +2b=a — b (mod 3),
s03 | s(T) exactlywhena = b (mod 3); the sixmultiples of 3 may be included
freely, contributing a factor 28 to both the favorable and total counts.

By Vandermonde's identity, the number of ways to choose the as and bs witha — b =
0isY", (6)" = (12) = 924;witha — b = +3itis2 ", (%) (.6,) = 2(%?) = 440; and
witha — b = £6itis 2. The favorable choices number 924 + 440 + 2 = 1366 out of

212,

1366 __ 683

1096 = a04g» Whichisinlowest terms since 683 is odd. Thusm =

The probability is
683.



13. Let AABC havessidelengths AB = 30, BC' = 32,and AC' = 34.Point X liesinthe
interior of BC, and points I; and I are the incenters of AABX and AACX,
respectively. Find the minimum possible area of A AI I5 as X varies along BC.

Solution:

Since Al and Al bisectangles BAX and XAC, /11 Al, = %ZBAX +
%AXAC = %, aconstant. Leta = ZAXB.Theincenterangle formula gives

in B
ZALB = 90° + §,sothelawof sinesin AABI yields AT = _LAfOZ“; ,and
2
e
similarly, since ZAXC = 180° — a, A, = A(sji:g 2
2

Therefore

1 A AB-ACsin4sin8sin €
[AA_[1[2]:§A_[1.AI2Sin_: Sln2SIH2S1n2,

2 sin o«

which is minimized when o = 90°, thatis, when X is the foot of the altitude from A.

Witha = 32,b = 34,c = 30,and s = 48, the half-angle formulas give

sin 4 sin B sin € = =06E=b6-9) ¢4 the minimum areais
2 2 2 abe )

(s—a)(s—b)(s—c) 16-14-18
abc B 32

bc - = 126.




14. Let SP; P, P; E P, P; be aheptagon. A frog starts jumping at vertex S. From any vertex
of the heptagon except E, the frog may jump to either of the two adjacent vertices.
Whenitreaches vertex E, the frog stops and stays there. Find the number of distinct
sequences of jumps of no more than 12 jumps thatend at F.

Solution:

Group the verticesintoclasses A = {S, P, }, B = { P, Ps},andC = {P3, P, }.Each
vertex of A adjoins one vertex of A and one of B; each vertex of BB adjoins one of A
and one of C; and each vertex of C adjoins one of B and the absorbing vertex E.

Hence if ay, by, ¢, count the n-jump paths from S that have not yet reached E and
endineachclass,

Apt+1 = QAp + bna bn+1 = ap + Cp, Chn+1 = bna

and exactly ¢,, pathsreach E forthe firsttime onjumpn + 1.

Starting from (ag, by, ¢g) = (1,0,0),the valuesof ¢, forn = 0,1,...,11are
0,0,1,1,3,4,9, 14, 28, 47,89, 155.

The number of sequences of atmost 12 jumpsendingat Fiscy + ¢ + - -+ ¢c11 =
351.



15. David found four sticks of different lengths that can be used to form three non-
congruent convex cyclic quadrilaterals, A, B, C, which can each beinscribedina
circlewithradius 1. Let ¢ 4 denote the measure of the acute angle made by the
diagonals of quadrilateral A, and define g and ¢ similarly. Suppose thatsin p 4 =
%, sin pp = %, andsin o = g. All three quadrilaterals have the same area K, which
canbe writteninthe form % ,where m and n are relatively prime positive integers. Find
m + n.

Solution:

The four sticks are chords of the unit circle subtending fixed arcs a, 3,7y, d witha +

B + v + & = 360°. The three quadrilaterals are the three distinct cyclic orders of the
sides: say A hasarcsinordera, 3,7, d; then B (order a, 7y, B, 6) and C (order

a, 3,6, )are the other two. The angle between the diagonals of a cyclic quadrilateral
is half the sum of the arcs subtended by either pair of opposite sides, sosin pp =

sin O‘—;ﬂ andsin ¢ = sin O‘TM = sin 5—"2“1

In a circle of radius 1, a chord spanning an arc 8 has length 2 sin g . The diagonals of A
spanthearcsa + B and 3 + =y, so theirlengths are 2 sin g and 2 sin . Hence

1
K = §d1d2 sin 4 = 2sin 4 sin @ p sin ¢,

aformula symmetric in the three quadrilaterals, which is why all three areas are equal.

ThereforeK:2-§-§~§: g—g,andm+n:24+35:59.
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